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Abstract. A positive temporal template (or a positive temporal constraint lan-
guage) is a relational structure whose relations can be defined over countable
dense linear order without endpoints using a relational symbol≤, logical con-
junction and disjunction. This paper gives a complete complexity characteriza-
tion for quantified constraint satisfaction problems (QCSP) over positivetempo-
ral languages. Although the constraint satisfaction problem (CSP) for an arbitrary
positive temporal language is trivial (all these templates are closed under constant
functions), the corresponding QCSP problems are decidable in LOGSPACE or
complete for one of the following classes: NLOGSPACE, P, NP or PSPACE.

1 Introduction

Constraint Satisfaction Problems provide a uniform approach to research on a wide
variety of combinatorial problems. Undisputedly, the mostinteresting problem in this
area is to verify Dichotomy Conjecture posed by Feder and Vardi [1]. It says that every
constraint satisfaction problem on a finite domain is eithertractable or NP-complete and
was inspired by Schaefer’s Dichotomy Theorem for CSP on a twoelement set [2]. When
algebraic approach came on the scene the works on dichotomy conjecture were sped
up [3]. Although the main goal has not yet been attained, manyinteresting results were
published and many interesting techniques were developed [4, 5]. Besides earlier results
on constraints over infinite domains [6, 7], a new approach was quite recently proposed
and developed by Manuel Bodirsky [8] and co-authors. This framework concentrates
on relational structures that areω-categorical. Many results concerning both CSP and
QCSP [9] over finite domains were generalized to infinite ones. Moreover, new results
were established. Among them there are full characterizations of complexity for both
CSP and QCSP of equality constraint languages [10, 11].

Our paper is the next step in this research area. In general, we consider quantified
constraint satisfaction problems for sets of relations definable over〈Q, <〉. In particular,
we restrict ourselves to templates definable with∧,∨ and≤, i.e., we do not consider
negation. We name such relations and languages positive temporal. As in [12], we refer
to an arbitrary relation defined over〈Q, <〉 as a temporal relation.

Our main contribution is a complexity characterization of QCSP problems over pos-
itive temporal languages summarized in Theorem 1 below. We follow the algebraic ap-
proach to constraint satisfaction problems: we first classify positive temporal languages
depending on their surjective polymorphisms and then give the complexity of QCSP for
each obtained class.
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Theorem 1 (The Main Theorem).LetΓ be a language of positive temporal relations,
then one of the following holds.

1. Each relation inΓ is definable by a conjunction of equations (x1 = x2) and then
QCSP(Γ ) is decidable in LOGSPACE.

2. Each relation inΓ is definable by a conjunction of weak inequalities (x1 ≤ x2). If
there exists a relation inΓ that is not definable as a conjunction of equalities, then
QCSP(Γ ) is NLOGSPACE-complete.

3. Each relation inΓ is definable by a formula of the form
∧n

i=1(xi1 ≤ xi2 ∨
. . . ∨ xi1 ≤ xik) and then, providedΓ satisfies neither condition 1 nor 2, the
set QCSP(Γ ) is P-complete.

4. Each relation inΓ is definable by a formula of the form
∧n
i=1(xi2 ≤ xi1 ∨

. . . ∨ xik ≤ xi1) and then providedΓ satisfies neither condition 1 nor 2, the set
QCSP(Γ ) is P-complete.

5. Each relation inΓ is definable by a formula of the form
∧n
i=1(xi1 = yi1 ∨ . . . ∨

xik = yik) and then providedΓ does not belong to any of the classes 1–4, the set
QCSP(Γ ) is NP-complete.

6. The problem QCSP(Γ ) is PSPACE-complete.

Related work.The complete characterization is quite complex and does notfit into one
paper. Therefore some parts of Theorem 1 are proved in a companion paper [13]. In
particular, we prove there that each QCSP problem over positive temporal relations is
either in P or is NP-hard. Here we provide the complete characterization of the NP-hard
case, distinguishing between NP-complete and PSPACE-complete cases (items 5 and 6
of Theorem 1). We also give complexity proofs for items 3 and 4of Theorem 1, leaving
the algebraic characterization in [13].

Quantified constraint satisfaction problems over temporalrelations were investi-
gated in [11, 14]. In particular, it is shown there that quantified problems from item 1
and 2 of Theorem 1 belong to LOGSPACE and NLOGSPACE, respectively. Our re-
sult substantially improves these results in the sense thatwe consider a strictly more
expressive class of constraint languages. As in [11] we use the surjective preservation
theorem.

The area ofCSPmay be often seen as a good framework for many problems in
AI. In context of our characterization the well-motivated AND/OR precedence con-
straints [15] should be noted. They are closely related to languages from items 3 and 4.
It might be said that we consider quantified positive variations of AND/OR precedence
constraints.

In a very recent paper [12] the authors give a classification of CSPover temporal
languages depending on their polymorphisms. Although it sounds similar, it is different
from our classification. We deal with positive temporal languages and surjective poly-
morphisms, which are used to classifyQCSPproblems (as opposed toCSPproblems
considered in [12]). In the case of positive temporal languages, the classification based
on polymorphisms is trivial: all these languages fall into the same class because they are
all closed under constant functions — as a consequence allCSPproblems for positive
temporal languages are trivial. To obtain our classification we use methods different
from those used in [12].



