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Streszczenie

Praca przedstawia nowe algorytmy dla krzywych Béziera, krzywych B-sklejanych i dual-
nych wielomianéw Bernsteina. Zaproponowane metody pozwalajg na przyspieszenie obliczen
wykonywanych m.in. w grafice komputerowej i analizie numeryczne;j.

Nowy algorytm szybkiego wyznaczania wartosci krzywej Béziera laczy zalety znanych
wczesniej metod rozwiazywania tego problemu: liniowa zlozonos$é schematu Hornera oraz
interpretacje geometryczna, wiasnos¢ otoczki wypuktej i operowanie na kombinacjach wy-
puktych wtasciwe algorytmowi de Casteljau. Zaproponowana metode mozna stosowaé nie
tylko do wielomianowych i wymiernych krzywych Béziera, ale tez do tzw. wymiernych obiek-
tow parametrycznych. Waznym ich przyktadem sa wymierne tensorowe i trojkatne powierzch-
nie Béziera. Zastosowanie zaprezentowanego w pracy podejécia pozwala osiagnaé optymalna
ztozonosé, tj. proporcjonalng do liczby punktow kontrolnych definiujacych te obiekty.

Opisano tez nowy algorytm wyznaczania wspélczynnikéw funkeji B-sklejanych w bazie
Bernsteina-Béziera, oparty na nowej zaleznosci rézniczkowo-rekurencyjnej spetnianej przez te
funkcje. Przy pewnych zalozeniach o weztach definiujacych te funkcje, algorytm jest opty-
malny. Przedstawiony zostal réwniez szkic podobnego algorytmu dla reprezentacji funkcji
B-sklejanych w bazie potegowej. Jezeli znane sa wspotczynniki Bernsteina-Béziera funkcji
B-sklejanych, mozna zastosowaé¢ nowy algorytm ewaluacji krzywej Béziera, by przyspieszy¢
procedure wyznaczenia punktu na krzywej B-sklejanej. Przy obliczaniu w wielu punktach
wartosci wielu opartych na tych samych weztach krzywych B-sklejanych uzyskuje sie algorytm
majacy nizsza ztozono$é¢ niz w metodzie wykorzystujacej algorytm de Boora-Coxa. Stosujac
podobne podejécie mozna wyznaczy¢ kazdg funkcje B-sklejana w czasie liniowym wzgledem
jej stopnia.

W pracy podano tez wiele nowych zwiazkéw rézniczkowych, rézniczkowo-rekurencyjnych
i rekurencyjnych spetnianych przez dualne wielomiany Bernsteina tego samego stopnia. Zna-
jomos¢é takich zwiazkdéw rekurencyjnych pozwala, na przyktad, na znalezienie wartosci wszys-
tkich n + 1 dualnych wielomianéw Bernsteina tego samego stopnia n w optymalnym czasie
O(n). Rekurencji tych mozna tez uzyé do ewaluacji dowolnej kombinacji liniowej dualnych
wielomianéw Bernsteina stopnia n, np. poprzez uzycie algorytmu typu Clenshawa. Taka pro-
cedure mozna wykonaé¢ w czasie liniowym wzgledem stopnia wielomianu zapisanego w bazie
dualnych wielomianéw Bernsteina, czyli réwnym zlozonosci obliczeniowej schematu Hornera.
W pracy przedstawiono kilka zwiazkéw rekurencyjnych taczacych kolejne dualne wielomiany
Bernsteina tego samego stopnia: jednorodne rzedu czwartego, trzeciego i drugiego oraz niejed-
norodny rzedu pierwszego. Zwiazek niejednorodny rzedu pierwszego zostat przetestowany pod
wzgledem efektywnoéci numerycznej. Przeprowadzone eksperymenty pokazuja, ze algorytm
wykorzystujacy ten zwiazek daje dobre wyniki nawet dla tak wysokich stopni dualnych wielo-
mianéw Bernsteina jak 3000 czy 5000.

Zwiazki rekurencyjne miedzy dualnymi wielomianami Bernsteina tego samego stopnia
mozna tez zastosowaé¢ do réwnoleglego obnizania stopnia krzywej Béziera z ograniczeniami.
Dzieki nim mozna istotnie utatwié¢ korzystanie z obliczen réwnoleglych, choé przy zachowa-
niu dotychczasowej zlozonosci, poprzez przeksztalcenie zwiazku rekurencyjnego wykorzysty-
wanego w podejsciu opartym na bazach dualnych.



Abstract

The thesis presents new algorithms for Bézier curves, B-spline curves, and dual Bernstein
polynomials. The proposed methods allow to accelerate the computations performed, e.g., in
computer graphics and numerical analysis.

A new algorithm for fast evaluation of a Bézier curve combines the qualities of previously
known methods for solving this problem, i.e., the linear complexity of the Horner’s scheme
and the geometric interpretation, the convex hull property, and operating only on convex
combinations which are the advantages of the de Casteljau algorithm. The new method
can be used not only for polynomial and rational Bézier curves but also for so-called rational
parametric objects. Their prominent examples are rational rectangular and rational triangular
Bézier surfaces. The algorithm has optimal complexity, i.e., proportional to the number of
control points which define these objects.

Additionally, a new algorithm for computing the Bernstein-Bézier coefficients of B-spline
functions which is based on a new differential-recurrence relation satisfied by B-spline func-
tions has been described. Under some assumptions about the knots which define these func-
tions, the algorithm is optimal. A sketch of a similar algorithm for the power basis coefficients
of B-spline functions has been presented as well. If the Bernstein-Bézier coefficients of B-spline
functions are known, one can evaluate one of the functions in linear time with respect to its
coefficients. The new algorithm for evaluating a Bézier curve can also be used to accelerate
the evaluation of many B-spline curves at multiple points, thus getting a method with lower
complexity than the one based on the de Boor-Cox algorithm.

In this thesis, many new diferential, differential-recurrence, and recurrence relations sat-
isfied by dual Bernstein polynomials of the same degree have been given. Such recurrence
relations allow, e.g., to find the values of all n + 1 dual Bernstein polynomials of degree
n in the optimal O(n) time. Moreover, these relations can be used to evaluate any linear
combination of dual Bernstein polynomials of degree n, e.g., by applying the Clenshaw-type
algorithm. Such procedure can be performed in linear time with respect to the degree of the
dual Bernstein basis used, i.e., it has the same complexity as the Horner’s scheme. The new
recurrence relations for dual Bernstein polynomials of the same degree are: homogeneous of
orders four, three, and two, as well as non-homogeneous of order one. The numerical efficiency
of the non-homogeneous relation of order one has been tested. According to performed exper-
iments, an algorithm based on this relation works well even for high degrees of dual Bernstein
polynomials, like 3000 or 5000.

The recurrence relations which connect dual Bernstein polynomials of the same degree can
find their application in parallel constrained degree reduction of a Bézier curve. They can
simplify the recurrence relation previously used in the approach which applies dual bases, thus
allowing to use simpler parallel computations, although the total complexity of this method
remains the same.
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Chapter 1

Introduction

In this thesis, algorithms for evaluating various parametric objects — in particular, Bézier
curves and surfaces as well as B-spline curves — are accelerated, which can result in much
faster rendering of CAGD objects. Similarly, the evaluation of dual Bernstein polynomials —
which find many applications in, e.g., computer graphics, approximation theory, numerical
analysis — has been accelerated. This allows to use dual basis techniques for Bernstein
polynomials with much higher efficiency, thus reducing the computational bottleneck of dual
projections.

Chapter [1] introduces the concepts and notions which are necessary for the remaining
chapters.

Chapter [2| presents and expands the results given previously in [96]. More precisely, a ge-
ometric algorithm for evaluating (polynomial or rational) Bézier curves has been introduced.
For a d-dimensional curve of degree n, its computational complexity is O(nd), which is opti-
mal. To the best of the author’s knowledge, this is the first known algorithm which evaluates
a Bézier curve and is both geometric and has O(nd) complexity. Notice that the de Casteljau
algorithm is geometric but has O(n?d) complexity, while the Horner’s scheme has the desired
O(nd) complexity while not being geometric. The algorithm can be generalized to other
rational parametric objects. In particular, in the case of rectangular and triangular Bézier
surfaces, the complexity is proportional to the number of control points (i.e., the method is
optimal), which is a significant improvement over the corresponding de Casteljau algorithms.

In Chapter[3] a new differential-recurrence relation for the B-spline functions of the same
degree is shown. From this relation, a recursive method of computing the coefficients of B-
spline functions of degree m in Bernstein-Bézier form is derived. Its complexity is proportional
to the number of coefficients in the case of coincident boundary knots. This means that,
asymptotically, the algorithm is optimal. In other cases, the complexity is increased by at
most O(m?3). When the Bernstein-Bézier coefficients of B-spline basis functions are known,
one can, e.g., compute any of them in O(m) time or convert a piece of a d-dimensional B-spline
curve of degree m over one knot span to a Bézier curve in O(m?) time and then evaluate it
in O(md) time using the geometric algorithm given in Chapter Since one only needs to
convert each knot span once, it scales well when evaluating many B-spline curves at multiple
points, e.g., in order to render it. Such approach has lower computational complexity than
using the de Boor-Cox algorithm. The problem of finding the coefficients of the B-spline
functions in the power basis can be solved similarly.

Chapter [4]is based on [18] and presents new differential and differential-recurrence relations
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satisfied by dual Bernstein polynomials. They find their application in proving new recurrence
relations for dual Bernstein polynomials in the following chapter.

Chapter [5] presents, in greater detail, the recurrence relations for dual Bernstein polyno-
mials which were previously shown in [I8, [I9]. These results allow to solve several problems
posed when using dual Bernstein basis. In particular, such a result allows to compute a linear
combination of dual Bernstein polynomials of degree n in O(n) time, reducing the complexity
by an order of magnitude. One of the recurrence relations is analyzed in greater detail and it
is shown that its numerical performance is good even for dual Bernstein bases of high degree
(n =~ 3000, 5000). This makes dual Bernstein bases a more potent tool in a multitude of their
applications.

In Chapter [6] the recurrence relation for dual Bernstein polynomials given in the previous
chapter finds another application, as it can be used to simplify the computation of coefficients
for k,l-constrained degree reduction of Bézier curves given in [97]. While the new approach
does not improve the computational complexity of the degree reduction, it allows more parallel
computations.

As of the time of writing, the results presented in Chapters [3] and [6] have not yet been
published. Most of the relations, equations and algorithms which are given in this thesis have
been checked using the computer algebra system Maple™ (see [71]).

