
Damas-Milner Type System: type inference and term gen-eration.De�nition 1. Generalization
G(τ , E) = ∀α1,� , αn.τwhere α1,�αn are exactly these free variables of τ, which do not occur in E.If E = [x1: τ1; x2: τ2;� ; xk: τk], and 1 6 n 6 k then we write E(n) = xn: τn and E(xn) = τn. Forlength we write Ē = k.De�nition 2. Specialization of a type for a variable from environment: τ is a specializa-tion of a type of variable x from environment E

τ 6 E(x) ≡ E =� ; x: ∀α1�αn.σ;� and τ = [τ1/α1;� ; τn/αn]σfor some τ1,� , τn. A type σ is more general than τ

τ 6σ ≡ τ = ∀γ1� γm.τ ′∧σ = ∀α1�αn.σ ′∧ τ ′= [τ1/α1;� ; τn/αn]σ ′for some τ1,� τn. Substitution T = [τ1/α1;� ; τn/αn] denotes replacement of free occurrencesof variables αi by corresponding types τi.De�nition 3. Typing rules for the Mini-ML language:1. VAR: Variables.
τ 6 E(x)

E ⊢ x: τ2. FIX: Functions.
E.f : σ→ τ .x: σ ⊢ e: τ

E ⊢ (�x fx.e): σ→ τ3. APP: Applications.
E ⊢ e: σ→ τ E ⊢ e′: σ

E ⊢ ee′: τ4. LET: Local bindings.
E ⊢ e′: σ E.x: G(σ, E)⊢ e: τ

E ⊢ (letx= e′ in e): τLemma 4. When E ⊢ τ and type constants d1,� , dn do not occur in E, then
E ⊢∀α1�αn.[α1/d1;� ; αn/dn]τType inference algorithm W and term generation algorithm C.De�nition 5. W(E, e, V )= (T , τ , V ′), where match e with:1. e =x (VAR: Variables). T = ∅ and for x: ∀α1�αn.σ ∈E let

τ = [βK /αK ]σ

V ′ = V ′
r βK

T = ∅1



2. e =�x fx.e1 (FIX: Functions). Let
V = {β, β1}∪̇V ′′

(R, ρ, V ′) = W(E.f : β1→ β.x: β1, e1, V
′′)

U = U(Rβ, ρ)

T = U R

τ = U R (β1→ β)3. e = f g (APP: Applications). Let
(R, ρ, V1) = W(E, f , V )

(S, σ, V2) = W(R E, g, V1)

U = U(Sρ, σ→ β)

V ′ = V2 \ {β}

T = U S R

τ = Uβ4. e = letx= f in g (LET: Local bindings). Let
(R, ρ, V1) = W(E, f , V )

(S, σ, V ′) = W(R E.x: G(ρ, R E), g, V1)

T = S R

τ = σDe�nition 6. C(E, τ , V , wK )= (T , e, V ′, wK ′), where for (w1mod 4) equal1. VAR: Variables. For E(w2mod Ē )=x: ∀α1�αn.σ let
U = U (τ , [β1/α1]� [βn/αn]σ)

V = {βi|1 6 i 6n}∪̇V ′

e = x

T = U

wi
′ = wi+2If the uni�er does not exist, C is unde�ned.2. FIX: Functions. If τ = σ→ ρ, let

(R, e1, V
′, wK 1) = C(E.f : τ .x: σ, ρ, V , (wi+1))

T = R

e = �x fx.e1

wK ′ = wK 1where f , x are new variables. If τ = α, where α is a type variable, for β1, β ∈V let
R = [β1→ β/α]

(S, e1, V
′, wK 1) = C(R E.f : β1→ β.x: β1, β , V \ {β1, β}, (wi+1))

T = S R

e = �x fx.e1where f , x are new variables. If τ has a di�erent form, C is unde�ned.2



3. APP: Applications. For β ∈V let
(R, f , V1, wK 1) = C(E, β→ τ , V \ {β}, (wi+1))

(S, g, V ′, wK 2) = C(R E, Rβ, V1, wK 1)

T = S R

e = fg

wK ′ = wK 24. LET: Local bindings. For β ∈ V let
(R, f , V1, wK 1) = C(E, β, V \ {β}, (wi+1))

(S, g, V ′, wK 2) = C(R E.x: G(Rβ, R E), Rτ , V1, wK 1)

T = S R

e = letx = f in g

wK ′ = wK 2Soundness.Theorem 7. Let e be an expression, E an environment, V a set of type variables. If (T , τ ,

V ′)=W(E, e, V ) is de�ned, then we can derive TE ⊢ e: τ.Theorem 8. Let τ be a type, E an environment, V a set of type variables. If (T , e, V ′) =
C(E, τ , V ) is de�ned, we can derive T E ⊢ e: Tτ.Completeness.Theorem 9. Let e be an expression, E an environment, V an in�nite set of variables such,that V ∩F (E) = ∅. If there exists type τ ′ and substitution T ′ such that T ′E ⊢ e: τ ′, then (T ,

τ , V ′) =W(E, e, V ) is de�ned, and there exists a substitution P such that
τ ′= Pτ and T ′=P T outside VDe�nition 10. Type σ is more general than τ