Outline of the paper.In Section 2, we give some preliminaries. Among others, we
recall a definition of a surjective polymorphism and surjective preservation theorem,
which is the most important tool in algebraic approach toQCSP. In [13] it is shown
that the problemQCSP(Γ ) is NP-hard if and only ifΓ has essentially unary surjective
polymorphisms only. Sections 3 and 4 are devoted to classifypositive temporal lan-
guages preserved by essentially unary surjections. In Section 3 we show that there are
only five different classes of positive temporal relations with different surjective unary
polymorphisms. If a positive temporal languageΓ is closed under all unary surjective
polymorphisms, then, as it was shown in [11], each relation of Γ may be defined as in
item 5 of Theorem 1 andQCSP(Γ ) is NP-complete. If a positive temporal language is
preserved by some non-trivial subset of unary surjections,thenQCSP(Γ ) is PSPACE-
complete. We prove it in Section 4. The last section containsa complexity proof for
cases 3 and 4.

2 Preliminaries

Relational structures.In most cases we follow the notation from [8, 11]. We consider
only relations defined over countable domains and hence whenever we write a domain
orD we mean a countable set. Letτ be some relational (in this paper always finite) sig-
nature i.e., a set of relational symbols with assigned arity. ThenΓ is aτ -structure over
domainD if for each relational symbolRi from τ , it contains a relation of according
arity defined onD. In the rest of the paper we usually say relational language (or pat-
tern) instead of relational structure. Moreover, we use thesame notation for relational
symbols and relations.

Automorphisms ofΓ constitute a group with respect to composition. An orbit of a
k-tuple t in Γ is the set of all tuples of the form〈Π(t1), . . . ,Π(tk)〉 for all automor-
phismsΠ. We say that a group of automorphisms ofΓ is oligomorphic if for eachk it
has a finite number of orbits ofk-tuples. Although there are many different ways of in-
troducing a concept ofω-categorical structures we do it by the following theorem [16].

Theorem 2. (Engeler, Ryll-Nardzewski, Svenonius) Let Γ be a relational structure.
ThenΓ is ω-categorical if and only if the automorphism group ofΓ is oligomorphic.

Polymorphisms.LetR be a relation of arityn defined overD. We say that a functionf :
Dm → D is a polymorphism ofR if for all a1, . . . , am ∈ R (whereai, for 1 ≤ i ≤ m,
is a tuple〈ai1, . . . , a

i
n〉), we have〈f(a1

1, . . . , a
m
1 ), . . . , f(a1

n, . . . , a
m
n )〉 ∈ R. Then we

say thatf preservesR or thatR is closed underf . A polymorphism ofΓ is a function
that preserves all relations ofΓ . By Pol(Γ ) we denote the set of polymorphisms ofΓ ,
and bysPol(Γ ) — the set of surjective polymorphisms.

An operationf of arity n is essentially unaryif there exists a unary operationf0
such thatf(x1, . . . , xn) = f0(xi) for some fixedi ∈ {1, . . . , n}. An operation that is
not essentially unary is calledessential.

Quantified constraint satisfaction problems.Let Γ containR1, . . . , Rk. Then a con-
junctive positive formula (cp-formula) overΓ is a formula of the following form:

Q1x1 . . . Qnxn(R1(v1) ∧ . . . ∧Rk(vk)), (1)



whereQi ∈ {∀,∃} andvj are vectors of variablesx1, . . . , xn.
A QCSP(Γ ) is a problem to decide whether a given cp-formula without free vari-

ables over the structureΓ is true or not. Note that by downward Löwenheim-Skolem
Theorem we can focus on countable domains only.

If all quantifiers in (1) are existential then such a cp-formula is called positive primi-
tive (pp-formula). A problem to decide whether a given pp-formula overΓ is satisfiable
is well-known as aconstraint satisfaction problem.

A relationR has acp-definitionin Γ if there exists a cp-formulaφ(x1, . . . , xn) over
Γ such that for alla1, . . . , an we haveR(a1, . . . , an) iff φ(a1, . . . , an) is true. The set
of all relations cp-definable inΓ is denoted by[Γ ].

Lemma 1 ([11]).LetΓ1, Γ2 be relational languages. If every relation inΓ1 has a cp-
definition inΓ2, then QCSP(Γ1) is log-space reducible to QCSP(Γ2).

The following results link[Γ ] with sPol(Γ ). The idea behind Theorem 3 is that the
moreΓ can express, in the sense of cp-definability, the less polymorphisms are con-
tained insPol(Γ ). Moreover, the converse is also true. This theorem is calledsurjective
preservation theorem.

Theorem 3 ([11]).Let Γ be anω-categorical structure. Then a relationR has a cp-
definition inΓ if and only ifR is preserved by all surjective polymorphisms ofΓ .

As a direct consequence of Lemma 1 and Theorem 3 we obtain the following.

Corollary 1 ([11]). Let Γ1, Γ2 be ω-categorical structures. If sPol(Γ2) ⊆ sPol(Γ1),
then QCSP(Γ1) is log-space reducible to QCSP(Γ2).

Games and cp-definitions.Sometimes it is useful to see a cp-formulaψ without free
variables as a two-player game. The game consists of alternating moves of existential
and universal player. All variables are evaluated in the order they occur in the quantifier
prefix, the existential player evaluates existentially quantified variables and the univer-
sal player evaluates universally quantified variables. At the end of the game, the players
establish a valuationq from the variables ofψ into the set of rational numbers. We say
that one variable is earlier (later) than the another one if it occurs earlier (later) in the
quantifier prefix. If at the end of the game, the valuationq satisfiesψ, then the existen-
tial player wins; otherwise, the universal player is the winner. If the existential player
has a winning strategy, thenψ is true; otherwise, if there exists a winning strategy for
the universal player, thenψ is false.