1.1 Remarks on points and vectors

In computer-aided geometric design, to preserve the geometric interpretations of some meth-
ods, the algorithms often operate not in the vector space R? but in the point space E?. The
approach presented here can be examined in greater detail, e.g., in [78, Chapter 1], [36, Chap-
ter 2]. It will be of use in Chapter . To avoid confusion, points in E? will be denoted using
the upper-case letters A, B, . . ., while vectors in R? will be denoted using the lower-case letters
a,b,....

Fact 1.1. The following types of operations are well-defined in E* and R%:

point - point = wector,

point + wector = point (translation),
vector + vector = wector (vector composition),
scalar X wector = wector (vector scaling).

The basic operation types given in Fact can be combined to create more sophisticated
ones.

Example 1.2. Let A, B € E%. The operation
2 3
-A+ -B
5 + 5
gives a point in E®. It can be interpreted as an equivalent form
3 3 3
A+-B—-A=A+-(B-A

which consists of operations explicitly shown in Fact|1.1. The result is the point A translated
3
by the vector g(B — A), i.e., a vector B— A scaled by 5
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A similar restructuring can be done for any weighted sum of points under the condition
that the sum of all weights equals 1.

Fact 1.3. Let ap,a1,...,0, € R oand Y ) _jap = 1. Let Ap, Ai,..., A, € E?. The weighted

sum
n
E aRAg
k=0

is a barycentric combination of points Ag, A1, ..., A, and is a point in E%. It can be repre-
sented, for example, as

Ao+ ) (A, — Ao).
k=1

Remark 1.4. In the approach presented here, of all linear combinations of points, only the
barycentric ones are interpreted as points. This allows the operations on points to be invariant
with respect to translation. More precisely, the barycentric combination of Ay, A1, . .., A, € E?,

i.€.,
n
§ apAg,
k=0
satisfies

Zak (Ak—i—b) :Zak/\k—l— (Zak> b:ZakAk—l-b
k=0 k=0 k=0 k=0

for any vector b in RY, thus

n

Zak (Ak+b)—b:ZakAk

k=0 k=0

Just as in the case of points, the basic operations given in Fact can be combined to
create more sophisticated expressions for vectors.

Example 1.5. Let A, B, C € E?. The operation

2 3
-A+-B-C
) +5

gives a vector in R%. It can be interpreted as an equivalent form

SA-Q+2(B-0),

which consists of operations explicitly shown in Fact[1.]]

One can check that this example can be extended to any weighted sum of points if the
sum of all weights equals 0.

Fact 1.6. Let ap,a1,...,05 € R oand Y ) gap = 0. Let Ay, Ai,..., A, € E¢. The weighted

sum
n
> A
k=0

is a vector in R2.
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Definition 1.7. A barycentric combination of Ag, A1, . .., A, € E® with weights wo, w1, . . . ,Wn,
n
> wiA,
k=0
s a convex combination if wg,w1,...,wy > 0.

Definition 1.8. Let C C E?. A convex hull of C, denoted as
conv C,
is the smallest convex set such that C C conv C. Equivalently,
conv C = {A € E%: A is a convexr combination of C}.

The divide and conquer algorithm for finding a convex hull of n points in E?, if d € {2, 3} is
given in [79]. Its complexity is O(nlogn). Some additional classical algorithms can be found
n [5, 48]. The lower bound for finding a convex hull of n points in two or three dimensions
is, however, O(nlogh), where h is the number of points which form the convex hull. Two
algorithms which have this optimal complexity can be found in [55] and [16], with the latter
being simpler.

For a higher dimension count, the complexity is O(nl%/2)). See [26] p. 256-257].

1.2 Parametric curves

Parametric curves are useful in computer-aided geometric design. They serve as a memory-
efficient way of representing certain geometric objects.

Definition 1.9. Let [a,b] C R. A parametric curve is a continuous function F: [a,b] — EZ.
When F is known, one can evaluate the parametric curve for any ¢ € [a, b].

Example 1.10. A parametric curve F: [0,207] — E2 is given by
F(t) := (tsin 2t, cos 3t) .

Figure illustrates this case.

Example 1.11. A spiral can be obtained using a parametric curve F: [0,T] — E? given by
F(t) := (tcost,tsint).

Figure illustrates this case for T = 30m.

Definition 1.12. Let the parametric curves
F: [a,b] — EY

and

G:[b¢ — E?
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given by the formula

[ R (teab),
H) “{ Glt) (te b

contains a joining of the curves F and G of the C™ class.

Example 1.13. A composite curve F:[0,3] — E2 is given by

12027 , 14255
t° +

t2 — 1882t + 315, —
882t + 315, 1 1

16089 ;| 26437
4 4

2 — 453t — 1215> (t €10,1)),
F(t) := (1129t — 5514¢> + 8288t — 2883, —1849¢® + 8250t — 10812¢ + 3300) (t€1,2),

(—1394¢3 + 962412 — 21988 + 17301, 1745¢% — 13314¢> + 32316t — 25452) (¢ € [2,3)).
Figure illustrates this case.
Example 1.14. A segment with ends at points A, B € E? can be expressed as a parametric

curve F:[0,1] — E? given by
F(t) :==(1—t)A+tB.

In Example the formula for a parametric curve has been expressed using a convex
combination of points in E2. This is a common approach when defining the parametric curves.

Definition 1.15. Leta,b € R and a < b. For Wy, W1, ..., W, € E? and continuous functions
bo, b1, b2, ..., by : [a,b] = R such that Y, _,be(t) =1 for all t € [a,b], the function

F(t) :== ibk(t) Wi (t € [a,b])
k=0

i a parametric curve. The points Wy, Wy, ..., W, are the control points of the curve F and
bg, b1, ..., b, are its basis functions.

Usually, the basis functions are selected so that bo(a) = b,(b) = 1 and bi(t) > 0 for all
k=0,1,...,n and t € [a,b]. The former implies that F(a) = Wy and F(b) = W,,, while the
latter guarantees that

F(t) € conv {Wo,Wy,...,W,} (t € [a,b]).
Example 1.16. Let A, B, C € E?. The function
F(t) := (1 — t)A+tsin®(27t) B+ tcos®(2nt)C  (t € [0,1])

s a parametric curve with control points A, B, C and their corresponding basis functions 1 —
t, tsin?(2xt), t cos®(2nt).
Figure[1.]] illustrates this case for

A=(3,4),B=(-2,7),C=(0,-3).
Note that for t € [0,1], all points on a curve stay within the convex hull of A, B, C.

In particular, the basis functions of a curve can be defined using polynomials or rational
functions. A well-known example is the family of polynomial or rational Bézier curves and
B-spline curves, which will be presented in more detail in Sections [I.6] and respectively.
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Figure 1.3: An illustration of Example Note the different types of joinings: C? at
(1020, —1111]7, C* at [315, —1215)7, and C? at [669, —116]7.
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Figure 1.4: An illustration of Example
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1.3 Hypergeometric functions

Many special functions or orthogonal polynomials which find their applications in approxi-
mation theory or numerical analysis can be expressed as a function from the hypergeometric
functions family, i.e., in their hypergeometric form.

Hypergeometric functions are themselves considered special functions and they satisfy a
multitude of identities, some of which will be used to prove new results in the subsequent
chapters. Some of the functions which appear throughout the thesis can be expressed in their
hypergeometric form, which will be used to prove some of their properties.

First, let us introduce the Pochhammer symbol, which is frequently used when dealing
with hypergeometric functions.

Definition 1.17 ([3, Eq. (1.1.2)]). The Pochhammer symbol (x), is defined for any x € C
and n € N in a following way:

n—1

(@o:=1, (2)n:=[J@+k)  (keN\{0}).

k=0

The Pochhammer symbol is a generalization of a factorial. One can easily see that
k= (1) (k € N).

The value of (z), can be expressed, if x,x +n ¢ Z \ N, as a ratio of two gamma functions
(cf. [25]):
I'(xz+n)
(@)= A
I'(z)

This, in particular, means that for & € N\ {0},

_(k+n—1)
(k)n—W

Using gamma functions, the binomial coefficient can be generalized so that it has two real

arguments:
<x> B I'(z+1)
y) Ty+1l(z-y+1)

In particular, if n € N, the relation simplifies to

<m> _(@—n+ 1) L)

n n!

The Pochhammer symbol is useful in expressing hypergeometric functions in a concise
fashion.

Definition 1.18 ([3, §2.1]). A generalized hypergeometric function ,Fy is defined by

al,ag,...,ap
F(
rtq

bi,ba, ..., by

where p,g €N, a; € C (i=1,2,...,p),b; €C (j =1,2,...,q), z € C.
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Example 1.19 ([3, §2]). Some classical functions can be expressed in the hypergeometric
form. For example:

o 1 k.k+1 1.1
n+0) =3 L —an () |- G<n
F=0 k .2k+1
. - (—1)Fa®ht - 2
SIHJJ:kZM:l‘OFl 3/2 —T /4 )
=0
- (‘Dkfﬂ% - 2
cosxzzwzoﬂ 1/ —x“/4).
k=0

If any of the upper parameters is a non-positive integer then the series is finite and is a
polynomial in x.

Example 1.20.

—2,@2
F:
2 1( by

Wk b (b)(by + 1)2!

2

o (52%la)k g, “2a2 0 (=2)(=Dag(az +1) ,
T | = Z T 1+ + T
(b1) '

k=0

The hypergeometric functions used in this thesis will be, in fact, polynomials. The hyper-
geometric representation of polynomials is useful due to the fact that there is a sizable amount
of known hypergeometric identities. A long, but by no means exhaustive, list can be found
in [3]. A particular hypergeometric identity which will find its application in proving some
properties of dual Bernstein polynomials (cf. in Chapter @ is the Chu-Vandermonde
identity.

Theorem 1.21 (3, Corollary 2.2.3]). Forn € N, and a,b,c € R such that c—a+n > 0, the
following Chu-Vandermonde identity holds:

-n,a
2F1(
C

1> _ = (1.2)

1.3.1 The Zeilberger’s algorithm

There is a wide array of algorithms which allow to discover and prove new identities, with
hypergeometric identities among them. The best-known algorithms are presented, e.g., in
57, [75].

In this thesis, the Zeilberger’s algorithm will be used to prove one identity in Chapter [4]
The main idea of the algorithm is to construct a recurrence relation for f(n) such that

f(n) =" F(nk),
keZ

where F'(n, k) is a given hypergeometric term, i.e. F(n+1,k)/F(n,k) and F(n,k+1)/F(n,k)
are both rational functions of n and k.



