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Abstract. A positive temporal template (or a positive temporal constraint lan-
guage) is a relational structure whose relations can be defined over a dense linear
order of rational numbers using a relational symbol≤, logical conjunction and
disjunction.
We provide a complexity characterization for quantified constraint satisfaction
problems (QCSP) over positive temporal languages. The consideredQCSPprob-
lems are decidable in LOGSPACE or complete for one of the following classes:
NLOGSPACE, P, NP, PSPACE. Our classification is based on so-called algebraic
approach to constraint satisfaction problems: we first classify positivetemporal
languages depending on their surjective polymorphisms and then give the com-
plexity of QCSPfor each obtained class.
The complete characterization is quite complex and does not fit into one paper.
Here we prove thatQCSPfor positive temporal languages is either NP-hard or
belongs to P and we give the whole description of the latter case, that is, we show
for which positive temporal languages the problemQCSPis in LOGSPACE, and
for which it is NLOGSPACE-complete or P-complete. The classification of NP-
hard cases is given in a separate paper.

1 Introduction

Constraint Satisfaction Problems provide a uniform approach to research on a wide
variety of combinatorial problems. Besides probably better-knownCSPover finite do-
mains [9, 11, 19] with its Dichotomy conjecture of Feder and Vardi [12],CSPover infi-
nite domains are of more and more interest. Although there were some earlier results in
this field [1, 16], a common approach toCSPover infinite domains was quite recently
proposed and developed by Manuel Bodirsky [2] and co-authors. This framework con-
centrates on relational structures that areω-categorical [14]. Many results, including
so-called algebraic approach [15, 11], for bothCSPandQCSP[8] over finite domains
were generalized to infinite ones. Moreover, new results were established. Among them
there are full characterizations of complexity for bothCSPandQCSPof equality con-
straint languages [6, 4].

As each natural theoretical frameworkCSPhave many different applications. It is
also the case in the area ofCSPwith infinite templates. For example, in [3, 5] it is ar-
gued thatCSPof relations definable over the dense linear order of rational numbers
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may constitute a good approach to temporal and spatial reasoning [13, 18]. Therefore
the very recent full complexity characterization ofCSPfor temporal, that is, definable
over 〈Q, <〉 templates gives a new perspective on temporal reasoning [7]. One should
mention in this context also the well-motivated AND/OR precedence constraints [17].
They are closely related to languages from items 3 and 4 of Theorem 1 below. It might
be said that we consider quantified positive variations of AND/OR precedence con-
straints.

Our paper is the next step in the area of quantified constraintsatisfaction problems
over temporal templates. In general, we considerQCSPfor temporal templates. In par-
ticular, we restrict ourselves to constraint languages that can be defined with∧,∨ and
≤, i.e., we do not consider negation. We name such relations positive temporal since
they are positive definable over〈Q,≤〉.

Our main contribution is a complexity characterization of QCSP problems over
positive temporal languages summarized in Theorem 1 below.

Theorem 1 (The Main Theorem).LetΓ be a language of positive temporal relations,
then one of the following holds.

1. Each relation inΓ is definable by a conjunction of equations (x1 = x2) and then
QCSP(Γ ) is decidable in LOGSPACE.

2. Each relation inΓ is definable by a conjunction of weak inequalities (x1 ≤ x2). If
there exists a relation inΓ that is not definable as a conjunction of equalities, then
QCSP(Γ ) is NLOGSPACE-complete.

3. Each relation inΓ is definable by a formula of the form
∧n

i=1
(xi1 ≤ xi2 ∨

. . . ∨ xi1 ≤ xik
) and then providedΓ satisfies neither condition 1 nor 2, the set

QCSP(Γ ) is P-complete.
4. Each relation inΓ is definable by a formula of the form

∧n

i=1
(xi2 ≤ xi1 ∨

. . . ∨ xik
≤ xi1) and then providedΓ satisfies neither condition 1 nor 2, the set

QCSP(Γ ) is P-complete.
5. Each relation inΓ is definable by a formula of the form

∧n

i=1
(xi1 = yi1 ∨ . . . ∨

xik
= yik

) and then providedΓ does not belong to any of the classes 1–4, the set
QCSP(Γ ) is NP-complete.

6. The problem QCSP(Γ ) is PSPACE-complete.

The complete characterization is quite complex and does notfit into one paper.
Therefore some parts of Theorem 1 are proved in a companion paper [10]. Technically,
in this paper we show the following.

Theorem 2. If Γ is a positive temporal language, then either it satisfies oneof condi-
tions 1–4 of Theorem 1 or QCSP(Γ ) is NP-hard.

Related work.As we already mentioned, parts of Theorem 1 are proved in a different
paper [10]. We give there the characterization of NP-hard cases, with the distinction
between NP-complete and PSPACE-complete cases (items 5 and6 of Theorem 1) and
the complexity proofs for items 3 and 4 of Theorem 1 (the algebraic characterization of
these cases is given here in Section 5). In [10] we use different techniques, in particular



we do not use there the filter representation of temporal relations which is our basic tool
in this paper.

The characterizations of cases 1, 2 and 5 are due to other authors [4, 3]. Here, we just
complete the picture by giving the NLOGSPACE-hardness proof for case 2. Theorem 1
substantially improves results from [4, 3] in the sense thatwe consider a strictly more
expressive class of constraint languages. As in [4] we use the surjective preservation
theorem.