Quantified Equality Constraints.Concerning patterns that allow equations and all log-
ical connectives the following classification is known [11].

1. Negative languages. Relations of such a language are definable as CNF-formulas
whose clauses are either equalities (x = y) or disjunctions of disequalities(x1 6=
y1 ∨ . . . ∨ xk 6= yk). For each negativeΓ the problemQCSP(Γ ) is contained in
LOGSPACE.



2. Positive languages. Relations may be defined as a conjunction of disjunctions of
equalities(x1 = y1 ∨ . . . ∨ xk = yk). For each positiveΓ not being negative the
problemQCSP(Γ ) is NP-complete.

3. In any other case the problemQCSP(Γ ) is PSPACE-complete.

Note that the class 1 from Theorem 1 is a subset of Negative languages and the
class 5 is just the class of Positive languages.

To give our characterization we need the following result. It may be inferred from
lemmas given in Section 7 in [11].

Lemma 2. Let Γ be an equational positive constraint language that is preserved by
an essential operation onD with infinite image. ThenΓ is preserved by all operations,
andΓ is negative.

Corollary 2. If an equational positive constraint languageΓ is positive, but not nega-
tive, then sPol(Γ ) contains only essentially unary polymorphisms.

Quantified Positive Temporal Constraints.Now, we focus on positive temporal rela-
tions announced in the introduction. All of them are defined over the set of rational num-
bers using a relational symbol≤ and connectives∧,∨. Therefore our results concerning
positive temporal relations generalize those for positiveequality languages. Since the
only relational symbol we use is interpreted as a weak linearorder over rational num-
bers, for each positive temporal structureΓ the setsPol(Γ ) contains all automorphisms
that preserve order, i.e., all increasing unary surjectionsf : Q → Q. Thus, using Theo-
rem 2, it is not hard to see that all positive temporal languages areω-categorical.

In [13] we show that each temporal relation is closed not onlyunder all increasing
functions but also under all weakly increasing surjections.

3 Surjective Unary Polymorphisms of Temporal Relations

This section examines positive temporal relations that areclosed only under surjective
unary polymorphisms. We want to divide this subset of positive temporal languages
into classes each of which containsΓ1 andΓ2 if and only if sPol(Γ1) = sPol(Γ2) (or
equivalently[Γ1] = [Γ2]). Such a classification facilitates providing complexity results
— see Theorem 3.

First we give some preliminary definitions. A permutation ofa finite set is a bijection
from this set to itself. LetA = {a1, . . . , an} be a finite ordered set such thata1 < . . . <
an. We say that a permutationπ of A is a cycle ofA if there existsi ≤ n such that
π(ai) < π(ai+1) < . . . < π(an) < π(a1) < . . . < π(ai−1). Similarly,π is a reversed
cycle if there existsi ≤ n such thatπ(ai) > π(ai+1) > . . . > π(an) > π(a1) > . . . >
π(ai−1).

Definition 1. We say that a relationR is closed under all permutations (respectively,
under all cycles or reversed cycles) if for every tuple〈q1, . . . , qn〉 ∈ R and every per-
mutation (respectively, every cycle or reversed cycle)π of the set{q1, . . . , qn} we have
〈π(q1), . . . , π(qn)〉 ∈ R.



Note that in the definition above we permute the set{q1, . . . , qn} (and not the set of
indices{1, . . . , n}), which may have less thenn elements ifq1, . . . , qn are not pairwise
distinct.

The preceding definitions concern closure under various kinds of permutations. Al-
though they may look quite similar to closure under polymorphisms, they are different.
Below we give some, important for us, examples of (unary) surjective polymorphisms
of positive temporal relations. They are all of the type:Q → Q.

Definition 2. We say that a surjectionf : Q → Q is weakly half-increasing (respec-
tively weakly half-decreasing) if there exist two irrational real numbersx andy such
that

– f restricted to the set{q ∈ Q | q < x} as well asf restricted to the set{q ∈ Q |
q > x} is weakly increasing (respectively, weakly decreasing), and

– for all q < x we havef(q) > y (respectivelyf(q) < y) and for all q > x we have
f(q) < y (respectivelyf(q) > y).

A weakly half-increasing or weakly half-decreasing function is called weakly half-
monotone.

Example 1.Recall that all countable dense linear orders without endpoints are isomor-
phic. In particular,Q andQ\{0} are isomorphic, so we may identifyQ with Q\{0} and
think of 0 as an irrational number inQ \ {0}. Then the functionf : Q \ {0} → Q \ {0}
defined byf(q) = 1

q
is weakly half-decreasing and the function defined byf(q) = −1

q

is weakly half-increasing.

The unary operation− : Q → Q is defined as−(x) = −x in usual sense.
The rest of this section is devoted to prove the following result.

Theorem 4. Let Γ be a set of positive temporal relations such that sPol(Γ ) contains
only essentially unary functions. Then exactly one of the following cases holds.