CHAPTER 1. INTRODUCTION 11

Let us set J > 1. The Zeilberger’s algorithm finds polynomials ag, a1, ...,a; in n which

G(n, k)
F(n,k)

are also independent of k and a function G(n, k) such that is a rational function of

n, k, so that a relation

M~

aj(n)F(n+j,k) =G(n,k+1)— G(n, k)
=0

is satisfied, or proves that this relation cannot be satisfied for the chosen J.
After applying the sum over k to both sides, one gets

Mg

aj(n)f(n+j) = ZG(n,k: +1)— ZG(n,k‘) = 0.

7=0 keZ keZ

This gives a recurrence relation for f which can be used to efficiently compute f(n). In
some cases, such as J = 1 or a;(n) being constant (with respect to n) for low J, solving the
recurrence relation is simple.

A big advantage of the Zeilberger’s algorithm is that the process can be done almost auto-
matically and efficiently realized in symbolic computing environments, e.g., Maple™ (cf. [71]).
For more details regarding the Zeilberger’s algorithm, see [75, §6], [57, §7], [100, [10T].

Example 1.22. The Chu-Vandermonde identity can be proved using the Zeilberger’s algo-
rithm in the following way. Let

—n,a

f(n) = 2F1<

_ S~ @k 3 g
1) =2 _kZOF( k).

Since (—n)i = 0 and, in consequence, F(n,k) =0 for k > n, k only takes natural values from

0 to n in the sums, giving
n

fn):=> F(n,k).
k=0
Let us set J := 1. Then, one seeks such ag(n),ai(n), G(n, k) that the relation
ap(n)F(n, k) +ai(n)F(n+1,k) =G(n,k+1) — G(n,k)
holds. Applying the Zeilberger’s algorithm gives

ol = et = al((n)f _(c);?)’k) (c+n)F(n+1,k)
G(n, k) :=(c+k—1)'k'(c+n_a)(n+71_k)—(c+n)(n+’1)'

Certainly, G(n,0) = G(n,n +2) = 0. Applying the sum over k =0,1,...,n+ 1, would give

n+1 n+1
ag(n) > F(n,k)+ai1(n) Y F(n+1,k) =G(n,n+2) - G(n,0) =0,
k=0 k=0

thus
(c+n—a)f(n)—(c+n)f(n+1)=0.
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This leaves the first-order homogeneous recurrence relation

c+n—a

fin+1) = ————f(n),

c+n

which, for f(0) =1, has the explicit solution

See Theorem [1.21]

1.4 Orthogonal and dual bases

Orthogonality is an extremely useful concept in least-squares approximation. If a basis of
space S is known and if the basis is orthogonal, one can easily find an optimal least-square
approximation in S of objects from the space T such that S C T'. In this thesis, the space
S will always be a space of polynomials of degree at most n (denoted as II,). In the
concepts of orthogonal bases and orthogonal projection will be introduced, along with two
families of orthogonal polynomials — Jacobi and Hahn polynomials — which will find their
applications in this thesis.

The concept of orthogonal bases can be generalized to get dual bases. This allows to use
a primary basis of S together with its associated dual basis.

1.4.1 Orthogonal bases and orthogonal polynomials

Definition 1.23. Let B = {by,b1,...,b,} be a basis of S. Let (-,-) : S x S — R be a scalar
product in S. B is an orthogonal basis of S if, for j # k, (bj,by) = 0 and (bj,b;) > 0. If,
additionally, (bj,b;) =1, the basis is also called orthonormal.

Theorem 1.24 ([22, Theorem 4.5.13]). Let {bo,bi,...,by} be an orthogonal basis of S. Let

(,-) : S xS = R be a scalar product in S. Let || - || be a norm associated with the scalar
p?"OdUCt <'7 '>7 i’ew Hf||2 = <f7 f>
Then

min | f = w] = Hf—kzo o

9

In particular, if f €5,

(f k)
/= E:bm%
Often, due to their efficiency and applications in approximation, orthogonal polynomial
bases are used.

Theorem 1.25 ([22, Theorem 4.5.19]). For every scalar product (-,-), there is a family of
orthogonal polynomials p (k = 0,1,...) such that py has exactly degree k and is orthogonal
to polynomials of degree less than k. The family is uniquely determined apart from the fact
that the leading coefficients can be given arbitrary positive values.
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The polynomials from the family py, (k = 0,1,...) satisfy the recurrence relation of the

form
B R 28 /A TR V225
Peile) = (x (D> Pk) )pk( ) <Pk71,pkf1>pk71( ) (k= 1),

(z,1)
(1,1)°

with initial values po(z) =1 and p1(z) = x —

Jacobi polynomials

The Jacobi polynomials are orthogonal with respect to the scalar product

1
/1(1 —z)*(1+ :c)ﬁf(x)g(w)dw, (1.3)

where the parameters «, 8 € R satisfy «, 6 > —1. The Jacobi polynomials, certainly, satisfy
Theorem For the reader’s convenience, an explicit recurrence relation is given.

Theorem 1.26. Let P,E“’B) be the nth Jacobi polynomial with parameters o, 5. The following
recurrence relation holds:

2(n) PP () = ¢1 () P (2) — do() PL%) (@) (n>2), (1.4)
where
do(n) = 2m+a—-1)n+p-1)2n+a+p),
¢1(n) = n+a+B-1),[2n+a+p)2n+a+ -2z +a” - 57,
p2(n) = 2nn+a+B)2n+a+ 5 —2).

Additionally, a hypergeometric representation (see §1.3)) of Jacobi polynomials is known:

Péa”g)@?) = @t Do 2F1<

ol (n=0,1,...)  (15)

—n,n+a+p+1|1—2
a+1 2

(cf. [3, Definition 2.5.1]).

Some parameter choices for «, 5 give well-known families of orthogonal polynomials. The
recurrence relations for them can be derived from Eq. . When a = f = 0, i.e., the
considered scalar product simplifies to

1
/_ f@g(o)da,
then
P7g070)($) = Ln(.%'),

where L, is the nth Legendre polynomial (cf. [58, Table 18.3.1]). A hypergeometric form of
Legendre polynomials follows from Eq. (|1.5]):

—n,n+1|1—=x
Ln(fL’) = 2F1< 1 ’ 9 ) (n:O,l,...).
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Another well-established subtype of Jacobi polynomials are Chebyshev polynomials T},
(cf. [58, Table 18.3.1]):

on\ Y
T, = 92" pl-1/2.-1/2)
n

Similarly to the Legendre polynomials, a hypergeometric form of Chebyshev polynomials is

known:
1
2:”> (n=0,1,...).

—n,n

To(x) = 2F1( 1/2

Shifted Jacobi polynomials

%a,ﬁ)

In this thesis, shifted Jacobi polynomials R will be of particular interest. They can be

obtained by using the relation
R@P)(z) = PP (22 —1)  (n=0,1,...).

Certainly, then, the shifted Jacobi polynomials are orthogonal with respect to the scalar
product

1
(o = [ (1=2)°a" f@)g(a)da (1.6)
(cf. (1.3])). More precisely,
(REDRED) = dubi (k1€ N), (1.7)

where 0y is the Kronecker delta (0 = 0 for k # | and dgx, = 1) and

(a+ 1D)g(B+ D

= K ke + Do)y 0L
with
o=a+F+1 (1.8)
and
K =Kap:=T(a+1)I(B+1)/T(0+1). (1.9)

A version of Theorem [I.26] is given for shifted Jacobi polynomials.

Theorem 1.27 ([56, §1.8]). Shifted Jacobi polynomials satisfy the second-order recurrence
relation of the form

SR () + & ()R (2) + &m)RYD (@) =0 (n=0,1,...), (1.10)

where
So(n):==2n+a+1)(n+L+1)2n+0o+3), (1.11)
&(n):=2n+o+2){2n+o+1)2n+0+3)2z—1)+a® 5%}, (1.12)
&(n):=-2n+2)n+oc+1)2n+0o+1) (1.13)

(ef. 3
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Remark 1.28. The recurrence relation (1.10) can be used, for ezample, in fast and accurate

methods for evaluating the values R%a’ﬁ) (z) for a given x,a, and all 0 < n < N, where

N is a fized natural number, with O(N) computational complexity. For more details about
performing computations with recurrence relations properly, see [93].

The representation of shifted Jacobi polynomials in the (1 — x)? basis is given in the
hypergeometric form as

R = e m (TR ) o

(cf., e.g., [50, §1.8]).
Theorem 1.29 ([3, p. 117]). Shifted Jacobi polynomials satisfy the symmetry relation

R (z) = (~1)"RP(1 - ) (1.15)
forneN and o, 8 > —1.

Theorem 1.30 ([3, Eq. (6.3.8)]). Shifted Jacobi polynomials satisfy the relation:
/
(R (@) = (n+a+ 5+ DRI (@), (1.16)

forn eN and o, > —1.

Theorem 1.31 ([3, Eq. (6.4.20) and (6.4.23)]). Shifted Jacobi polynomials satisfy the rela-
tions:

n—+1 (a,B) n+aoa+1 R(ef)

1 — 2 RO+1H) __n+t 1.1
(a,8+1) _ ntl  pep ntB+1l Lap
TRy (z) GTp—— LN (x) + 2n+a+1R” (x), (1.18)

forneN, o, 8> —1 and o given by (1.8]).

Theorem 1.32 ([50, Eq. (1.8.5)]). Shifted Jacobi polynomials satisfy the second-order differ-
ential equation with polynomial coefficients of the form:

LA R () = N RD () (k=0,1,...), (1.19)
where
L) =gz —1)D*+ L (a =B+ 0+ )2 -1)D, A" = k(k+0),
d . _ . .
and D = e is a differentiation operator with respect to the variable x.

For more properties and applications of Jacobi polynomials, see, e.g., [3, [56].



CHAPTER 1. INTRODUCTION 16

Hahn polynomials

Another family of orthogonal polynomials which will be used in this thesis are Hahn polyno-
mials.

Definition 1.33 (|56l §1.5]). The kth Hahn polynomial with parameters o, f > —1 and N > k
s given in the hypergeometric form

-k, k+a+8+1, —x

; i N) := 3F:
Qk($7a7ﬁ7 ) 3 2< O[-i-l, _N

(see §1.5).
Theorem 1.34 ([97, Eq. (2.4)], [56, §1.5]). Hahn polynomials are orthogonal with respect to
the scalar product

(F.9)m = fj <O‘ - ”““) (5 Ja x) f@)g(z) (o8> 1)

X X
=0

1) (k=0,1,...,N; NeN) (1.20)

(cf. (1)), ice., i
(Qr> Qeyrr = Sreht™®N) (0 < kL < N)

i (v, 8,N)

fOT’ some posztwe hk .