In a very recent paper [7] the authors give a classification ofCSPover temporal
languages depending on their polymorphisms. Although it sounds similar, it is different
from our classification. We deal with positive temporal languages and surjective poly-
morphisms, which are used to classifyQCSPproblems (as opposed toCSPproblems
considered in [7]). In the case of positive temporal languages, the classification based
on polymorphisms is trivial: all these languages fall into the same class because they are
all closed under constant functions — as a consequence allCSPproblems for positive
temporal languages are trivial. To obtain our classification we use methods different
from those used in [7]. The representation of temporal relations from Section 3 and the
proof in sections 5 and 6 plays a similar role in the proof of Theorem 1 as the Ramsey
Theorem in the proof from [7] in the sense that it is used to show that there are only
few interesting classes of positive temporal relations closed under non-unary functions.
Nevertheless our representation may be easily translated into first order formula. It is
very useful in the context of consideredQCSPproblems — complexity proofs for fam-
ilies of positive temporal templates from Theorem 1 are purely syntactical [4, 3, 10].

Outline of the paper.In Section 2, we give some preliminaries. Among others, we recall
a definition of a surjective polymorphism and surjective preservation theorem, which is
the most important tool in algebraic approach toQCSP. In Section 3 we propose a
representation of temporal relations. Section 4 is devotedto formally introducing the
concept of positive temporal relations. By giving their properties we unfold the reason
we choose just that subset. In Section 5, we derive first four items of Theorem 1, in
Section 6 we prove that all other languages are NP-hard and finally the last section is
devoted to the proof of Theorem 2.

2 Preliminaries

In most cases we follow the notation from [2, 4].

Relational structures.We consider only relations defined over countable domains and
hence whenever we write a domain orD we mean a countable set. Letτ be some
relational (in this paper always finite) signature i.e., a set of relational symbols with
assigned arity. ThenΓ is aτ -structure over domainD if for each relational symbolRi

from τ , it contains a relation of according arity defined onD. In the rest of the paper we
usually say relational language (or template) instead of relational structure. Moreover,
we use the same notation for relational symbols and relations.

Automorphisms ofΓ constitute a group with respect to composition. An orbit of a
k-tuple t in Γ is the set of all tuples of the form〈Π(t1), . . . ,Π(tk)〉 for all automor-
phismsΠ. We say that a group of automorphisms ofΓ is oligomorphic if for eachk it



has a finite number of orbits ofk-tuples. Although there are many different ways of in-
troducing a concept ofω-categorical structures we do it by the following theorem [14].

Theorem 3. (Engeler, Ryll-Nardzewski, Svenonius) Let Γ be a relational structure.
ThenΓ is ω-categorical if and only if the automorphism group ofΓ is oligomorphic.

Polymorphisms and clones.Let R be a relation of arityn defined overD. We say that a
functionf : Dm → D is a polymorphism ofR if for all a1, . . . , am ∈ R (whereai, for
1 ≤ i ≤ m, is a tuple〈ai

1, . . . , a
i
n〉), we have〈f(a1

1, . . . , a
m
1 ), . . . , f(a1

n, . . . , am
n )〉 ∈

R. Then we say thatf preservesR or thatR is closed underf . A polymorphism ofΓ
is a function that preserves all relations ofΓ . By Pol(Γ ) we denote the set of polymor-
phisms ofΓ , and bysPol(Γ ) — the set of surjective polymorphisms.

An operationπ is a projection iffπ(x1, . . . , xm) = xi for all m-tuples and fixed
i ∈ {1, . . . ,m}. The set of polymorphisms of anω-categorical languageΓ constitute a
clone, that is, a set of functions closed under composition and containing all projections.
We say that a functionf with a domainD is aninterpolationof a set of functionsF iff
for every finite subsetB of D there is some operationg ∈ F such thatf(a) = g(a) for
every tuplea over the setB. The set of interpolations ofF is called thelocal closureof
F . We say that a clone islocally closedif each its subset contains its local closure. For
eachω-categorical languageΓ the clone of its polymorphisms is locally closed [2]. A
clone is generated by a set of functionsF if it is the least clone containingF .

An operationf of arity m is essentially unaryif there exists a unary operation
f0 such thatf(x1 . . . , xm) = f0(xi) for some fixedi ∈ {1, . . . ,m}. An operation
that is not essentially unary is calledessential. We say that a polymorphismf of
an ω-categorical structureΓ is oligopotentif the diagonal off , that is, the function
f(x, . . . , x), is contained in the locally closed clone generated by the automorphisms
of Γ . A function f is called aquasi near-unanimity function(QNUF) if it satisfies
f(x, . . . , x, y) = f(x, . . . , y, x)= . . . = f(y, x, . . . , x) = f(x, . . . , x) for all x, y ∈ D.

Quantified constraint satisfaction problems.Let Γ containR1, . . . , Rk. Then a con-
junctive positive formula (cp-formula) overΓ is a formula of the following form:

Q1x1 . . . Qnxn(R1(v1) ∧ . . . ∧ Rk(vk)), (1)

whereQi ∈ {∀,∃} andvj are vectors of variablesx1, . . . , xn.
A QCSP(Γ ) is a problem to decide whether a given cp-formula without free vari-

ables overΓ is true or not. Note that by downward Löwenheim-Skolem Theorem we
can focus on countable domains only. If all quantifiers in (1)are existential then the
corresponding problem is well-known as theconstraint satisfaction problem.