1. sPol(Γ ) is the set of all unary surjections ofQ.
2. sPol(Γ ) is the set of all weakly increasing, weakly decreasing or weakly half-

monotone surjections ofQ.
3. sPol(Γ ) is the set of all weakly increasing or weakly decreasing surjections ofQ.
4. sPol(Γ ) is the set of all weakly increasing or weakly half-increasing surjections of

Q.
5. sPol(Γ ) is the set of all weakly increasing surjections ofQ.

A similar classification considering (not necessarily surjective) unary polymorphisms
was obtained in [12]. Weakly half-increasing polymorphisms correspond in some way
to the function cyc from that paper. In turn, positive temporal relations preserved by
weakly half-decreasing functions correspond to temporal relations closed under− and
cyc.

As indicated in Theorem 4, there are only four interesting classes of unary polymor-
phisms of positive temporal relations: weakly increasing,weakly decreasing, weakly
half-increasing, and weakly half-decreasing. The following lemmas say that if some
positive temporal relation is closed under one polymorphism of a given class, then it is
closed under all polymorphisms of this class.



Lemma 3. If sPol(R) contains a weakly decreasing unary surjectionf , then it contains
all weakly decreasing unary surjections.

Lemma 4. If sPol(R) contains a weakly half-increasing unary surjectionf , then it
contains all weakly half-increasing unary surjections. IfsPol(R) contains a weakly
half-decreasing unary surjectionf , then it contains all weakly decreasing, all weakly
half-increasing and all weakly half-decreasing unary surjections.

Now, we relate various surjective polymorphisms to closures under various kinds of
permutations (see for example Definition 1). In particular,Lemma 5 below implies that
the set of positive temporal relations closed under all permutations equals to the set of
positive languages from [11].

Lemma 5. A positive temporal relationR is closed under all permutations iff sPol(R)
contains all unary surjections ofQ.

Lemma 6. A positive temporal relationR is closed under all cycles iff sPol(R) con-
tains all weakly half-increasing surjections ofQ.

Lemma 7. A positive temporal relationR is closed under all reversed cycles iff sPol(R)
contains all weakly half-decreasing surjections ofQ.

Since we are interested in surjective functions, we can claim the following.

Lemma 8. Letf be a unary, surjective operation onQ, then there exist:

– an infinite, strictly monotone sequence(an)n∈N of rational numbers such that
limn→∞ f(an) = +∞

– an infinite, strictly monotone sequence(bn)n∈N of rational numbers such that
limn→∞ f(bn) = −∞

To prove Theorem 4, we show that ifsPol(Γ ) contains any function that is neither
weakly monotone nor weakly half-monotone, then it containsall unary rational func-
tions or equivalently, by Lemma 5, is closed under all permutations.

Lemma 9. LetR be a positive temporal relation such that sPol(R) contains a function
f that is neither weakly increasing nor weakly decreasing norweakly half-monotone.
Let (cn)n∈N and(dn)n∈N be two strictly monotone sequences satisfying the following:
limn→∞ f(cn) = +∞ and limn→∞ f(dn) = −∞. ThenR is closed under all permu-
tations.

Proof. (of Theorem 4) Suppose thatsPol(Γ ) contains only essentially unary func-
tions. If sPol(Γ ) contains a functionf that is neither weakly monotone nor weakly
half-monotone, then by Lemma 8 we find two strictly monotone sequences(an)n∈N

and (bn)n∈N such thatlimn→∞ f(an) = +∞ and limn→∞ f(bn) = −∞. Then by
Lemma 9 every relation inΓ is closed under all permutations, so by Lemma 5sPol(R)
contains all essentially unary surjections. HencesPol(Γ ) is the set of all essentially
unary surjections ofQ and we are in case 1.



Now assume thatsPol(Γ ) contains only weakly monotone or weakly half-monotone
surjections. There are four cases, depending on whethersPol(Γ ) contains a weakly
decreasing surjection or a weakly half-increasing surjection.

If sPol(Γ ) contains a weakly decreasing surjection and a weakly half-increasing
surjection, then it contains a weakly half-decreasing surjection and by Lemmas 3 and 4,
it contains all weakly decreasing and all weakly half-monotone surjections ofQ, so we
are in case 2.

If sPol(Γ ) contains a weakly decreasing surjection and it does not contain any
weakly half-increasing surjection, then by lemmas 3 and 4 itcontains all weakly de-
creasing and it does not contain any weakly half-monotone surjections, so we are in
case 3.

If sPol(Γ ) does not contain any weakly decreasing surjection and it contains a
weakly half-increasing surjection, then by Lemma 4 it contains all weakly half-increasing
and it does not contain weakly decreasing surjections, so weare in case 4.

Finally, if sPol(Γ ) does not contain any weakly decreasing surjection and it does
not contain any weakly half-increasing surjection, then byLemma 4 it does not contain
any weakly decreasing nor weakly half-monotone surjection, so we are in case 5. 2

Example 2.Recall from [11] that(x1 = x2 ∨ x1 = x3) is closed under all essentially
unary surjections ofQ — see also Section 2. Now, for each of the classes 2–5 of The-
orem 4 we give representatives, that is, relationsR(5)–R(2) each of which belongs to
exactly one of these classes.

