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Edit distance between strings

. CAKE
Elementary operations:

@ insert a symbol
@ delete a symbol
@ substitute a symbol
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Edit distance between strings

. CAKE
Elementary operations: +
@ insert a symbol
SAKE
@ delete a symbol *
@ substitute a symbol
SNAKE
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Operations on trees

Elementary operations:
@ add an edge a: Cipg()
@ remove (contract) an edge a: Cye/()
@ change label of an edge from «a to §: Cmawcn(cv, B)
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Operations on trees
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Operations on trees

Elementary operations:
@ add an edge a: Cipg()
@ remove (contract) an edge a: Cye/()
@ change label of an edge from «a to §: Cmawcn(cv, B)

d d e
b _ c . c
d
c

Trees are ordered! )
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Edit distance between trees

Two definitions:

Transform the first tree Transform both trees
to the second: to a common tree:
T1—>T2 T1—>T/<—T2

both adding and removing edges.  only removing edges.
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Edit distance between trees

Two definitions:

Transform the first tree Transform both trees
to the second: to a common tree:
T~|—>T2 T1—>T/<—T2

both adding and removing edges.  only removing edges.

Observation

If Caer(cr) = Cins(r) @and Cmatch(r, B) = Cmaten(B, @) then these two
definitions are equivalent.
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Edit distance between trees

Two definitions:

Transform the first tree
to the second:

T1 —)Tg

both adding and removing edges.

Observation

Transform both trees
to a common tree:

T1—>T/<—T2

only removing edges.

If Caer(a) = Cins(a) @and Cmateh(v, B) = Cmaten(B, ) then these two

definitions are equivalent.
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Trees generalize strings
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Trees generalize strings

L S
C € ¢
a k
q n
a
L E— a
k
S e « k
n a k
e
L e

Dudek, Gawrychowski Unrooted TED in O(n®)



Operations on unrooted trees
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Operations on unrooted trees
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Operations on unrooted trees

Cins(2)
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Operations on unrooted trees

Cins(2)

Cmaten(€,t)
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Edit distance between unrooted trees

Definition

5unrooted( T1a T2) = min{érooted(Rh RZ) : rOOting Ri of T/} J
1 tree: 4 rootings:
N . .y'\b a b W
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Edit distance between unrooted trees

Definition
5unrooted( T4, TZ) = min{(srooted(Rh RZ) : rOOting R of T/} J
1 tree: 4 rootings:
N . .y'\b a b W
Lemma
It suffices to root arbitrarily first of the trees and check all rootings of
the second.
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History

Authors Year Rooted Unrooted
Tai 1979 O(nP) no
Zhang, Shasha | 1990 o(n*) yes
Klein 1998 | O(n®log n) yes
Demaine et al. | 2009 o(n?) no
this paper 2018 o(n?) yes
July 10, 2018
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History

Authors Year Rooted Unrooted
Tai 1979 O(nP) no
Zhang, Shasha | 1990 o(n*) yes
Klein 1998 | O(n®log n) yes
Demaine et al. | 2009 o(n?) no
this paper 2018 o(n?) yes

Bringmann et al. [SODA ’18], conjecture

For any € > 0, Tree Edit Distance on two n-node trees cannot be
computed in O(n®~¢) time.
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Return to two rooted trees

Tli
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Recursive formula for 6(F, G):

(,@)
(F,G) =

{ — 15, G) + Cael(re)  ifF#0

G:

.

@”
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F:

G:

.
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Recursive formula for 6(F, G):

(®7
6(F7

Q§

)
O(F —re, G) + Coel(re) it F#0

min ¢ 6(F,G—rg) + Cgel(rg) ifG#0D

—

O]~ [6*
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F:
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G: F: G:
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Recursive formula for 6(F, G):

(®7
5(F7

Q§

)

0(F—re,G)+ Cael(re) ifFF#0

0(F,G—rg)+ Caei(rg) G#0D

0(RF, Rg) + 6(F — Rr, G — Rg) + Craten(re. rg) it F,G # 0

F: G:
Q

F
G: Rp:
b ¢ d a c
G (G RG] [G1116]1G] i
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Analysis of Zhang & Shasha’s algorithm
Tree representation
Every obtained tree F can be uniquely represented by the pair (/g, rr). J
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Corollary
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Analysis of Zhang & Shasha’s algorithm
Tree representation
Every obtained tree F can be uniquely represented by the pair (/g, rr). J