A relationR has acp-definitionin Γ if there exists a cp-formulaφ(x1, . . . , xn) over
Γ such that for alla1, . . . , an we haveR(a1, . . . , an) iff φ(a1, . . . , an) is true. The set
of all relations cp-definable inΓ is denoted by[Γ ].

Lemma 1 ([4]). Let Γ1, Γ2 be relational languages. If every relation inΓ1 has a cp-
definition inΓ2, then QCSP(Γ1) is log-space reducible to QCSP(Γ2).



The following results link[Γ ] with sPol(Γ ). The idea behind Theorem 4 is that the
moreΓ can express, in the sense of cp-definability, the less polymorphisms are con-
tained insPol(Γ ). Moreover, the converse is also true. This theorem is calledsurjective
preservation theorem.

Theorem 4 ([4]). Let Γ be anω-categorical structure. Then a relationR has a cp-
definition inΓ if and only ifR is preserved by all surjective polymorphisms ofΓ .

As a direct consequence of Lemma 1 and Theorem 4 we obtain the following.

Corollary 1 ([4]). LetΓ1, Γ2 beω-categorical structures. If sPol(Γ2) ⊆ sPol(Γ1), then
QCSP(Γ1) is log-space reducible to QCSP(Γ2).

Quantified Equality Constraints.Concerning templates that allow equalities and all
logical connectives (equality constraint languages) the following classification [4] is
known.

1. Negative languages. Relations of such a language are definable as CNF-formulas
whose clauses are either equalities (x = y) or disjunctions of disequalities(x1 6=
y1 ∨ . . . ∨ xk 6= yk). For each negativeΓ the problemQCSP(Γ ) is contained in
LOGSPACE.

2. Positive languages. Relations may be defined as conjunction of disjunctions of
equalities(x1 = y1 ∨ . . . ∨ xk = yk). For each positiveΓ not being negative the
problemQCSP(Γ ) is NP-complete.

3. In any other case the problemQCSP(Γ ) is PSPACE-complete.

Note that the class 1 from Theorem 1 is a subset of negative languages and the class
5 is just the class of positive languages.

To give our characterization we need the following result. It may be inferred from
lemmas given in Section 7 in [4].

Lemma 2. Let Γ be an equality positive constraint language that is preserved by an
essential operation onD with infinite image. ThenΓ is preserved by all operations, and
Γ is negative.

Corollary 2. If an equality constraint languageΓ is positive, but not negative, then
sPol(Γ ) contains only essentially unary polymorphisms.

SinceQCSP(Γ ) for positive non-negative equality languageΓ is NP-hard, by corol-
laries 1 and 2, we obtain one more observation.

Corollary 3. Let Γ be a positive temporal language with sPol(Γ ) contained in the set
of essentially unary surjections onQ. Then QCSP(Γ ) is NP-hard.



Quantified Positive Temporal Constraints.Now, we focus on positive temporal rela-
tions announced in the introduction. All of them are defined over the set of rational num-
bers using a relational symbol≤ and connectives∧,∨. Therefore our results concerning
positive temporal relations generalize those for positiveequality languages. Since the
only relational symbol we use is interpreted as a weak linearorder over rational num-
bers, for each positive temporal structureΓ the setsPol(Γ ) contains all automorphisms
that preserve order, i.e., all increasing unary surjections f : Q → Q. We say thatf is
increasing (weakly increasing) iff(a) > f(b) (f(a) ≥ f(b)) for all a > b. Thus, using
Theorem 3, it is not hard to see that all positive temporal languages areω-categorical.

In Lemma 6 in Section 4 we provide another, not syntactical, characterization of
positive temporal relations. It is given in terms of polymorphisms.

3 Filter Representation of Temporal Relations

Here, after a few definitions we give a representation of temporal languages that we use
in the rest of the paper. At first look it may look somewhat confusing, but Example 1
and a short discussion after it should clarify our point.

A preorder is a reflexive and transitive relation. A preorder� on a setA is total if
for all a, b ∈ A we havea � b or b � a. We callA the domain of� and we write
A = Dom(�). We usea ≺ b as an abbreviation fora � b ∧ b 6� a anda ≈ b as
an abbreviation fora � b ∧ b � a. In the following we represent total preorders on
finite sets of variables as sequences of the formx1 ∼1 x2 ∼2 . . . ∼n−1 xn where
each∼i is either≺ or ≈ and{x1, . . . , xn} = Dom(�). For examplea ≺ b ≈ c is the
representation of�= {〈a, a〉, 〈b, b〉, 〈c, c〉, 〈a, b〉, 〈a, c〉, 〈b, c〉, 〈c, b〉}. By Range(�) we
denote the size of a maximal set of variables{xi1 , . . . , xil

} ⊆ Dom(�) such that for
all pairsxip

, xir
we have eitherxip

≺ xir
or xir

≺ xip
.

We write�1 ⊳ �2 and say that�1 is more general than�2 if �1 is a restriction
of �2 to a smaller domain. Formally,�1 ⊳ �2 if Dom(�1) ⊆ Dom(�2) and�1=
�2 ∩(Dom(�1) × Dom(�1)). We write�1≪�2 and say that�1 is flatter than�2 if
Dom(�1) = Dom(�2) and�2 as a relation is a subset of�1 (see the example below).