The relationR(5) defined byR(5)(x1, x2, x3) := (x1 ≤ x2 ∨ x2 ≤ x3), as all
positive temporal relations, is closed under all weakly increasing functions. Observe
that 〈1, 2, 3〉 ∈ R(5), but 〈−1,−2,−3〉 6∈ R(5), soR(5) is not closed under weakly
decreasing functions (and by Lemma 4 it is not closed under half-decreasing functions).
Similarly, 〈1, 3, 2〉 ∈ R(5), but〈3, 2, 1〉 6∈ R(5), soR(5) is not closed under cycles (and
thus it is not closed under weakly half-increasing functions). The relationR(4) defined
by R(4)(x1, x2, x3) := (x1 ≤ x2 ∨ x2 ≤ x3) ∧ (x2 ≤ x3 ∨ x3 ≤ x1) ∧ (x3 ≤
x1 ∨ x1 ≤ x2) is a conjunction of the relations(xΠ(1) ≤ xΠ(2) ∨ xΠ(2) ≤ xΠ(3))
whereΠ ranges over all cycles of the set{1, 2, 3}, so it is closed under all cycles.
Since〈1, 2, 3〉 ∈ R(4) and〈3, 2, 1〉 6∈ R(4), it is not closed under weakly decreasing
or weakly half-decreasing functions. It is easy to observe that the relationR(3) defined
by R(3)(x1, x2, x3) := (x1 ≤ x2 ∨ x2 ≤ x3) ∧ (x3 ≤ x2 ∨ x2 ≤ x1) is closed
under weakly decreasing functions. Since〈2, 1, 3〉 ∈ R(3) and 〈3, 2, 1〉 6∈ R(3), this
relation is not closed under cycles and by Lemmas 6 and 4 it is not closed under any
weakly half-monotone surjection. Let a relationR(2) be defined as a conjunction of the
clauses(xΠ(1) ≤ xΠ(2) ∨ xΠ(2) ≤ xΠ(3) ∨ xΠ(3) ≤ xΠ(4)) whereΠ ranges over all
cycles and reversed cycles of the set{1, 2, 3, 4}, so it obviously must be closed under
all cycles and reversed cycles. Note that cycles and reversed cycles are 8 out of total
24 permutations of the set{1, 2, 3, 4} (this explains why we could not use a ternary
relation as an example here — all permutations of the set{1, 2, 3} are either cycles
or reversed cycles). To see thatR(2) is not closed under all permutations observe that
〈4, 3, 2, 1〉 /∈ R(2), but〈2, 1, 3, 4〉 ∈ R(2).

Finally, we show that all these relations (R(2)–R(5)) are closed under essentially
unary surjections only. LetR(x1, . . . , xk) wherek = 3, 4 be one of these relations.



Then a relation
∧

Π∈Sk
R(xΠ(1), . . . , xΠ(k)) whereSk is a set of all permutations onk

elements is equivalent to a relationR′ defined by
∨

i6=j xi = xj . BecauseR′ is positive
and non-negative, by Corollary 2 and Theorem 3, we have thatR is closed under unary
surjections only.

4 PSPACE-complete Positive Temporal Languages

Recall from Section 2 the complexity characterization of equational languages. By
corollaries 2 and 1, the problemQCSP(Γ ) whereΓ is closed under essentially unary
functions only is NP-hard. Likewise we know thatQCSPfor languages from item 1 of
Theorem 4 is NP-complete. This section is devoted to show PSPACE-completeness for
QCSPof languages with surjective polymorphisms from items 2–5 of Theorem 4.

Membership in PSPACE is the simpler part of the proof and is common for all, not
only positive, temporal relations.

Proposition 1. For every temporal languageΓ , the problem QCSP(Γ ) is decidable in
PSPACE.

In the rest of the section we prove hardness. Note that the setof surjective poly-
morphisms from item 2 contains sets of surjective polymorphisms from each of items
2–5. Therefore, by Theorem 3 and Corollary 1, it is enough to show PSPACE-hardness
of QCSPfor positive temporal languages closed under all weakly monotone and all
weakly half-monotone surjections only.

Theorem 5. Let Γ be a set of positive languages closed only under essentiallyunary
functions. If sPol(Γ ) is the set of all weakly increasing, weakly decreasing and weakly
half-monotone surjections ofQ, then QCSP(Γ ) is PSPACE-hard.

Because of Theorem 3 and Corollary 1, it is enough to choose just one language with
appropriate set of surjective polymorphisms and show PSPACE hardness for this lan-
guage. Our choice is the languageΓCircle defined below. We show that it is closed only
under all weakly increasing, weakly decreasing and weakly half-monotone surjections
of Q. In fact, it is enough to show thatΓcircle is closed only under unary surjections of
Q and that is closed under all reversed cycles – see lemmas 4 and7. Finally, we show
thatQCSP(ΓCircle) is PSPACE-hard and in consequence we prove Theorem 5.

Definition ofΓCircle . First we present some auxiliary relations that shorten the defi-
nition. LetvA be a vector〈B0, O

L
0 , I

L
0 , I

R
0 , O

R
0 , B1, O

L
1 , I

L
1 , I

R
1 , O

R
1 , B2〉 of variables

ranging overQ. The corresponding set of variables is denoted byVarA. In the follow-
ing we callVarA the set of arena variables. We sometimes see a vectorvA as a function
from {0, . . . , 10} to VarA.

Let Arenas be a set of vectorsΠ(vA) for all cycles and reversed-cyclesΠ of the
set{0, . . . , 10}. Note that the setArenas may be represented in some way using Fig.
1. To obtain one of linear orders that is represented by this circle, we have just to tear
it apart and orientate. If we orientate it clockwise, then werepresent someΠC(vA)
whereΠC is a cycle. Otherwise, if we orientate it anticlockwise, then we represent
someΠRC (vA) whereΠRC is a reversed cycle.
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Fig. 1.The representation of the setArenas

Now, for eachv ∈ Arenas we define a relationPrefixv := ¬(y0 < . . . < y10)
wherev = 〈y0, . . . , y10〉. At this point we probably owe the reader one more explana-
tion. Sometimes, when we think it is intuitive, we use negation as well as implication
in the definition of relations. Nevertheless, they should betreated just as notational
shortcuts and all relations we claim to be positive temporalare indeed definable by con-
junction, disjunction, and≤. In particular,Prefixv may be defined as

∨9
i=0 yi ≥ yi+1.