Theorem 1.35 ([32], p. 9],[53, Eq. (1.15)]). Hahn polynomials satisfy a symmetry relation:
(a+ DkQi(z30, B, N) = (—1)*(8 + 1)Qr(N — 23 8,0, N). (1.21)
A difference equation is known for Hahn polynomials.

Theorem 1.36 (|50, Eq. (1.5.5)], [56, §1.5], [97, Eq. (A.17)]). Hahn polynomials satisfy the
second-order difference equation with polynomial coefficients of the form

LEPNQy (w0, B N) = M Qu(wson BiN) (R=10,1,..), (1.22)
where
LB N £ () = ala) S +1) = e(a) f(2) + () f @ — 1), (1.23)
and

a(z):=(x — N)(x + a+1), b(x) :=x(x—p—N-—1), c(x) :==a(z) + b(x).

1.4.2 Dual bases

While the orthogonal projection is certainly useful as a tool for least-square approximation,
it has significant drawbacks. Often, when solving an approximation problem, the solution
is needed in a specific (and usually not orthogonal) basis. In order to use the orthogonal
projection, then, one needs to find the solution’s representation in the orthogonal basis and
then change the basis to the desired one. Changing the basis is, however, computationally
costly and can be numerically unstable.

Dual bases allow to perform the approximation directly in the desired basis, which reduces
the numerical risks and can speed up the computations. Figure presents the difference
between using dual bases and the orthogonal projection.
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dual projection (Thm. [1.38))

g"in B

f connection

orthogonal projection (Thm. |1.24])

g"in P

Figure 1.5: A diagram illustrating two approaches to solving the following problem: for given
functions f, a space S and inner product (-,-) (with P being the orthogonal basis of S with
respect to (-, -)), find the representation of ¢g* € S in the basis B (where lin B = §) such that

If = 97|l = minges || f — g, for || - | == \/{-,").
Definition 1.37 ([94, Eq. (1.1)]). Let B = {bo, b1,...,bn} be a basis of S. Let (-,-) : S xS —
R be a scalar product in S. Then D = {dy,d1,...,d,} is dual to B with respect to {-,-) if:
1. inB=linD=2.5,
2. (bg,dj) = di;,
where 0y; is the Kronecker delta (S =1, if k # j then éi; =0).

Dual bases are a generalization of orthogonal bases — note that an orthonormal basis is
dual to itself. One can also generalize the orthogonal projection (see Theorem [1.24)) to find
the representation of a function in the primary base.

Theorem 1.38 ([94] §4]). Let {bo,b1,...,bn} be a basis of S. Let {dy,d1,...,dn} be its dual
basis with respect to (-,-). Let || - ||2 := +/(:,-). Then

min | f — wlz = Hf =S dib

k=0

2

In particular, when f € S,

F= {f,di)br.
k=0

Dual bases have an interesting connection with the orthonormal basis which spans the
same space. It is a useful tool for discovering the representation of dual bases.

Theorem 1.39 ([60, Lemma 2.1]). Let B = {by,b1,...,bn}, D = {do,d1,...,dn} be two
bases of S such that D is dual to B with respect to (-,-). Let P = {po,p1,...,pn} be the
orthonormal basis of S wrt. the same scalar product. Let ¢;j (i, =0,1,...,n) be defined so
that

n
pz’:zcijbj (OSZSTL)
7=0

The elements of D have the following representation in the basis P:

n

dj =) cijpi  (0<j<n)
=0
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Corollary 1.40. From Theorem[1.59, it follows that

n n
dj = Z (Z Cijcik> bk
k=0 =0

Some more general properties of dual bases can be found in [44] 94, ©O5]. Additional
properties for dual polynomial bases are proposed in [42]. In this thesis, the main dual basis
that will be considered is the dual Bernstein polynomial basis. It will be introduced, along
with Bernstein polynomials, in §I.5] A second important dual basis which will be used in this
thesis is the dual discrete Bernstein polynomial basis (cf. .

Other dual bases are also considered in the literature, such as, for example, dual B-spline
functions ([95]) and functionals ([49]), dual Wang-Bézier and dual Bézier-Said-Wang type
generalized Ball polynomials ([4, [102], 103}, 105]), dual NS-power bases ([104]), bivariate dual
Bernstein polynomials ([64], 98]), dual tensor product Bernstein polynomials ([62]).

Constructing a dual basis from the definition

One approach to construct a dual basis (see, e.g., [94, §2]) applies Definition Let
B = {bo,b1,...,bn}, D = {do,dy,...,dn} be two bases of S such that D is dual to B with
respect to (-,-). Let a;; (4,7 =0,1,...,n) be the coefficients of the representation of d; in the
basis B, i.e.,

n
dizzaijbj (i:(],l,...,n).
=0
o . . oy . 2 .
The conditions in Definition [1.37 give (n + 1)? equations

<di,bk>22aij:<bj,bk>: ik (i,k‘:O,l,...,n),
=0

which can be expressed in the matrix form
GxA=1 (G:=lgyl,A:=[ay]; G,AeRITDX0HD),

where g;; := (b;,b;) and I is the identity matrix. The matrix G is the so-called Gram matrix
and, clearly, A is its inverse.

While this method is very simple, its high complexity and numerical risks of inverting
the Gram matrix are its significant drawbacks. One thus needs other methods for dual basis
construction.

Constructing a dual basis using recurrence relations

Some methods to construct the dual basis have been given by WoZny in [94] [95]. The method
described here is the one which was proposed in [95] (with amendments given in [44]).
Let By, := {bg,b1,...,b,} be a basis of the space S,,. Let a known basis

Dy o= {d,d", ... dmy

be dual to B,, with respect to (-,-). Now, let B, 41 := B,,U{b,+1} such that By, is the basis

of the space Sp41. Let Dy = {d[()nﬂ),dgnﬂ), ey dgfll)} be dual to B,,4+1 with respect to

the same scalar product. In order to construct D, from the elements of B,,1 and D,, a
recurrence relation can be used.
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Theorem 1.41 ([95, Theorem 2.3]). The elements of the dual bases Dy, and D1 satisfy the
relations i) . (1) (t1)
n—+ n n+ n—+ .
d; =d; " —w; Vdyy (i1=0,1,...,n),
where wj(-nH) = (d;-n), bn+1)-

In order to find dfffll), one can express it in the basis D,, U {b,, 41}, which certainly spans
Sn41 because D,, and B, span exactly the same space:

40 = 3O 4
k=0

After applying the orthogonality conditions from Definition [I.37} one gets n + 1 equations of
the form
<d$ﬁ:_11)7 bi) = (n+1) + 52:_11)<bn+17 bi) =0 (i=0,1,...,n),

<d$ﬁ:11 5 n+1 Z (n+1) k; 7 TL+1> + CT(1++1 )<bn+l7 bn+1> =1.

These equations have a simple solution:

A = D 4 b) (i=0,1,...,n),
n —1
C£7,++11) = ((bn+17bn+1> - z:(bwrl,blc><d;z(€ )7bn+1>> :
k=0

In some particular applications, such as in degree reduction of Bézier curves with box
constraints (see [44]), sometimes it is desirable to reduce the size of the basis, i.e., when the
basis Dy,11 (dual to By,11) is known, one needs to find D,, (dual to By,).

Theorem 1.42 ([44, Theorem 4.3]). The following relations between the elements of D,, and
Dy41 hold:

(n+1) (n+1)

d; d

(n) _ (n+1) _ < nAl > (n+1) .

d;" =d, ENSTRENEY dyiy (1=0,1,...,n).
<dn+1 7dn+1 >

1.5 Bernstein polynomials, dual Bernstein polynomials and
their properties

1.5.1 Bernstein polynomials

The family of Bernstein polynomials was used by S. N. Bernstein in his constructive proof
of the Weierstrass approximation theorem, which states that any continuous function can be
approximated over a closed and bounded interval with arbitrary precision using polynomials.
For more details, see [24, §10.3]. They came into prominence, however, half a century later
when they became a basis for a particular family of parametric curves (cf. Section [1.2)) —
Bézier curves. Section describes these objects in more detail.
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Definition 1.43. For a setn € N and i € {0,1,...,n}, B is the ith Bernstein polynomial
of degree n. B]' is given by the formula

n

BIt) := ( >ti(1 — )" (1.24)

7

An example family of Bernstein polynomials of degree 5 is shown in Figure [1.6] The
widespread use of Bernstein polynomials is due to their simplicity and useful properties.

0.8 4

0.6

0.4+

0.2 4

0.0 4

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 1.6: The family of Bernstein polynomials of degree 5 in the interval [0, 1].

Remark 1.44. From Definition several properties follow.

1. B} has a root with multiplicity k at 0 (for k =1,2,...,n) and a root with multiplicity
n—Fkatl (fork=0,1,...,n—1). Fortec (0,1), B}(t) >0 for all k =0,1,...,n.

2. B} has exactly one local mazimum in [0,1] at —.
n

3. Bernstein polynomials satisfy the symmetry relation B} (t) = B)_, (1 —1).

Theorem 1.45 ([36, Eq. (6.20) and (6.21)]). The polynomial Bl' can be expressed as a linear
combination of t* monomials (k =1i,i+1,...,n):

B (t) = zn:(—1)i+k (Z) <’;> k) (1.25)

k=i
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The monomial t* can be expressed as a linear combination of By, By, By
n\ e (i
th = BI(t). 1.26
(1) (e (1.26)
1=

Corollary 1.46. From equations (1.25)) and (1.26)), it follows that Bernstein polynomials of
degree n form a basis of 11,,.

Bernstein polynomials possess the partition of unity property, which is useful in their
applications in computer graphics (cf. Section [1.1)) and provides greater numerical stability
than using a basis without that property (see, e.g., [39]).

Remark 1.47 ([77, P1.1, P1.2]). For any n € N and t € R,

n

zn:Bgl(t) = <’Z> -t =t +1 -t =1 (1.27)
=0

=0
Additionally, if t € [0,1], then B?*(t) > 0.

In practice, this property means that the values of Bernstein polynomials for a certain ¢ can
be used as weights in a barycentric combination (cf. Fact [1.3). If ¢t € [0, 1], this combination
is not only barycentric but also convex (cf. Definition [1.7]).

Remark 1.48. In the sequel, the convention is applied that B =0 if 1 <0 ori > n.