We say that a valuationq : {x1, . . . , xn} → Q is compatible with a total preorder
� on {x1, . . . , xn} if for all xi, xj such thatxi � xj we haveq(xi) ≤ q(xj). We then
also say that the tuple〈q(x1), . . . , q(xn)〉 is compatible with�.

Definition 1. Consider a temporal relationR(x1, . . . , xn) ⊆ Qn. We say that� is
a boundfor R if � is a total preorder on a subset of{x1, . . . , xn} such that for all
valuationsq : {x1, . . . , xn} → Q compatible with� the tuple〈q(x1), . . . , q(xn)〉 is
not in R. The set of bounds ofR is denotedB(R). A minimal wrt.⊳ bound ofR is called
a filter for R. The set of filters ofR is denotedF(R).

Let Γ be a temporal template. Assume that eachR ∈ Γ is defined over different
set of variables. Then byF(Γ ) equal to

⋃

R∈Γ F(R) we denote the set of filters ofΓ .
Similarly, we writeB(Γ ) for the set of bounds ofΓ .

Example 1.LetR(x1, x2, x3) be a relation given by(x1 ≤ x2 ∨ x2 ≤ x3) ∧ (x2 ≤ x1).
Thenx3 ≺ x2 ≺ x1, x1 ≺ x2 andx1 ≈ x3 ≺ x2 are bounds forR (in factR has more



bounds). The boundx1 ≈ x3 ≺ x2 is not a filter becausex1 ≺ x2 is more general.
The relationR′ defined by(x1 ≤ x2 ∨ x1 ≤ x3) has three filters:x3 ≺ x2 ≺ x1,
x3 ≈ x2 ≺ x1 andx2 ≺ x3 ≺ x1. The filter x3 ≈ x2 ≺ x1 is flatter than both
x3 ≺ x2 ≺ x1 andx2 ≺ x3 ≺ x1. The range of a preorderx3 ≈ x2 ≺ x1 is 2, but the
range of a preorderx3 ≺ x2 ≺ x1 is equal to3.

In the following we represent temporal relations (languages) with their sets of fil-
ters. It is quite simple to inferF(R) from the cp-definitions in Example 1. Therefore
one would ask why we do not represent relations with their sets of clauses. The filter
representation gives us a kind of normal form while there maybe many representa-
tions of the same relations with sets of clauses. The following example shows another
advantage of filters. The relation R defined by(x1 ≥ x2 ∨ x2 ≥ x3) has one filter:
x1 ≺ x2 ≺ x3. The clause representation(x1 ≥ x2 ∨ x2 ≥ x3) does not say anything
about dependencies betweenx1 andx3. From the shape of the filter it is easy to see that
R contains tuples compatible with preorders:x1 ≺ x2, x1 ≺ x3, x2 ≺ x3 but it does
not contain any tuple compatible withx1 ≺ x2 ≺ x3. We use this property in several
proofs.

Consider now the situation where we have someF(Γ ) and we ask forF(R) of some
relationR that is cp-definable overΓ ; and the converse situation: when we want to infer
something aboutF(Γ ) from F(R). The following lemmas give us a partial answer for
such questions. In lemmas 3–5 the relationR1 belongs to[R]. These lemmas are used
in each of the following sections of the paper and therefore are of crucial importance.

Let�Var be a preorder with domainVar such thatx ≈ y for all x, y ∈ Var.

Lemma 3. Let R(x1, . . . , xn) be a temporal relation. ConsiderR1(xk, . . . , xn) de-
fined byR(x1, . . . , xn) ∧

∧k−1

i=1
xi = xi+1. If a preorder�1 is a bound ofR1, then

each preorder� such that�1 ⊳ � andxi ≈ xi+1 for 1 ≤ i ≤ k − 1 is a bound ofR.

Lemma 4. Let R(x1, . . . , xn) be a temporal relation with a filter� such thatxi ≈
xi+1 for i = 1, . . . , k − 1. ConsiderR1(xk, . . . , xn) defined byR(x1, . . . , xn) ∧
∧k−1

i=1
xi = xi+1. Then either the restriction of� to {xk, . . . , xn} or the restriction

of � to {xk+1, . . . , xn} is a filter ofR1.

Example 2.Consider the preceding lemma once more. At first glance it mayseem that
a restriction of� to {xk, . . . , xn} is always a filter ofR1 and the second case is unnec-
essary there. To see that it is not the case, consider the following relation.

Let R(x1, x2, x3, x4) be defined by(x1 = x2 ∨ x1 = x3 ∨ x1 = x4) ∧ (x2 = x1 ∨
x2 = x3∨x2 = x4)∧(x3 = x1∨x3 = x2∨x3 = x4)∧(x4 = x1∨x4 = x2∨x4 = x3).
Thenx1 ≈ x2 ≈ x3 ≺ x4 is a filter ofR. Moreover, let a relationR1(x2, x3, x4) be
equivalent toR(x1, x2, x3, x4) ∧ x1 = x2. Now, the reader can convince himself that
x3 ≺ x4 and notx2 ≈ x3 ≺ x4 is a filter ofR1.