Nevertheless, the situation wherePrefixv is falsified is more important for us. Then the
arena variables are arranged in some linear order represented by a circle in Fig. 1.

In general, our intention is to model (see Definition 3) a boolean relation. Arena
variables set in some order presented in Fig. 1 constitute some kind of arena. When
some other variable is set strictly betweenOL0 andOR0 then we see its value as a boolean
zero, and if some variable is set strictly betweenOL1 andOR1 then we see its value as a
boolean one. We need alsoIL0 , I

R
0 , andIL1 , I

R
1 . Sometimes we want to say: ’If a variable

x is equal to zero, then a variabley is also equal to zero’. Unfortunately, concerning
positive temporal relations we are unable to write something like (OL0 < x < OR0 ) →
(OL0 < y < OR0 ). Instead we write(OL0 < x < OR0 ) → (IL0 ≤ y ≤ IR0 ) and assure
that IL0 , I

R
0 are always strictly betweenOL0 , O

R
0 . Similarly, we assure thatIL1 , I

R
1 are

always strictly betweenOL1 , O
R
1 . This is the general idea, but sometimes because of

technical reasons we also useOL1
0 ,OL2

0 etc.
Concerning positive temporal relations closed under reversed cycles it is hard to say

that some variable must be set on the left (or on the right) of the another variable. Far
more natural is to say that some variable is inside the interval set by values of other
variables or outside such an interval. We defineInv(x, y1, y2) equal to((y1 < y2) →
(y1 ≤ x ≤ y2)) ∧ ((y2 < y1) → (x ≤ y2 ∨ x ≥ y1)) if v = ΠC(vA) for some cycle
ΠC ; and equal to((y1 < y2) → (x ≤ y1 ∨ x ≥ y2)) ∧ ((y2 < y1) → (y2 ≤ x ≤ y1))
if v = ΠRC(vA) for some reversed-cycleΠRC . Similarly, we defineOutv(x, y1, y2)
equal to((y1 < y2) → (x ≤ y1 ∨ x ≥ y2)) ∧ ((y2 < y1) → (y2 ≤ x ≤ y1)) if
v = ΠC(vA) for some cycleΠC ; and equal to((y1 < y2) → (y1 ≤ x ≤ y2))∧((y2 <
y1) → (x ≤ y2 ∨ x ≥ y1)) if v = ΠRC(vA) for some reversed-cycleΠRC .



Example 3.For everyv ∈ Arenas the following formulas are always true:

1. (¬Prefixv) → Inv(IR0 , O
R
0 , O

L
0 )

2. (¬Prefixv) → Outv(OR0 , I
R
0 , I

L
0 )

The positive temporal languageΓCircle consists of three relations:UImp, BImp, and
Final. Each relationR ∈ ΓCircle is of the form

∧

v∈Arenas φ
R
v . By using this conjunc-

tion we assure thatR is closed under all cycles and reversed cycles.

1. First of our relations isUImp(vA, p, O
L, OR, f, IL, IR) with

φUImp
v := Prefixv ∨ Outv(p,OL, OR) ∨ Inv(f, IL, IR). (2)

The nameUImpstands for unary implication. It is justified by the context in which
we use it. If bothPrefixv andOutv(p,OL, OR) are falsified, thenInv(f, IL, IR)
must be satisfied. We use this relation to express the implication: ’if v represents
different values in an appropriate order andp is a value in the interval fromIL to
IR, thenf also is a value in this interval’.

2. We have also binary implicationBImp(vA, p1, p2, O
L, OR, f, IL, IR) with

φBImp
v := Prefixv ∨ Outv(p1, O

L, OR) ∨ Outv(p2, O
L, OR) ∨ Inv(f, IL, IR).

(3)
If Prefixv as well asOutv(p1, O

L, OR) andOutv(p2, O
L, OR) are falsified, then

Inv(f, IL, IR) must be satisfied.
3. Finally there isFinal(vA, f0, f1) with

φFinal
v := Prefixv ∨ Outv(f0, B0, B2) ∨ Outv(f1, B0, B2). (4)

We want to see it in the following way. IfPrefixv is falsified, thenOutv(f0, B0, B2)
or Outv(f1, B0, B2) must be satisfied.

Lemma 10. The positive temporal languageΓCircle is closed under weakly increasing,
weakly decreasing, and weakly half monotone surjections only.

PSPACE-hardness of QCSP(ΓCircle). The hardness proof forQCSP(ΓCircle) is based
on the proof of PSPACE-hardness ofQCSP(x1 6= x2 ∨ x1 = x3) from [11]. We define
analogous notions and follow analogous reasoning.

Definition 3. A relationR ⊆ {0, 1}n is force definable if there exists a prenex formula

ΦR,f0,f1(vA, O
L1
0 , OR1

0 , OL1
1 , OR1

1 , x1, . . . , xn) = Qφ

overΓCircle that satisfies all of the following.