Theorem 1.49 ([36, Eq. (5.2) and (6.26)]). For anyt € R, Bernstein polynomials satisfy the
recurrence relations connecting the polynomials of two consecutive degrees:

BMYt) = tB' O+ (1—-t)BM'(t)  (i=0,1,...,n), (1.28)
n—1+1 1+ 1
B = - —prtl Bl i =0,1,....n). 1.2
3 (t) n -+ 1 [ (t) + n 4 1 i+1 (t) (Z Oa 3 ,TL) ( 9)

The relation ((1.29) is known as the degree elevation formula.

Theorem 1.50 ([36, Eq. (6.22)]). Forn € N, k=0,1,...,n and ¢,t € R, Bernstein polyno-
mials satisfy the relation

Bp(ct) =Y Bj(c)B}(1). (1.30)
j=0

The equation ([1.30) will be applied in §1.7.2|in the problem of Bézier curve subdivision.
In this thesis, differential-recurrence relations for Bernstein polynomials will find their
application.

Theorem 1.51 ([(7, P1.7]). For n € N and k = 0,1,...,n, the following differential-
recurrence relation for Bernstein polynomials holds:

(Br®) =n(Bpl) - B ). (1.31)

Theorem can be combined with Definition and Eq. (1.29) to get additional

relations.
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Theorem 1.52. Letn € N, k = 0,1,...,n and t € R. Bernstein polynomials satisfy the
following differential-recurrence relations:

/
(Br®) = (n—k+DBL(6) + @k —m)BE(®) = (k+ VB0, (1.32)
/
t(B,:;(t)) = kBR(t) — (k+1)Bp,, (%) (1.33)
Proof. Applying Eq. (1.29) to elevate the degree of the right-hand side of Eq. (1.31]) and

grouping the elements on the right-hand side proves Eq. (1.32). Eq. (1.33) follows from
applying the identity
n—1

ntBy l(t) = n( N >tk“(1 — )" = (K + 1) B (¢)

to Eq. (L1.29)) twice. O

Bernstein polynomials have a nice connection with two families of orthogonal polynomials,
namely shifted Jacobi polynomials and Hahn polynomials (see §1.4.1)).

Theorem 1.53 ([60, Eq. (5.4)]). Bernstein polynomials have the following shifted Jacobi
form:

n

5@ = () @+ Do+ LY

=0

(2i +0)(—n);

(fe- (a,8)
(e +1)i(i + 0)nt1 Qi(k; B, n) R () (1.34)

fork=0,1,...,n.

For more properties, history and applications of Bernstein polynomials, see [38].

1.5.2 Dual Bernstein polynomials

For many years, Bernstein basis polynomials have been used in computer-aided geometric
design, approximation theory, numerical analysis and computational mathematics. See, e.g.,
books [11], [36] and the article [38], as well as the papers cited therein. These applications of
Bernstein polynomials can be further expanded if dual Bernstein polynomials are known and
can be evaluated efficiently.

Dual Bernstein polynomials associated with the Legendre inner product were introduced
by Ciesielski in 1987 [20]. Their properties and generalizations were studied, e.g., by Jiittler
[52], Rababah and Al-Natour [80] 8I], as well as by Lewanowicz and Wozny [60, 61, 97]. A
more general version of dual Bernstein polynomials was introduced in [60]. These polynomials
are associated with the shifted Jacobi inner product (cf. (L.6))), which is a generalization of
the previously considered Legendre inner product (see p. .

Dual Bernstein polynomials appear in the formulas for the coefficients of dual projections
into the Bernstein-Bézier basis. For that reason, dual Bernstein polynomials have recently
been extensively studied and found many theoretical (see [20, [52], [60, 611, 80]) and practical
applications. For example, these dual polynomials are very useful in: curve intersection using
Bézier clipping ([7, 66}, 90]); degree reduction and merging of Bézier curves ([46, [47, 97, 99]);
polynomial approximation of rational Bézier curves ([63]); numerical solving of boundary value
problems ([45]) or even fractional partial differential equations ([50} 51]). Skillful use of these
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polynomials often results in less costly algorithms of solving many computational problems.
More properties of dual Bernstein polynomials and algorithms for their fast evaluation will
be given in Chapters [4] and

The inner product with respect to which dual Bernstein polynomials are constructed is
the shifted Jacobi inner product (cf. ), with the parameters o, 5 > —1.

Definition 1.54 ([60, §5]). Let the inner product (-,-)q.g be given by Eq. (1.6). Dual Bernstein
polynomials of degree n,

Dg (x5, B), DY (s 00, B), ..., Dp(w;0, B) €11
are defined so that the following conditions hold:
(B, Dj(50.8)), 5 =05  (5,5=0,1,....n). (1.35)

In the case a = f = 0, these polynomials were introduced earlier by Ciesielski in [20].
One can prove that dual Bernstein polynomials form a basis of the I1,, space.

Remark 1.55. In the sequel, the convention is adopted that D(x; o, 3) :== 0 fori < 0 or
1> n.

Definition does not give explicit expressions for dual Bernstein polynomials. The
expressions for them can be derived, for example, by using Theorems and

Theorem 1.56 ([60, Theorem 5.2]). For i = 0,1,...,n, one can express dual Bernstein
polynomials D (x; o, B) using Hahn polynomials and shifted Jacobi polynomials (cf. Defini-

tion and Eq. (1.14) ) as follows:

D (w50, 8) — 12 PO Qg R ), (136)

witho :=a+p+1and K :=T(a+1)I'(B+1)/T(c+1).

Remark 1.57 ([60, Corollary 5.3]). Dual Bernstein polynomials satisfy a symmetry prop-
erty. From Eq. (1.36]) and the symmetry properties of Jacobi (see Eq. (1.15)) and Hahn (see
Eq. (1.21))) polynomials, it follows that

D?(CL’,O&,,B):DZ_l(l—JJ,B,OZ) (7’207177n) (137)

Theorem 1.58 ([60, Corollary 5.4]). The polynomial D} (x; , B) can be expressed as a short
linear combination of min(i,n — i) + 1 shifted Jacobi polynomials with shifted parameters:

— _ ()" o+ 1)n o (=) ,B-+k+1)
D} (z;a,B8) = K(a+1)n—i(/8+1)ikz:(] R (1), (1.38)

Dy _(x;a,B8) = K(c()z_—:)lz)(j(;—&)f)n_i ] (—1)* (—9)k Rletk+L, ,3)( ),

where 1 =0,1,...,n.
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Additionally, [61} §2] gives a Bernstein-Bézier representation of dual Bernstein polynomials
and a recurrence relation for its coefficients. Some symmetries between the coefficients of such
representation are given in [61, Remark 3.5] and [67, Proposition 3.

When i = 0 or ¢ = n, the sums in Theorem [L.5§] simplify to:

Dhfiaf) = P R ) (1.39)
Difsiaf) = pOEACRETI) (1.40)

Bernstein polynomials are usually considered in the interval [0,1] and the formulas for
their values at * = 0 or «x = 1 are significantly simpler than in the general case. That is the
case with dual Bernstein polynomials as well.

Remark 1.59. Using [18, Eq. (3.1)], Eq. (1.2) and symmetry (1.37)), one can check that

noi(0+Dn(n—i+a+2)

DI(1; e, B) = (—1) PICESY (0 <i<n), (1.41)
D} (0;e, 8) = (=)' o +[;31’}((;1ﬁ1)+n_2)”‘ (0<i<n). (1.42)

Theorem 1.60. A representation of dual Bernstein polynomials in the basis (1 — )7, for

j=0,1,...,n, is given by the following expression:
Di(riaf) = P @t zn:B(q,ﬁ) N A P TR
L " (n—{—l)!jiO nji 32\ —p, —n—a ’
where »
gle), CUT A Do+ Ve - plag) (n)into+1); (1.43)
K(a+ 1)ni(B+1); I N +1);
Proof. The hypothesis follows from applying the representation of shifted Jacobi polynomials
in the (1 — )7 basis (given in Eq. (1.14))) to Eq. (1.38) and doing some algebra. O

Recurrence relations can be an efficient way of computing the value of some polynomial
families. In [60], a relation connecting dual Bernstein polynomials of two subsequent degrees
was given.

Theorem 1.61 ([60, Theorem 5.1)). The following recurrence relation, which connects dual
Bernstein polynomials of degrees n + 1 and n, as well as the shifted Jacobi polynomial of
degree n + 1, holds:

)
n+1

7
n+1

(@, B) + CYPRED (@), (1.44)

DZTL-H(:U; a,fB) = <1 — > D} (z;a, ) +

where 0 <i<n+1, and

2n+o+2)(c+1),

O\ @B (_qyn—itl .
( ) Kla+4+1)p—it1(B+1);

nt

(1.45)
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The case a = = 0 of this relation was found earlier by Ciesielski in [20]. The recurrence
relation allows to compute D} (x; a, ) for fixed ¢ using the triangular recurrence scheme. The
necessary sequence of shifted Jacobi polynomials can be computed in O(n) time using, for
example, the recurrence relation , thus giving the total O(n?) complexity. Using the
same recursive approach, one can compute all dual Bernstein polynomials of degree n in the
same O(n?) time.

Recurrence relations connecting the dual Bernstein polynomials of the same degree were
presented in [I8] and [96] and are expanded upon in Chapter Applying this approach
reduces the complexity of finding all dual Bernstein polynomials

Dy (x; o, B), DY (250, B), ..., Dy (w5 v, B)

to O(n) time.

1.5.3 Dual constrained Bernstein polynomials

For k +1 < mn, let H,(lk’l) ={pell,: p(i)(O) =0, and p(j)(l) =0for0<i<k—-1,0<j5<
[—1}. Certainly, the Bernstein polynomials B}, B} 15> By form a constrained Bernstein

basis of 1Y (and thus dimII™) = n — k — 1+ 1). The basis dual to it, i.c., the dual
constrained Bernstein basis,

D" wsa,8), DY (@i B),. D)

n—

k.l
oD (250, 8) € D,
consists of the so-called dual constrained Bernstein polynomials, i.e.,

(DI By s =6y (k<ij<n-—l)
(cf. (1.6) and (1.35])). Obviously,

D" (23 0, 8) = D (w5, B).

For k =1, i.e., in the space H,(f’k), the representation of dual constrained Bernstein polynomi-
als in the Bernstein basis is given for « = 5 = 0 in [52], and, for any «, 5 > —1, in [81]. In the
general case, i.e., k +1 < n and «, 8 > —1, the representation of dual constrained Bernstein
polynomials in the Bernstein basis is given in [61, Theorem 3.1], with a recurrence relation
satisfied by its coefficients. Some symmetries between the coefficients of such representation
are given in [61, Remark 3.5] and [67, Proposition 3].