Lemma 5. ConsiderR(x1, . . . , xn) and R1(x1, . . . , xi−1, xi+1, . . . , xn) defined by
∃xi R(x1, . . . , xn). Then a preorder� such thatxi /∈ Dom(�) is a filter of R if
and only if it is a filter ofR1.



4 Positive Temporal Relations

An arbitrary relation defined over the dense linear order of rational numbers is closed
under all unary strictly increasing functions — they are automorphisms of such a rela-
tion. In the case of positive temporal relations we have a bitstronger result.

Lemma 6. A temporal relationR(x1, . . . , xn) is positive if and only if it is closed under
all weakly increasing functionsf : Q → Q.

It is rather obvious that positive temporal relations have substantially less varied
structure than arbitrary temporal relations. The dependencies between tuples in positive
temporal relations can be given in terms of the order≪. The following results unfold
the reason why we introduced this order. Recall: if�≪�1, then we say that� is flatter
than�1.

Lemma 7. Let a preorder� be flatter than�1 andDom(�) ⊆ {x1, . . . , xn}. Con-
sider a tuple〈q(x1), . . . , q(xn)〉 compatible with�1 whereq : {x1, . . . , xn} → Q.
Then there exists a weakly increasing functionf such that〈f(q(x1)), . . . , f(q(xn))〉 is
compatible with�.

Lemma 8. Let R(x1, . . . , xn) be a temporal relation. Then it is a positive temporal
relation if and only if for all bounds� of R each preorder�1 such that�≪�1 is also
a bound ofR.

Corollary 4. LetR(x1, . . . , xn) be a positive temporal relation and let the set Var be a
nonempty subset of{x1, . . . , xn}. Then the preorder�Var is a bound ofR if and only
if R is the empty relation. Intuitively, nonempty relations do not have filters of the form
�Var.

Note that if we have two bounds comparable wrt≪ then by Lemma 8 the flatter of
them is more interesting. Therefore we focus on minimal wrt≪ filters. We illustrate
this lemma on the following example.

Example 3.Consider once more a positive temporal relation given by(x1 ≤ x2∨x1 ≤
x3). It has a filterx2 ≈ x3 ≺ x1, but also filters (bounds)x2 ≺ x3 ≺ x1 andx3 ≺ x2 ≺
x1. Note or recall from Example 1 that the first of the mentioned preorders is flatter than
the remaining two. Moreover, these are all filters of the relation (x1 ≤ x2 ∨ x1 ≤ x3).

We finish this section by one more auxiliary lemma.

Lemma 9. LetR(x1, . . . , xn) be a temporal relation. Let� be a minimal with respect
to≪ filter ofR such thatxi ≈ xi+1 for i = 1, . . . , k−1. LetR1(xk, . . . , xn) be defined
asR(x1, . . . , xn) ∧

∧k−1

i=1
xi = xi+1. Then there exists a preorder�1 in F(R1) such

that�1 ⊳ � and Range(�1) = Range(�).



5 Non Unary Surjective Polymorphisms of Positive Temporal
Relations

In this section we derive the first four classes of Theorem 1. We show that a positive
temporal language belongs to one of these four classes, or itis closed under essen-
tially unary surjective polymorphisms only and hence, by Corollary 3, in that case the
problemQCSP(Γ ) is NP-hard.

In particular we show that a positive temporal language is closed under a binary
surjective polymorphismspp, under a binary surjective polymorphismdual-spp, or it is
preserved by essentially unary surjective polymorphisms only. The surjective polymor-
phismsspp: Q×Q → Q anddual-spp: Q×Q → Q are surjective counterparts ofpp
anddual-ppoperations introduced in [7].

Recall that all countable dense linear orders without endpoints are isomorphic. In
particular,Q, Q−, Q+ andQ− ∪ Q+ are isomorphic, whereQ− = {q ∈ Q | q < 0}
andQ+ = {q ∈ Q | q > 0}. Let f1 : Q → Q−, f2 : Q → Q+ andf : Q− ∪ Q+ → Q

be any order-preserving bijections. Let

spp′(a, b) =

{

a if a < 0
f2(b) if a ≥ 0

dual-spp′(a, b) =

{

f1(b) if a ≤ 0
a if a > 0

and definespp(a, b) = f(spp′(a, b)) anddual-spp(a, b) = f(dual-spp′(a, b)). Observe
that if spp(a, b) is a (strict) lower bound of{spp(a1, b1), . . . , spp(ak, bk)} then eithera
is a (strict) lower bound of{a1, . . . , ak} or b is a (strict) lower bound of{b1, . . . , bk}.
Similarly, if dual-spp(a, b) is a (strict) upper bound of the set{dual-spp(a1, b1), . . . ,
dual-spp(ak, bk)} then eithera is a (strict) upper bound of{a1, . . . , ak} or b is a (strict)
upper bound of{b1, . . . , bk}.

For eachi ≥ 2 let Ri
Left be the positive temporal relation defined by the formula

(x1 ≤ x2 ∨ . . . ∨ x1 ≤ xi). Let ΓLeft be the positive temporal language containing
Ri

Left for eachi. Similarly, ΓRight is the set of relations defined by formulas(x2 ≤

x1 ∨ . . . ∨ xi ≤ x1). Each such formula is denoted byRi
Right .