1. Q is a quantifier prefix andφ is a quantifier-free part.
2. The quantifier prefixQ containsf0 andf1 as its two last variables, and they are

both existentially quantified.
3. The set of free variables is equal to{vA, O

L1
0 , OR1

0 , OL1
1 , OR1

1 , x1, . . . , xn}.
4. Let t ∈ {0, 1}n and letv ∈ Arenas. Let variables fromVarA be set to satisfy

¬(Prefixv) and let variablesOL1
0 , OR1

0 , OL1
1 , OR1

1 be set to satisfy



– Inv(OL1
0 , B0, O

L
0 ),

– Inv(OR1
0 , OR0 , B1),

– Inv(OL1
1 , B1, O

L
1 ), and

– Inv(OR1
1 , OR1 , B2).

Further, letxk for k ∈ {1, . . . , n} are set to satisfyInv(xk, I
L
i , I

R
i ) iff tk = i for

i = 0, 1. Then the sentenceΦ′ := Q(φ∧¬(Inv(f0, I
L
0 , I

R
0 )∧ Inv(f1, I

L
1 , I

R
1 ))) is

false ifft ∈ R.
5. If values of arena variables satisfyPrefixv for all v ∈ Arenas; or, in casePrefixv

is falsified for somev ∈ Arenas, free variablesOL1
0 , OR1

0 , OL1
1 , OR1

1 are set to
satisfy

– Inv(OL1
0 , IL0 , I

R
0 ) ∧ Inv(OR1

0 , IL0 , I
R
0 )∨

– Inv(OL1
1 , IL1 , I

R
1 ) ∧ Inv(OR1

1 , IL1 , I
R
1 );

thenΦ′ is always true.
6. (monotonicity) For any setting to the free variables ofΦR,f0,f1 , if the formulaΦ′ is

true, then changing the value of any variablexi to satisfy(Outv(xi, O
L1
0 , OR1

0 ) ∨
Outv(xi, O

L1
1 , OR1

1 )) preserves the truth ofΦ′.

As it was described in Section 2 we can see a sentence as a two-player game. The
intuition behind Definition 3 is as follows. If free variables ofΦR,f0,f1 are set according
to conditions from item 4 andt ∈ R, then the universal player has a strategy to force
the existential player to satisfyInv(f0, I

L
0 , I

R
0 ) andInv(f1, I

L
1 , I

R
1 ) wherev ∈ Arenas

andPrefixv is falsified. But ifPrefixv is falsified for somev ∈ Arenas and the condi-
tion from item 5 is fulfilled, then the existential player is able to falsifyInv(f0, I

L
0 , I

R
0 )

or Inv(f1, I
L
1 , I

R
1 ).

Note that variablesOL1
0 , OR1

0 , OL1
1 , OR1

1 are different fromOL0 , O
R
0 , O

L
1 , O

R
1 .

Lemma 11. There exists a polynomial-time algorithm that, given a boolean circuit C
as input, produces a force definition of the relationRC containing, as tuples, exactly
the satisfying assignments of the circuit.

Similarly as in [11], we reduce from succinct graph unreachability. In this problem,
the input is a boolean circuit with2c inputs that represent a graphG whose vertices are
the tuples in{0, 1}c. There is a directed edge(X,Y ) in the graph iff the circuit returns
true given the input(X,Y ). The question is to decide whether or not there is a directed
path fromS to T . This problem is known to bePSPACE-complete.

DefineRi ⊆ {0, 1}2c to be the relation containing exactly the tuples(X,Y ) such
that there exists a directed path inG from X to Y of length less than or equal to2i.
Then there is a path inG from S to T iff (S,T ) ∈ Rc.

From Lemma 11 it is not hard to infer thatR0 is computable in polynomial time.
Now, by induction we show thatRc is also computable by a polynomial algorithm.

Lemma 12. The force definition of the relationRc is computable in polynomial time.

Proof. (of Theorem 5) LetΦRc,g0,g1(vA, O
L
0 , O

R
0 , O

L
1 , O

R
1 ,x,y) = Qcφc be a force

definition ofRc. We use it now to give an instance ofQCSP(ΓCircle) that is true if and
only if there is no path fromS to T in the succinctly represented graph.

The instance created is



∀vAQcφc ∧ x = s ∧ y = t ∧ Final(vA, g0, g1)

wheresi = tj = ILk if Si = T j = k for all 1 ≤ i, j ≤ c andk = 0, 1.
The universal player starts the game. To have a chance to win (to falsify) the sen-

tence he must set arena variables to falsifyPrefixv for somev ∈ Arenas. Otherwise
each clause fromφc is satisfied already at the beginning. If there is a path froms to t,
then the universal player can enforce the existential player to satisfyInv(g0, I

L
0 , I

R
0 )

and Inv(g1, I
L
1 , I

R
1 ). It is not hard to verify that it contradictsFinal(vA, g0, g1) —

see (4). If(s, t) /∈ Rc, then the existential player can satisfyOutv(g0, B0, B2) or
Outv(g1, B0, B2); and in consequence satisfyFinal(vA, g0, g1). 2

5 PTIME-complete Positive Temporal Languages

This section is devoted to give the complexity proof for classes from items 3 and 4 of
Theorem 1. We focus here of the former case, the latter one is dual and hence the whole
reasoning is similar in both cases.