τ 4σ≡ there exists substitution P : Pσ = τSubstitution S is more general than R

R 4 S ≡ there exists substitution P : P S = R

≡ Dom(S)⊆Dom(R) i ∀α∈Dom(S): Rα 4 SαTheorem 11. Let e be an expression, E an environment. For any type τ and substitution
T ′ such that T ′E ⊢ e: T ′τ and F (T ′) ∩ Dom(T ′) = ∅, for in�nite set of variables V disjointwith F (E) and F (T ′), for some path of choices the following holds: (T , e, V ′) = C(E, τ , V )and T ′4 T outside V.Corollary 12. If β is a type variable not occurring in E, β � V, and C(E, β, V ) = (T , e, V1),then for any type τ and substitution T ′, β � F (τ ) ∪ F (T ′), for which T ′E ⊢ e: τ, we have
T ′4T outside V ∪{β} i τ 4 Tβ. 3



Extending the language with the construct case.De�nition 13. Typing rules for the inductive structures:1. VAR: Variables...2. FIX: Functions...3. APP: Applications...4. LET: Local bindings...5. CASE: Deconstruction
E ⊢ e′: dτK E ⊢ ei: Instci

τK → θ (1 6 i 6n)

E ⊢ case e′ of {c1⇒ e1|� |cn⇒ en}: θ
if C(d) = {c1,� , cn}6. Instead of the rule: CONS: Constructor

E ⊢ c: InstcτK → dτK if c∈C(d)we introduce an assumption on environment E:
(∀d)(∀c∈C(d)) let c: ∀αK .InstcαK → dαK ∈E, where #αK is the arity of dwhere C(d) is a set of constructors of the type d, τK are parameters of the type, InstcτK is avector of argument types of constructor c, when the parametric type d takes parameters τK.Notation: if σK = (σ1,� , σn)= (σi)16i6n, then #σK =n and

σK → τ =σ1→� →σn→ τ = σ1→ (� → (σn→ τ )� )De�nition 14. W(E, e, V )= (T , τ , V ′), where match e with:1. e =x (VAR: Variables)...2. e =�x fx.e1 (FIX: Functions)...3. e = f g (APP: Applications)...4. e = letx= f in g (LET: Local bindings)...5. e = case e′ of {c1 ⇒ e1|� |cn ⇒ en} (CASE: Deconstruction) For type d with arity k (k-parametric) such that c1,� , cn∈C(d)

V = {βi|1 6 i 6 k}∪ {θ}∪̇Vr

(T0, ρ, V0) = W(E, e′, Vr)

U0 = U(ρ, dβK )

(T1, σ1, V1) = W(U0T0 E, e1, V0)

U1 = U(T1U0T0(Instc1βK → θ), σ1)�
(Tn, σn, Vn) = W(Un−1Tn−1�U0T0E, en, Vn−1)

Un = U(TnUn−1Tn−1�U0T0(Instc1
βK → θ), σn)

T = UnTn�U0T0

τ = Tθ

V ′ = Vn 4



De�nition 15. C(E, τ , V , wK )= (T , e, V ′, wK ′), where for (w1mod 5) equal1. VAR: Variables...2. FIX: Functions...3. APP: Applications...4. LET: Local bindings...5. CASE: Deconstruction. Let d be (wi+1 mod D)-th inductive type, where D is thenumber of inductive types, and k is the arity of type d. Let
V = {βi|16 i6 k}∪ {θ}∪̇Vr

(R, e′, V0, wK 0) = C(E, dβK , Vr, (wi+2))

(T1, e1, V1, wK 1) = C(R E, R (Instc1
βK → τ ), V0, wK 0)�

(Tn, en, Vn, wK n) = C(Tn−1�T1R E, Tn−1�T1R (Instcn
βK → τ ), Vn−1, wK n−1)

T = Tn�T1R

e = case e′ of {c1⇒ e1|� |cn⇒ en}

V ′ = Vn

wK ′ = wK nSoundness with case.Theorem 16. Let e be an expression, E an environment, V a set of type variables. If (T ,

τ , V ′) =W(E, e, V ) is de�ned, then we can derive T E ⊢ e: τ.Theorem 17. Let τ be a type, E an environment, V a set of type variables. If (T , e, V ′) =
C(E, τ , V ) is de�ned, we can derive T E ⊢ e: Tτ.Completeness with case.Theorem 18. Let e be an expression, E an environment, V an in�nite set of type vari-ables such that V ∩ F (E) = ∅. If there exists a type τ ′ and a substitution T ′ such that
T ′E ⊢ e: τ ′, then (T , τ , V ′) = W(E, e, V ) is de�ned, and there exists a substituion P suchthat

τ ′=Pτ i T ′=PT outside VTheorem 19. Let e be an expression, E an environment. For any type τ and substitution
T ′ such that T ′E ⊢ e: T ′τ and F (T ′) ∩ Dom(T ′) = ∅ (?), for an in�nite set of variables Vdisjoint with F (E) and F (T ′), for some path of choices the following holds: (T , e, V ′) =
C(E, τ , V ) and T ′4T outside V.

5