5.1 Classes of different power of cp-definability

The topic of this subsection is summarized by the following theorem. Recall from Sec-
tion 2 that[Γ ] is the set of all relations that are cp-definable by relationsof Γ . Note
that by Lemma 1, the problemsQCSP(Γ1) andQCSP(Γ2) for some positive temporal
languagesΓ1 andΓ2 such that[Γ1] = [Γ2] are logspace equivalent.

Theorem 5. Let Γ be a positive temporal language, then exactly one of the following
holds.

1. Each relation inΓ is definable by a conjunction of equations(x1 = x2) and then
[Γ ] is equal to[x = y].

2. Each relation inΓ is definable by a conjunction of inequalities(x1 ≤ x2) and then
[Γ ] is equal to[x ≤ y].



3. Each relation inΓ is definable by the formula of the form
∧n

i=1
(xi1 ≤ xi2 ∨ . . . ∨

xi1 ≤ xik
) and then providedΓ satisfies neither condition 1 nor 2, the set[Γ ] is

equal to[ΓLeft ].
4. Each relation inΓ is definable by a formula of the form

∧n

i=1
(xi2 ≤ xi1 ∨ . . . ∨

xik
≤ xi1) and then providedΓ satisfies neither condition 1 nor 2, the set[Γ ] is

equal to[ΓRight ].
5. Each relation inΓ is preserved by essentially unary surjective polymorphisms only.

First, we want to distinguish[ΓLeft ] and [ΓRight ] from each other and then from
[(x1 ≤ x2)]. Recall that in our language, see Theorem 4, sets[Γ1] and [Γ2] for some
positive temporal relationsΓ1 andΓ2 are different if there exists a function that pre-
serves relations from exactly one of these sets.

Lemma 10. The languageΓLeft is closed under dual-spp operation but it is not closed
under spp. Dually,ΓRight is closed under spp but it is not closed under dual-spp.

It is quite obvious that(x1 ≤ x2) is closed under bothsppanddual-spp. In [3],
it is shown that(x1 ≤ x2) is closed undermedian, which is the ternary function that
returns the median of its three argument. It is not hard to show thatmedianis a surjective
oligopotent QNU polymorphisms. To distinguish(x1 ≤ x2) from ΓLeft andΓRight we
show that the last two relations are not closed under any surjective QNU polymorphism.

Lemma 11. NeitherΓLeft nor ΓRight is closed under any surjective oligopotent QNU
polymorphism.

It turns out that the relation defined by(x1 ≤ x2∨x1 ≤ x3) has the same expressive
power, in the sense of cp-definability, asΓLeft . In the same context the relation defined
by (x2 ≤ x1 ∨ x3 ≤ x1) is as powerful as the wholeΓRight .

Lemma 12. Every relation inΓLeft has a cp-definition over(x1 ≤ x2 ∨x1 ≤ x3), that
is, [(x1 ≤ x2 ∨ x1 ≤ x3)] = [ΓLeft ]. Similarly, [(x2 ≤ x1 ∨ x3 ≤ x1)] = [ΓRight ].

Consider the following forms of filters.

z1 ≈ . . . ≈ zk ≺ y1 (2)

z1 ≺ y1 ≈ . . . ≈ yk (3)

We say that a preorder� with domainDom(�) = {x1, . . . , xn} is of the form,
let’s say, (2) ifn = k + 1 andxi1 ≈ . . . ≈ xin−1

≺ xin
for some permutation of

{x1, . . . , xn}.
The next theorem shows us the difference between positive temporal languages with

non-unary and only unary polymorphism. This difference is expressed using their filters.

Theorem 6. LetΓ be a positive temporal language. Consider the following conditions.

1. All filters minimal with respect to≪ in Γ are of the form (2).
2. All filters minimal with respect to≪ in Γ are of the form (3).

If neither of these conditions holds, then sPol(Γ ) contains only essentially unary poly-
morphisms.



The proof of this theorem is presented in the next section. Here, we show that the
expressive power of a positive temporal template satisfying item 1 of Theorem 6 is not
higher than the one of(x1 ≤ x2 ∨ x1 ≤ x3). A similar statement concerning languages
satisfying item 2 of Theorem 6 and(x2 ≤ x1 ∨ x3 ≤ x1) is also true.

Lemma 13. LetΓ be a positive temporal language.

1. If all minimal with respect to≪ filters in F(Γ ) are of the formz1 ≺ y1, then
[Γ ] ⊆ [x1 ≤ x2].

2. If all minimal with respect to≪ filters inF(Γ ) are of the form (2) and at least one
of them has a domain of size greater than or equal to 3, then[Γ ] = [ΓLeft ].

3. If all minimal with respect to≪ filters inF(Γ ) are of the form (3) and at least one
of them has a domain of size greater than or equal to 3, then[Γ ] = [ΓRight ].

4. If [Γ ] ⊆ [x1 ≤ x2], then either[Γ ] = [x1 ≤ x2] or [Γ ] = [x1 = x2].

Proof of Theorem 5. (Part One) First we show for a positive temporal languageΓ that
either[Γ ] is equal to exactly one of the following

1. [x1 ≤ x2 ∨ x1 ≤ x3]
2. [x2 ≤ x1 ∨ x3 ≤ x1]
3. [x1 ≤ x2]
4. [x1 = x2]

or Γ is closed under essentially unary polymorphisms only. By Theorem 6, it is enough
to prove that if all filters minimal with respect to≪ of Γ are either of the form (2) or of
the form (3), then[Γ ] is equal to exactly one of the above classes.