Dual constrained Bernstein polynomials can be expressed using the (unconstrained) dual
Bernstein polynomials of lower degree.

Theorem 1.62 ([97, Theorem 3.1)). Fori=k,k+1,...,n—1, the following formula holds:

-1
D" (w;0,8) = (n i ! k l) <> (1= @) D5 (@t 20, 8+ 2K).

Dual constrained Bernstein polynomials have their applications in reducing the degree of
Bézier curves with constraints (see [07] and §1.7.4]).
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1.5.4 Discrete Bernstein and dual Bernstein polynomials

Discrete Bernstein polynomials of degree n € N are defined as

b (23 N) = (_le)n (7) (—2)i(z = N)wi  (0<i<n<N;NeN)

(cf. [86L 87], [97, §A.3]). A family of polynomials
dg(x;a’ﬁ’N)7d?(x;a7B7N)7"'7dz(x;a’B’N) EHTL’

which is dual to the discrete Bernstein polynomials with respect to the Hahn scalar product

(,ygr (cf. Theorem , ie.,
(d}(5008,N),Blyy =05 (k<i,j<n—I)

(cf. (1.35)), will be considered. These polynomials are known as discrete dual Bernstein
polynomaals.

Discrete dual Bernstein polynomials satisfy certain properties, of which some find appli-
cation in reducing the degree of Bézier curves with constraints (see [97] and §1.7.4).

Remark 1.63 ([97, Corollary A.4]). Discrete dual Bernstein polynomials satisfy the following
symmetry property:

d}(z;a,8,N)=d}_,(N —z,5,a,N) (0<i<n<N). (1.46)

Theorem 1.64 ([97, Theorem A.5]). Discrete dual Bernstein polynomials have the following
form as a short linear combination of Hahn polynomials with shifted parameters:

(50,8, N) = 4N =P > Cirlen =0 =Nk (N~ 8,0+ k+1,N—k—1),

"lat+ 1) = (—n= B)r(l— Nk
(1.47)
where i =0,1,...,n (n < N), and
AN N!(1—-N),
" onlln4+o+ 1N

Theorem 1.65 ([97, Theorem A.6]). Discrete dual Bernstein polynomials
dif(x) = df (z; 0, B, N)
satisfy the following difference-recurrence relation:
an (z)d} (x +1) + [Cn(i) —en(@) | (2) + by (2)d} (2 = 1) = an(i)d (2) = bu(i)diy (2) = 0
for0<i<n <N, whered"(z) =d;, (x) =0, and

an(z) = (x —n)(x + a+1), bp(z) = z(x — B —n—1), cn() = an(x) + by(x).
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5.0 4

4.5

4.0

3.5 1

3.01

2.51

2.01

154

104

Figure 1.7: A Bézier curve of degree 5 with control points Wy = (2,1), W; = (5, 1.5),
Wy = (3,4), W3 = (1,3), Wy = (6,3), W5 = (5.5,5). The dashed line connecting the control
points is called the control polygon of the curve.

1.6 Bézier curves

The intention behind inventing Bézier curves was to make computer-aided techniques for
automobile design possible and intuitive. Pierre Bézier and Paul de Casteljau’s work resulted
in settling on a polynomial curve with control points and used Bernstein polynomials as a
basis. Such approach gives a family of curves which have very neat properties, allowing the
designers to easily control their shape and behavior. For more information about the history
of Bézier curves, see, e.g., [0, 12HI4], 29-31], as well as [36, §1] and [38, §4].

Polynomial Bézier curves are a particular family of parametric curves which is defined as
a convex combination of control points (cf. . The points are weighted using Bernstein
polynomials.

Definition 1.66. A (polynomial) Bézier curve P,, : [0,1] — E? of degree n with control points
Wo, Wi, ..., W, € E? is defined by the formula

Pn(t) := i By (t) W, (1.48)
k=0

where By} is the kth Bernstein polynomial of degree n (see Definition .

An example polynomial Bézier curve is shown in Figure [1.7]
Rational Bézier curves are a generalized version of Bézier curves, with each control point
additionally having an assigned weight.
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5.0 9

4.5 9

4.0 1

3.5

3.0 9

2.5

2.01
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Figure 1.8: A rational Bézier curve of degree 5 with the same control points as in Figure
with weights wg = ws = wy = w5 = 1 and w; = 0.2, wg = 8. Note that, compared to
Figure the curve stays much closer to the point W3, while the opposite can be observed
for the point W;. The dashed line is the control polygon of the curve (cf. Figure .

Definition 1.67. A rational Bézier curve R, : [0,1] — E? of degree n with control points
Wo, Wi,...,W, € E? and their corresponding weights wq, w1, ...,wn > 0 is defined by the
formula

n
> wBE () Wi
Ra(t) := =4 , (1.49)
Zka;? (t)
k=0
where By is the kth Bernstein polynomial of degree n.
Figure [I.§ shows an example rational Bézier curve.
Remark 1.68. When wy = w1 = ... = wy, the weights can be eliminated from Eq. (1.49)

and, after using Eq. (1.27) in the denominator, a polynomial Bézier curve is obtained.
From the properties of Bernstein polynomials, some properties of Bézier curves follow.

Theorem 1.69. A rational Bézier curve R, of degree n with control points Wy, Wi, ..., W, €
E and their corresponding weights wo, w1, . . .,w, > 0 satisfies the following properties.

1. R,(0) = Wy and R, (1) = W,.
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2. From the symmetry property of Bernstein polynomials, it follows that

S wkBR Wk Y wn g BR(L — )Wy,
k=0 k=0

n n
> weBR(t) > wnkBi(1—t)
k=0 k=0

3. One can define a rational Bézier curve over t € [a,b] using the linear parameter trans-
formation:

> we By (u) W
k=0

Ru(t) =

(v=5=2)

> wp By (u)
k=0

Remark 1.70. Both polynomial and rational Bézier curves have the convex hull property.
Let R, be a rational Bézier curve with control points Wy, Wi, ..., W, and positive weights
WO, W1, .-, wn. Let C be the convex hull of points {Wy, Wy,...,W,,}. For any t € [0,1],
R.(t) € C.

For more properties of Bézier curves, see, e.g., [36, §4-6, §13].

1.7 Algorithms for Bézier curves

Now, some well-known results related to the most important algorithms for Bézier curves are
described briefly. See, e.g., [22] 36, 64, [77, [78].

1.7.1 Evaluating a point on the curve

One can evaluate a point on a (polynomial or rational) Bézier curve using the de Casteljau
algorithm. It is a classic result, covered extensively in literature (see, e.g., [9], [36, §4.2] for the
polynomial de Casteljau algorithm and [36, §13.2] for the rational de Casteljau algorithm).
The algorithms presented here will be improved in Chapter

The algorithm is based on Eq. (1.28)). When applied to Eq. (1.48]), one gets

n

n—1
Pu(t) = Y BT (1) + (1= OB (OWy, = > B~ (B [EWi + (1 — )Wy,
k=0 k=0

which is a formula for a polynomial Bézier curve of lower degree with new control points
(dependent on the value of the parameter ¢ € [0,1]) given as convex combinations of control
points Wo, W1,...,W,,. The process can be repeated until the degree of the curve reaches
zero and only one control point remains. Figure illustrates the computation of the de
Casteljau algorithm. An implementation of the polynomial de Casteljau algorithm is given
in Algorithm

The case of rational Bézier curves is similar and Eq. is used here as well. This
time, however, one has to take the weights wq,w1,...,w, into account. Applying Eq.
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Figure 1.9: Computation of a point on a planar polynomial Bézier curve of degree n = 5

using the de Casteljau algorithm, with the notation as in (1.50]).

Algorithm 1.1 De Casteljau algorithm

1
2
3
4:
5:
6
7
8
9

10:
11:

: procedure BEVAL(n,t, W)

t1+1—1¢
for i + 0,n do
Q; +—W;
end for
for £k + 1,n do
for i <+ 0,n — k do
Qi+ t1- Qi +1-Qip1
end for
end for
return Qg

12: end procedure

to Eq. (1.49) gives

R(t) =

+ (1= ) By~ ()] Wy,

Zwk‘ Bn 1

n—1

> B0 [wrp 1t Wit + wi(1 — £) W]
k=0

(1=t)By (1))

Z wi[tBR~L (1) +
k=0

n—1

S B Ot +wr(1 1)

k=0
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Let the new weights w(,w],...,w,_; be defined as
Wy, = w1t + wr(l — 1) (k=0,1,...,n—1).

Note that the new weights (dependent on the parameter ¢t € [0,1]) are given as convex
combinations of non-negative weights, therefore all of them are non-negative as well. Thus,
we have

n—1
t t
ST whBETH ) | Wi + (1= 2w,

- Wi Wi
Rn(t): 0

n—1
> B (t)w,
k=0

Just as in the case of polynomial Bézier curves, a rational Bézier curve has been expressed
as a rational Bézier curve of lower degree, with new weights w; and control points. The new
control points, also dependent on the parameter ¢ € [0, 1], given by

/ !/

t t
W) = it Wk+1+<1wk“ >Wk (k=0,1,...,n—1),
k Wi

are convex combinations of the original control points. An implementation of this method is
given in Algorithm

Algorithm 1.2 Rational de Casteljau algorithm

1: procedure RATBEVAL(n, t,w, W)
2 t1<—1—1

3 for ¢ + 0,n do

4: W; < Wj

5: Q; W,

6 end for

7 for k< 1,n do

8 for i <+ 0,n — k do

9: U<t - w;
10: V=1 wit
11: W; < Uu+v
12: U 4 u/w;
13: v 1—u
14: Qi< u-Q+v-Qin
15: end for
16: end for
17: return Qg

18: end procedure

In some applications, such as curve subdivision, it is useful to store all the intermediate
points computed in the (polynomial or rational) de Casteljau algorithm. In the polynomial
case, one can express the algorithm using the following recurrence scheme:

Qo := Wy (k=0,1,...,n),

Q]k’ = (1_t)Qj—1,k:+tQj—1,k’+1 (j: 1,2,...,7’1; k:O717"'7n_j)7 (150)
Pn(t) = QnO-
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One can find an explicit expression for all the points.