LetRkLeft be equal to(x1 ≤ x2 ∨ . . . ∨ x1 ≤ xk), andΓLeft be the set of relations
RkLeft for each natural numberk ≥ 2. In [13] it is shown thatQCSP(ΓLeft) is log-space
equivalent toQCSP(Γ ) whereΓ is the language from case 3 of Theorem 1. Further-
more, we have thatQCSP(x1 ≤ x2∨x1 ≤ x2) is log-space equivalent toQCSP(ΓLeft).
Observe that the definition of eachRkLeft have a simple tree-like structure wherex1 is
a root andx2, . . . , xk are sons ofx1. Moreover, to denote a root of a clauseC we write
root(C) and to denote a set of sons –sons(C).

In this section whenever we write: a formula, we think of a cp-formula overΓLeft .

Lemma 13. Let φ be a formula defining a positive temporal relation. Assume that φ
contains clausesC1 := (y ≤ x1 ∨ . . .∨ y ≤ xk) andC2 := (x1 ≤ z1 ∨ . . .∨ x1 ≤ zl).
Thenφ andφ′ given byφ∧C3, whereC3 := (y ≤ z1∨ . . .∨y ≤ zl∨y ≤ x2∨ . . .∨y ≤
xk), are equivalent, that is, they define the same relation.

In the following, we sometimes refer to a quantifier-free formulaφ as to a set of
clauses. We say that a set of clausesφ is TClosed if for all pairs of clauses of the form
(y ≤ x1 ∨ . . .∨ y ≤ xk) and(x1 ≤ z1 ∨ . . .∨ x1 ≤ zl), the clause(y ≤ z1 ∨ . . .∨ y ≤
zl ∨ y ≤ x2 ∨ . . . y∨ ≤ xk) also belongs toφ. By TClosure(φ) we denote the least
TClosed superset ofφ.

By a simple induction, from Lemma 13 we can obtain the following.

Corollary 3. Formulasφ andTClosure(φ) are equivalent.

We show that the universal player has a winning strategy if and only if TClosure(φ)
contains a clause of the form(y ≤ x1∨ . . .∨y ≤ xk) such that for each disjuncty ≤ xi
where1 ≤ i ≤ k we have that eithery orxi is later and universal. We call such a clause
ultimate.

Lemma 14. Letψ be a sentence and letQ be its quantifier prefix andφ its quantifier-
free part. Thenψ is false if and only ifTClosure(φ) contains an ultimate clause.



To show the exact complexity of case 3 of Theorem 1 we use the emptiness problem
for context-free grammars. It is well known that this problem is P-complete. We assume
that the reader is familiar with the notion of the context-free grammar. ByL(G) we
denote a language generated by a context free-grammarG = 〈N,Σ,R, S〉.

Theorem 6. Let Γ be a positive temporal language such that each of its relation is
definable by a formula of the form

∧n
i=1(xi1 ≤ xi2 ∨ . . . ∨ xi1 ≤ xik) and it is neither

definable as a conjunction of equalities nor as a conjunctionof inequalities. Then the
problem QCSP(Γ ) is P-complete

Proof. (About Membership) To obtain the result we give a logspace reduction from
the problemQCSP(x1 ≤ x2 ∨ x1 ≤ x3) to the emptiness problem for context-free
grammars. Letψ be an instance ofQCSP(x1 ≤ x2 ∨ x1 ≤ x3) with a quantifier
prefix Q and a quantifier free-partφ. We construct a context-free grammarGψ such
that L(Gψ) 6= ∅ if and only if ψ is false. By Lemma 14, it is enough to showGψ
that generates a non-empty language if and only ifTClosure(φ) contains an ultimate
clause.

The reduction runs as follows. For each variablex of ψ, we show a grammarGxψ that
generates an empty language if and only if there is no ultimate clauseC in TClosure(φ)
with x being a root ofC. Further, byGψ we take a grammar such thatL(Gψ) =
⋃

x∈Var(ψ) L(Gxψ) whereVar(ψ) is a set of all variables ofψ. Recall that the set of

context-free grammars is closed under union and note that‖Gψ‖ ≤ c∗Σx∈Var(ψ)

∥

∥

∥
Gxψ

∥

∥

∥

for some constantc.
We now turn to the definition ofGx = 〈Nx, Σx, Rx, Ax〉. For each variabley

of ψ we introduce a nonterminalAy. The setΣx contains a terminal symbolay for
each variabley that is universal and later thanx. If x is universal, then there is also a
terminalay for each variabley that is earlier thanx. Further, for each clause of the form
(x1 ≤ x2 ∨ x1 ≤ x3) we have a ruleAx1

→ Ax2
Ax3

. For each terminal symbolay
in Σx there is also a ruleAy → ay. It is clear, that such a reduction may be provided
using logarithmic space.

Now, if L(Gxψ) contains a wordax1
. . . axk

, then, by a simple induction, we can
show that a clause(x ≤ x1 ∨ . . .∨ x ≤ xk) belongs toTClosure(φ). Since eachxi for
1 ≤ i ≤ k is universal and later thanx or providedx is universal, earlier thanx; this
clause is ultimate. Similarly, if any ultimate clause(x ≤ x1 ∨ . . . ∨ x ≤ xk) belongs to
TClosure(φ), then we can construct a parse tree that witnessesax1

. . . axk
∈ L(Gxψ)

(About Hardness) The hardness proof is quite similar. This time we give a logspace
reduction from the emptiness problem to the problemQCSP(x1 ≤ x2 ∨ x1 ≤ x3). 2
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Volume 2803 of Lecture Notes in Computer Science., Springer (2003) 58–70
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