By Lemma 13 we obtain that[Γ ] is equal to at least one of them. To show that
these classes are pairwise disjoint we use appropriate polymorphisms from the preced-
ing lemmas and Theorem 4. By Lemma 10 we have that the first of the above families
is closed underdual-sppoperation but is not preserved byspp. By Lemma 11, it is not
closed under any surjective oligopotent QNU polymorphism.Using the same lemmas
we obtain a similar statement about the second family. Further, from [3] we know that
the third family is closed under a surjective oligopotent QNU polymorphism. To distin-
guish the third and the fourth of the above sets using a function (in fact a permutation of
rational numbers) note that the former is not closed under any strictly decreasing unary
function.

(Part Two) Since all the classes are pairwise disjoint we caninfer from Lemma 13
that [Γ ] = [ΓLeft ] if and only if all filters fromΓ are of the form (2) and at least one
of them has a domain of size at least 3. Now, we show that if it isthe case, then each
relation fromΓ is definable by a formula of the form

∧n

i=1
(xi1 ≤ xi2∨. . .∨xi1 ≤ xik

).
Indeed it is enough to introduce a clause(y1 ≤ y2 ∨ . . . ∨ y1 ≤ ym) for each filter of
the formy2 ≈ . . . ≈ ym ≺ y1 from F(R). Now it is not hard to prove that a valuation
q does not satisfy such a clause if and only ifq is compatible with some preorder more
general thany2 ≈ . . . ≈ ym ≺ y1. Because it is a filter ofR, by Lemma 8 we are done.

Similarly we can prove that if[Γ ] = [ΓRight ], then each relation fromΓ may be
defined by a formula of the form

∧n

i=1
(xi2 ≤ xi1 ∨ . . . ∨ xik

≤ xi1).
Further, if[Γ ] is equal to[x1 ≤ x2], then all filters are of the formz ≺ y. Here, we

can show that each relation inΓ is definable by a conjunction of inequalities.



Finally, if [Γ ] is equal to[x1 = x2], then, by Lemma 13, all filters are of the form
z ≺ y and for each such a filter the setF(Γ ) containsy ≺ z as well. Therefore it is not
hard to show that each relation inΓ may be defined as a conjunction of equalities.2

6 Proof of Theorem 6

Although the last section contains the proof of Theorem 5, Theorem 6 was left without
an explanation. This section is devoted to fill this hole.

The idea behind the proof is to show that if a positive temporal templateΓ contains
a filter that is not of the form (2) and a filter that is not of the form (3), then[Γ ] contains
some positive non-negative equality relationR. By Corollary 2, the relationR and
hence, by Theorem 4, the languageΓ is closed only under essentially unary surjections.

To prove this we consider a few cases. In most of them, we use the following lemma.
If an n-ary positive temporal relationR(x1, . . . , xn) is different fromQn and con-

tains
∨

i6=j xi = xj for 1 ≤ i, j ≤ n as a subrelation then we call it potentially non-
negative positive.

Lemma 14. Let R be a potentially non-negative positive relation. Then it isclosed
under essentially unary polymorphism only.

Consider the followings forms of filters.

x1 ≈ . . . ≈ xk ≺ y1 ≈ . . . ≈ yl (4)

x1
1 ≈ . . . ≈ x1

l1
≺ . . . ≺ xn

1 ≈ . . . ≈ xn
ln

(5)

If F(Γ ) contains a filter than is not of the form (2) and a filter that is not of the form
(3), then one of the following cases holds.

1. The languageΓ contains a filter of the form (4) wherek > 1 andl ≥ 1 as well as
a filter of the same form wherel > 1 andk ≥ 1, or

2. there exists a filter of the form (5) forn ≥ 3.

The next two sections handles these cases. The section 6.1 covers the first situation.
The second case is taken care of by the section 6.2.

6.1 Filters Of Range 2

Here we prove the following.

Proposition 1. Let Γ be a positive temporal template with filters�L and�R defined
as follows. The preorder�L is of the form (4) withk > 1 and l ≥ 1. The preorder�R

is also of the same form (4), but withl > 1 and k ≥ 1. Then sPol(Γ ) contains only
essentially unary polymorphisms.



Our strategy here is to show first that ’short’ relations with’short’ filters of the form
(4) with k > 1 andl ≥ 1 are closed only under surjective unary polymorphisms or they
express(x1 ≤ x2 ∨ x1 ≤ x3). Afterward, we consider arbitrary relations with arbitrary
’long’ filters. For a ’long’ relationRL, we show that it can express a ’short’ relationRS .
ThereforeRL can express everything expressible byRS ; equivalently,RL cannot have
more surjective polymorphisms thanRS . Lemmas 5, 4, and 9 ensure thatRS obtained
from RL has an appropriate filter. ’Short’ relations have either arity 3 or 4. The first
case is handled by Corollary 5, the second case by Lemma 17. See the example at the
end of this subsection. First, we give two preliminary lemmas.

Lemma 15. Let R(x1, x2, x3) be a positive temporal relation with a filterx1 ≈ x2 ≺
x3. Moreover assume thatx3 ≺ x1 ≈ x2 does not belong toF(R). Then(v1 ≤
v2 ∨ v1 ≤ v3) ∈ [R].