Corollary
There are O(n?) subtrees of a tree that can be obtained. J

Zhang & Shasha’s algorithm: O(n*).
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How to improve Zhang & Shasha

Recall the DP:

5(F,G) =
6(F — 1, G) + Cael(rF) I F #0

min < 6(F, G —rg) + Cael(rg) i G#0
6(RF,Ra) +0(F — Rr, G — Rg) + Cmaten(rF, 1g) it F, G # 0
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How to improve Zhang & Shasha

Recall the DP:

5(F,G) =
6(F — 1, G) + Cael(rF) I F #0

min < 6(F, G —rg) + Cael(rg) i G#0
6(RF,Ra) +0(F — Rr, G — Rg) + Cmaten(rF, 1g) it F, G # 0

Don’t choose always the right side!
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Use heavy-light decomposition

Avoid heavy child:

@ (Klein) —always in Ty : O(n®log n),
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Use heavy-light decomposition

Avoid heavy child:
@ (Klein) —always in Ty : O(n®log n),
@ (as in this paper) —firstin Ty, then in T, : O(n® loglog n),
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Use heavy-light decomposition

Avoid heavy child:
@ (Klein) —always in Ty : O(n®log n),
@ (as in this paper) —firstin Ty, then in T, : O(n® loglog n),
@ (Demaine et al.) ~ in the bigger of F and G: O(n®).
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Why the unrooted case is more difficult?

One tree:
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Why the unrooted case is more difficult?

d C
b a

C b c d
d b .
a
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One tree:

in different rootings:




How to approach the unrooted case

SUBTREE(eT)
Root both trees and replace
each edge with two darts: " J
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How to approach the unrooted case

Root both trees and replace
each edge with two darts: " J
Need a strategy for subtrees of darts in T»:

@ down the tree (use algorithm of Demaine et al.)
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How to approach the unrooted case

Root both trees and replace
each edge with two darts: " J
Need a strategy for subtrees of darts in T»:
@ down the tree (use algorithm of Demaine et al.)
@ up the tree along a heavy edge (avoid parent)
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How to approach the unrooted case

Root both trees and replace
each edge with two darts: " J
Need a strategy for subtrees of darts in T»:

@ down the tree (use algorithm of Demaine et al.)

@ up the tree along a heavy edge (avoid parent)
@ up the tree along a light edge (?)
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Main idea

Try to reduce subproblems for two different trees to one common tree:

Fy: : : Iy :
a x R a b L b
b a
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Global Divide & Conquer strategy

R L
vy B
vy .
. .« . v . 3 -
x b ¢ vy X a b y = O(n |Og |Og n) algorlthm
\ /
\\\ / //
%,
Xy
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What else do we need to get O(n®) time

@ some nodes are more important than the other
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What else do we need to get O(n®) time

@ some nodes are more important than the other
@ analyze and make use of the recurrence:

t(m) < m? (1 +1In n£7> -I—Zt(m,-) for m; < %7, Zmi <m,
i i
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What else do we need to get O(n®) time

@ some nodes are more important than the other
@ analyze and make use of the recurrence:

t(m) < m? (1 +1In n£7> -I—Zt(m,-) for m; < %7, Zmi <m,
i i

© conquer dividing not always evenly
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What else do we need to get O(n®) time

@ some nodes are more important than the other
@ analyze and make use of the recurrence:

t(m) < nf (14 2)+ 3 tm) form<Z. Sm<m,
1 1

© conquer dividing not always evenly

Theorem (full version of this paper)

Edit distance between unrooted trees of size n and m, where m < n,
can be computed in O(nm?(1 + log 2)) = O(n®) time.
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@ some nodes are more important than the other
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Open questions

@ Shave logarithmic factors
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Open questions

@ Shave logarithmic factors
© Approximation
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Open questions

@ Shave logarithmic factors
© Approximation
Q ..”?
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Open questions

@ Shave logarithmic factors
© Approximation
Q ..”?

Thank you!
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