Theorem 1.71. The points Qj; (j = 0,1,...,mk = 0,1,...,n — j) which are defined in
Eq. (1.50) can be expressed explicitly as

J
Qjx = ZBf (t) Witk
i=0

Proof. Let us fix a natural number n. For j = 0, the theorem holds, as Qo = BJ(t) - Wj.
Now, assuming that the theorem holds for all Q;_1 4 (k =0,1,...,n — j + 1), one needs to
check that it also holds for all Q;;. Applying the induction assumption twice in Eq. (1.50)
gives

j-1 j-1 j
Qjr=(1—=1)> BT (OWirk+t Y Bl (OWigppr = Y [(1 - 0B 7(1) + th:f(t)} Witk
=0 =0 =0

which, after applying Eq. (1.28)), gives
j .
Qjk = Y _ B! ()Wt
=0

O]

Analogous properties hold for rational Bézier curves and the rational de Casteljau algo-
rithm. For rational Bézier curves, the following recurrence scheme can be used to compute
the required weights and points:

[ wor = wie Qox := Wi, (k=0,1,...,n),

wik = (1 — )wj_1 p + twj_1 41 j=12,...,n; k=0,1,....,n—j),
Wj—1 k+11 Wi k+1t
Qjk == <1 — ) Qi+ Q1 e (1.51)
wjk wjk
G=1,2....n k=0,1,....n—j),

L Rn(t) = QnO'
Same as before, one can find an explicit expression for all the points and weights.

Theorem 1.72. The points Qji and their corresponding weights wj, (j = 0,1,...,nk =
0,1,...,n —j), which are defined in Eq. (1.51)), can be expressed explicitly as

J
j Z Wik B (t) Wit
wik = Y wirk Bl (), Qi = =

=0

J
wi kB (t)
0

1=
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Proof. Let us fix n € N. For j = 0, the theorem holds, as wor = wg and Qo = Wg. Now,
assuming that the theorem holds for all w;_14,Qj-1% (kK = 0,1,...,n — j + 1), one needs
to check that it also holds for all wj, Q;r. Applying the induction assumption in Eq. (1.51))
gives

‘] . . ] .

wi = Y wik [(1= B0 + B (0] = Y wir B (1),
=0 =0

I Witk [(L= )BT (t) + Bl (1) | Wi

ij — Z |: 1 :|

1=0

; )
B Z wi+k B} (H)Witg
Wik — Wik

1.7.2 Curve subdivision

Curve subdivision is a very common problem to consider. Given a Bézier curve P,, of degree n
with control points Wy, Wy, ..., W,, and u € [0, 1], one needs to find two Bézier curves Pﬁ, Pf
of degree n such that

Po(u - t) = Py (1) (t € [0,1]),
{ t € [0,1]). (1.52)

It is sufficient to find the control points of PZ P,
In this problem, the intermediate points computed in the de Casteljau algorithm find their
application.

Theorem 1.73 ([36, Eq. (5.29)]). Let P, be a Bézier curve of degree n with control points
Wo, Wi, ..., W,. Let u € [0,1]. Then the fragment P-(t) = P, ([0,u]) (c¢f. (1.52)) is a Bézier
curve of degree n with control points Quo, Qio, - - -, Qno, where the points Qo (j =0,1,...,n)

are defined as in Eq. (1.50)).

Corollary 1.74. One can find a Bézier curve P of degree n such that PE = P, ([u,1])
(cf. (1.52)). Its control points are Qno, Qn-1,15---» Qin—1, Qon-

Proof. By reversing the order of the control points of P, the problem can be reduced to the
case covered by Theorem The Bézier curve S,, obtained in this way satisfies a condition

S.(t)=PE(1—-t) (0<t<1).

Therefore, to get the control points of Pf, one has to reverse the order of the control points
of Sy, thus giving Qno, Qu-1,1,- -+, Q1,n—1, Qon- O

An analogous reasoning gives the subdivision of a rational Bézier curve.

Theorem 1.75 ([36], §13.2]). Let R, be a rational Bézier curve of degree n. Let its control
points and weights be Wy, Wy, ..., Wy, and wo, w1, . . ., wn, respectively. Letu € [0,1]. Then the
fragment R, ([0,u]) is a rational Bézier curve of degree n with control points Vi, Vio, - .-, Vo
and weights voo, V10, - - . , Uno, where the points Vjo and weights vjo (j = 0,1,...,n) are defined

as in Eq. (1.51)).
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Proof. One seeks a rational Bézier curve R of degree n which satisfies the relation
RE(t) = Ru(t - w).
The right-hand side, by Definition [I.67 can be expressed as

Z wi B} (t - w)W;
Ru(t - u) = =Y

Zn: w; B (t - u)
=0

I

which, after applying Eq. , gives
n n .
> wi Y Bl (u)BP(t)W;
Ra(t-u) = =0 :
> wi Y Bl(u)B}(t)
i=0 =0

After changing the order of the summation and applying Remark in the inner sum, one
gets

> Bt <Z wiBf(u)WZ)

§=0 i=0

> ( wiB] <u>) By (1)
0

j=0 \i=

Ry (ut) =

)

which, by Theorem |1.72] is

" ]-; OJZB] u Wz "
Z UjOB;"L (t) 2170 i ( ) Z UjOB;Z (t)V]()
7=0 7=0

, vj0
Ry (ut) = — = —
> vjoB(#) > vjoB(®)
j=0 Jj=0
The control points of Rﬁ thus are Vg, V1o, - - - , Vo, with weights vgg, v10, . - - , Uno- ]

Corollary 1.76. One can find a rational Bézier curve RE of degree n such that RE ([0,1]) =
Ro ([u,1]) (0 <u<1). The curve RE satisfies the condition

n

RE(t) = Po((1—u)t +u)  (0<t<1).

Its control points are
VnO; anl,la RN Vl,nfla VOn

and their corresponding weights are

Un0, Un—1,15-- -5 V1,n—1, V0n-

The proof of Corollary is analogous to the proof of Corollary
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1.7.3 Degree elevation

A Bézier curve of degree n can be expressed as a Bézier curve of degree n + 1. This effect
can be achieved using degree elevation. The method described in this section is also classical
and can be found in more detail in, e.g., [78] §3.11], [30, §6.1]. More precisely, when given the
control points Wg, W1, ..., W, of a polynomial Bézier curve P,, one has to find the control
points Vo, V1,...,Vu41 of a curve Py g so that

Pr(t) = Pnia(t)  (0<t<1)

or, explicitly,

n n+1
D OBROWir =) Brf't)Vi  (0<t<1).
k=0 k=0

This can be achieved by applying Eq. (1.29)) to the left-hand side:

n n
n—k+1 k
STBRH W, = Bt (Wo + 3 B (1) [ o Wa e Wae |+ B (H)W,.
k=0 k=1

This means that the control points of P,41 can be expressed as the convex combinations of
W(],VVl,. . ,Wn:

k41 k
Vk::%wﬁfw’“‘l (k=0,1,....,n+1). (1.53)

Note that, for kK = 0 and k£ = n + 1, even though there are undefined points W_; and W1,
their corresponding coefficient is zero and they can be omitted.
An analogous procedure can be done with rational Bézier curves. One needs to find the

control points Vg, V1,...,Vyt1 and their corresponding weights vg, v1, ..., vp+1 S0 that
n n+1
> wkBR(OWr > ueBETH (Vi
k=0 _ k=0 O<t<1)

n+1

n
> wiBi(t) > weBpt(t)
k=0 k=0

One can apply Eq. (1.29)) to the left-hand side to get

n+1

Z’"‘ . 3 gyt n—k+1 k
k=0 _ k=0
n n+1 ’
n—k+1 k
g wi B (¢ § [ L - ]Bn+1 ;
k=0 a2 —0 ok n+1 + Wk 1n+1 k ®)

where the convention as in the case of polynomial Bézier curves is used, i.e., w_1,wp4+1 := 0.
One can express vy as
n—k+1 k

R

WE_1 (k=0,1,...,n+1),
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which immediately gives an expression for V:

(7’L —k+ 1)kak + kwr_1Wg_1

Vi =
F (n—k+ 1)wg + kwi—1

(k=0,1,...,n+1).

The presented methods only elevate the curve’s degree by one. In order to elevate the
curve’s degree by more than one, one can use this technique multiple times or, alternatively,
use the explicit formula for degree elevation by any positive r:

k+r (n 'r
Bit) =3 (’f()n(g’“) B (1)

j=k J

(cf. [40L Eq. (26)]).

Both in the polynomial and the rational case, for a curve with control points in E?, the
computational complexity of elevating its degree from n to n 4+ 1 is O(nd). If one needs to
elevate the curve’s degree by 7, the computational complexity is O((n + r)rd).

1.7.4 Degree reduction

In some cases, it may be necessary to reduce the degree of a Bézier curve. The problem is then
to find a curve of lower degree which is a good enough approximation of the higher-degree
curve. There are practical reasons to reduce the degree of a curve such as data compression
and data exchange between CAD systems. As it is evident from the problem of degree
elevation, a curve of low degree can have its degree elevated by an arbitrary number. The
same effect can be achieved unintentionally while designing the curve.

Two methods for degree reduction will be presented here. The first is based on the degree
elevation algorithm and is useful due to its simplicity while the second applies dual bases to
find the optimal curve of lower degree in terms of least-square approximation.

One method of degree reduction is based on Eq. which was used in the process
of degree elevation. It can be found, e.g., in [73| [76], [54, §1.9.2] or [77, §5.6]. When re-
ducing the degree, however, one has to solve the opposite problem: given the control points
Vo,V1,...,Vhy1 of a curve, one needs to find the control points Wo, W1, ..., W, of a curve
of degree n. The Eq. is thus re-expressed as

n+1 k
S L VA N VYR —0,1,... 1.54
Wi, e R n—k—i—lwkl (k=0,1,...,n) (1.54)

o | k1
Wi =2y 2P W, k=1t 1), (1.55)

k k

Analogous relations can be derived for rational Bézier curves.

The idea behind this approach is to select a natural &k (such that £ < n — usually k£ ~ n/2)
and compute the points Wg, W1, ..., Wy using Eq. and the points W,,, W,,_1,..., W3
using Eq. . Note that the point Wy, is computed twice — if the curve’s real degree is n
or less, both results are identical. In numerical practice, the values of Wy may differ slightly
due to error accumulation. If two values of W, are different, an average is used.

This method of degree reduction is widely used because of its simplicity. However, a
significant drawback of this approach is that the lower-degree curve is not optimal in terms
of approximation and thus its shape may significantly differ from the optimal curve of the
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same degree. The effect is especially visible around ¢ = 0.5. For such ¢, the curve’s shape
is influenced the most by the control points which have been computed in the last iterations
of equations and . This method can be used to reduce the degree of a curve by
more than one. The approach used is similar to the one used for degree elevation.