Lemma 16. Let R(x1, x2, x3) be a positive temporal relation with filtersx1 ≈ x2 ≺
x3 andx3 ≺ x1 ≈ x2. Then sPol(Γ ) contains only essentially unary polymorphisms.

As an immediate consequence of lemmas 15 and 16 we get the following.

Corollary 5. LetR(x1, x2, x3) be a positive temporal relation with a filterx1 ≈ x2 ≺
x3. Then either(v1 ≤ v2 ∨ v1 ≤ v3) ∈ [Γ ] or sPol(Γ ) contains only essentially unary
polymorphisms.

Lemma 17. Let R(x1, x2, x3, x4) be a positive temporal relation with a filterx1 ≈
x2 ≈ x3 ≺ x4. Then either(v1 ≤ v2 ∨ v1 ≤ v3) ∈ [R] or sPol(R) contains only
essentially unary polymorphisms.

Lemma 18. Let R(x1, . . . , xn) be a positive temporal relation. IfR has any filter of
the form (4) wherek > 1 andl ≥ 1, then either(v1 ≤ v2 ∨ v1 ≤ v3) ∈ [R] or sPol(Γ )
contains only essentially unary polymorphisms.

Similarly, we can show that if a positive temporal relation has any filter of the form
(4) wherek ≥ 1 andl > 1, then either it is closed only under essentially unary surjective
polymorphisms or it can express(x2 ≤ x1 ∨ x3 ≤ x1). The following statement in fact
ends the proof of Proposition 1.

Lemma 19. If both (v1 ≤ v2 ∨ v1 ≤ v3) and(v2 ≤ v1 ∨ v3 ≤ v1) belong to[Γ ], then
Γ is closed only under essentially unary polymorphisms.

Proof of Proposition 1. Let R be a relation ofΓ with �L. Then, by Lemma 18, either
(v1 ≤ v2 ∨ v1 ≤ v3) ∈ [R] or sPol(R) contains only essentially unary polymorphisms.
Similarly, for someR1 that has�R as a filter we can show that either all its surjective
polymorphisms are essentially unary or(v2 ≤ v1 ∨ v3 ≤ v1) belongs to[R1]. To
complete the proof we use Lemma 19. 2

We finish this subsection with an example that illustrates Proposition 1.

Example 4.Consider a positive relationRL given by(x1 ≤ x2∨x1 ≤ x3)∧(x5 ≤ x4∨
x6 ≤ x4)∧φ(y1, . . . , ym) where{x1, . . . , x6}∩{y1, . . . , ym} = ∅. It is straightforward
to show thatx2 ≈ x3 ≺ x1 as well asx4 ≺ x5 ≈ x6 are minimal wrt≪ filters of R –



see Example 3. We now claim thatsPol(Γ ) contains essentially unary polymorphisms
only or equivalently, by Corollary 3, the problemQCSP(Γ ) is NP-hard.

Now, defineRS as∃y1 . . . ∃ym∃x4∃x5∃x6RL(x1, . . . , x6, y1, . . . , ym) By Lemma
5, we have thatRS inherits the filterx2 ≈ x3 ≺ x1. From Lemma 15 we infer that
(v1 ≤ v2 ∨ v1 ≤ v3) belongs to[RS ]. Hence it belongs to[RL]; note thatRS is
cp-definable inRL – recall the definition ofRS above. Similarly we can show that
(v2 ≤ v1 ∨ v3 ≤ v1) ∈ RL. By Lemma 19 we have thatsPol(RL) contains essentially
unary polymorphisms only.

6.2 Filters Of Range Greater Than 2

What remains to prove is the following.

Proposition 2. LetΓ be a positive temporal language. If there exists any minimalwith
respect to≪ filter in F(Γ ) whose range is strictly greater than 2, then sPol(Γ ) contains
only essentially unary polymorphisms.

The strategy here is similar to one in the preceding section.We express ’short’ re-
lations with ’short’ filters using ’long’ relations with ’long’ filters and show that ’short’
relations are closed under essentially unary surjections only. Here, ’short’ filters are
of the form (5) where eachli = 1 for all 1 ≤ i ≤ n. In turn, we think that a rela-
tion RS is ’short’ if it contains a ’short’ filter�S andDom(RS) = Dom(�S). Each
’long’ relation has at least one (arbitrary) filter of the form (5). For example, the filter
x1 ≈ x2 ≺ x3 ≺ x4 is ’long’, but the filterx1 ≺ x3 ≺ x4 is ’short’.

7 Proof of Theorem 2

In [3] it is shown that each positive temporal languageΓ from case 2 is decidable in
NLOGSPACE. To prove Theorem 1 we need hardness as well.

Lemma 20. LetΓ be a positive temporal language such that each its relation is defin-
able as a conjunction of weak inequalities but not as a conjunction of equalities. Then
QCSP(Γ ) is NLOGSPACE-complete.

Proof. (of Theorem 2) By Theorem 5 we have that each positive temporal Γ is either
definable as in one of the conditions 1–4 of Theorem 1 or it is closed under essentially
unary surjections only. Lemma 20 gives us the complexity characterization of item 2.
Item 1 is characterized in [4]. In [10] we give the complexityproof for items 3 and 4.
Finally, by Corollary 3, we have that for any other positive temporal languageΓ the
problemQCSP(Γ ) is NP-hard. 2

AcknowledgementsWe thank Jerzy Marcinkowski for turning our attention to [4].
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