Alternatively, one can use dual projection to reduce the degree of a curve (see, e.g., [97,
§1] and the papers cited therein). Given a Bézier curve P,, of degree n with control points
Wo,W1q,...,W, € Ed, ie.,

Po(t):= > WBP(t) (0<t<1), (1.56)
i=0
one can find the Bézier curve P,, of degree m < n, i.e.,
Pom(t) ==Y ViBI'(t)  (0<t<1), (1.57)
i=0

where Vo, V1,...,V,, € E4, such that:

(a)
POy =PD0) (i=0,1,....k—1),

PO =PP1)  (=0,1,...,1-1), (1.58)
where k + 1 < m,
(b) the value
[ = e ~ P30t
is minimized.
Here, ||v||2 denotes the length of vector v € R? i.e.,
[vll2 = |[v1, va, -, va] " [l2 == (1.59)

The quantities k,[ serve as constraints which preserve the shape of the curve at its ends.
One needs to find the solution in the H%k’l) space (cf. , which is spanned by both the
constrained Bernstein basis and its dual counterpart. For an unconstrained version of the
problem, one can take k =1 = 0.

The problem has been considered in multiple papers, both in constrained and uncon-
strained versions, e.g., in [I} 2 10} 17, B4, 37, 59, 68, 69, 82, 91, 02, 07, 106]. Out of these
works, the method given in [97] has the lowest O(mn) complexity which has not yet been
further improved. In chapter [6] this method is modified so that a significant part of the
computations can be done in parallel, while maintaining the total complexity.

In this section, the results given by Wozny and Lewanowicz in [97] will be presented. Note,
in particular, the coefficients ® and ¥, which will be extensively used in the degree reduction
algorithm and in Chapter [6]
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Theorem 1.77 ([97, Theorem 3.2]). Fori = k,k+1,....,m —1 and 0 < k+1 < m, the
following formula holds:

S

ng’k’l) (x;a, ) = ‘I)ijD](n’k’l)(a?; a, B)

<
Il
ol

cf. §1.5.9), where the coe czents P, = q)(nmkl a, B) are gz’ven in terms of discrete dual
J

Bernstein polynomials (cf. §1.5.4), namely, forj =k k+1,. -1,
m—k—1\(n\ (m\ " (a+20+1)y;(B+2k+1);
i = vy (L
e ><J)<> (kD! w0
with
= d" NG — ks B+ 2k, a0+ 20,n — k — ). (1.61)

Remark 1.78 ([97, Remark 3.3]). Obviously, for k <i<m—1l andl <j<n-—I,

By = <B” D(mkl)>aﬁ, (1.62)

where the inner product (-,-)q g is given by

1
(f. g = /0 (1- 22’ f@)g(@)de (o, > 1)

(cf. [97, Eq. (1.3)]) and (1.6).

Theorem 1.79 ([97, Theorem 4 1) Given the coefficients Wy, Wy, ..., W, of (1.56), the
coefficients Vo, Vi, ..., Vi of (1.57)) such that

HP R ” < Rm7Pn Rm>a,5

is minimized subject to the constraints (1.58)) are given by

V; = (7;) <T) - g(l)”h (2) Vi (i=0,1,....k—1), (1.63)
o= 0 (1) () h ZO(—W’Z () Wi - }g(—mh () Vi 00
(i=0,1,...,0—1),
V, = (mi__kk_ l) (7;”) o n—k— )t ivj\pij (i=kk+1,...,m—1),(1.65)
where
v = (4 20+ Vg (B + 2k + 1) K?) _ (i;:+h:nzi—l+1> ( :f) (C’:) Vh}
(G=kk+1,....,n—1), (1.66)

and W;; is defined as in Theorem [1.77
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0 Uy Upkt1 - Wrpg O

0 VYirie Yrprh+1 - Yrpina O

0 Your VYom—iprr -+ VYygna O
0 0 . 0

Figure 1.10: The ¥ table.

The elements ¥;; (kK <i<m—1,k <j <n—I[), with using the convention that ¥;; =0
for other choices of i, j (cf. (L.61))), can be arranged into a ¥ table (cf. Figure [1.10). In order
to efficiently use Theorem one needs to compute the elements of the ¥ table fast, i.e.,
in the O(nm) time. To do so, the following recurrence relations are useful.

Theorem 1.80 ([97, Theorem 5.1]). The quantities

Wiks ka1 -+ Vet
satisfy the recurrence relation
m—k—l
m—k—1 (m+k+Il+o+1),
Uy = (k+1—-n)C —1)"
ke = (k+1—n) };}( ) < h )(kz—i—l—i—h—n)(a—i—%—i—l)h’
(B+2k+2)m—k—t (1.67)

(Oz + 21 + 1)mfkfl ’

Vijt1=E() Ve + F() V-1 (k+1<j<n-1-1),

where o (= k= DI =) (m 4 o 4 D
| <m—k””“(”ﬂ’fﬁﬁ’%?“fﬁ?ﬂ +1)
E(j)=1—FFj)_ (n—1—HG+k+8+1)
o (k=j+D)r+l-j+a+l)
F(j)

n—Il—-70G+k+p+1) ~’
and o:=a+ 6+ 1.

Theorem 1.81 ([97, Theorem 5.2]). The quantities W;; satisfy the following recurrence re-
lation:

Vi1 = B(m, i)™ (A(naj)‘lfi,j—l +[C(m, 1) = C(n, j)]Wij + B(n, j) Wi g1 = A(mvi)‘l’i—l,j>=
(1.68)
where
A(rys) = (k—s)(r+l—s+a+1),
B(r,s) =(s+l—-r)(k+s+5+1), (1.69)
C(r,s) == A(r,s) + B(r, s).
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Algorithm[1.3| gives the full procedure for reducing a Bézier curve’s degree with constraints
in O(nm) time.

Remark 1.82 ([97, Remark 5.3]). If « = 8 and k = 1, the ¥ table satisfies the following
symmetry property:

\I/ij:\:[lm—i,n—j (kglém—k,k‘g]gn—k)

It is thus sufficient to compute half of the ¥ table using Theorems and [1.81].

Algorithm 1.3 Degree reduction of a Bézier curve using the ¥ table organized using Theo-
rems [[.80] and [[.87]

1: procedure BEZIERDEGREDPSI(m,n, k, [, o, B, W, ..., W,,)

2: U + Matrix(m,n)

3: for j < 0,k —1do

4: Vj < Eq.

5: end for

6: for j <~ m,m—1I1+1do
7 Vj <~ Eq.

8: end for

9: for j < k,n—1do

10: v; < Eq.

11: end for

12: for j « k,n—1do

13: Vy; < recurrence relation (|1.67))
14: end for

15: fori< k,m—101—1do
16: for j < k,n—1do
17: W;y1,; < recurrence relation (|1.68])
18: end for

19: end for

20: for j < k,m—1do

21: V; + Eq.

22: end for

23: return V

24: end procedure

1.7.5 Approximating any parametric curve with a Bézier curve

By applying Theorem [1.38] one can use dual projection to approximate any parametric curve
with a Bézier curve. Let F : [0,1] — E? be a parametric curve such that

F(t) := (F1(t),Fa(t),...,Fa(t))  (Fi:[0,1] > R; i=1,2,...,d)

and n € N. Let P : [0,1] — E be an optimal polynomial parametric curve of degree n that
minimizes the error

/ (1= 0 R (8) - Pt
0



CHAPTER 1. INTRODUCTION 41

(cf. (T.59)). The control points lg, l1,...,1, € E¢ of P¥,
Ik = (k1 k2, - - -5 Ika) (0<k<n),

are given, using the dual projection, by scalar products:

1
lkj = (Fj, Di)as = / (1 =) Fi(t) Dy (e, B)dt (0<k<m1<j<d). (L70)
0

Thus, we have
Ph(t) =D kB (1)
k=0

Certainly, if F is a polynomial curve of degree n then this method gives an exact Bernstein-
Bézier representation of F.

If the formula for F does not allow to compute the integrals symbolically or no such formula
is available, a quadrature approach (see, e.g., [22] §5]) can be used to find the approximate
values of the integrals for all Kk =0,1,...,n and j = 1,2,...,d. This approach cre-
ates the need for a method which allows to find the value of D}(-;a, ) for many nodes
to,t1,...,tar € [0,1], for all 0 < k < n. An efficient algorithm with O(Mn) complexity, for
doing that will be introduced in Chapter

1.8 Bézier surfaces

Bézier surfaces are an extension of the ideas used to develop Bézier curves. Instead of using
the univariate Bernstein polynomials as the basis functions, bivariate versions can be used.
The two most prominent Bézier surface types are rectangular (tensor product) and triangular
Bézier surfaces (sometimes also called Bézier patches).

According to Farin [36, p. 245, p. 309], both rectangular and triangular Bézier surfaces
were explored by de Casteljau at Citroén [29, [30]. He considered triangular surfaces as a
more natural extension than rectangular surfaces. For a more detailed overview of triangular
Bézier patches, see the surveys [0, 28] [35], as well as the papers cited therein.

Here, the Bézier surfaces will be considered only in their rational variant. To get the
polynomial Bézier surfaces, it is sufficient to assume that all weights are equal, which allows
to eliminate them from the equations.

Many fundamental operations which can be performed on a (polynomial or rational) Bézier
curve can also be done for (polynomial or rational) Bézier surfaces, e.g., creating composite
surfaces, subdivision, degree elevation or reduction. The algorithms for these operations can
be found in, e.g., the articles [61], O8] and the papers cited therein, as well as the books
[36, 54L [78]. Just as in the case of one-dimensional Bézier curves, algorithms analogous to the
de Casteljau algorithm can be used to evaluate a point on a Bézier surface. In Section
more efficient algorithms for such evaluation will be given.

1.8.1 Rational rectangular Bézier surfaces

Definition 1.83 ([78, §9.2]). For m,n,d € N, weights w;; > 0 and control points W;; € E?
(0 <i<m, 0<j<n),arational rectangular Bézier surface is a function Sy, : [0,1]? — E4
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Figure 1.11: The Utah Teapot modeled using 64 composite triangular Bézier patches. Image
taken from [85, Fig. 14].

given by the formula

Spn(s, 1) 1= 9=
S w Bl s) B (1)
i=0 j=0
Obviously,
BU(s)B(H) >0 (st [0,1])
and

(]
(]
>
3
&
&
gt
"
(]
5
3
&
(]
>
it
i

i=0 j=0 i=0 §=0

This means that S,,,(s,t) is a convex combination of its control points for all s,¢ € [0, 1].
Thus, the entire surface is within the convex hull (cf. Definition of the control points.

To compute a point on a rational rectangular Bézier surface, one can use the rational
rectangular de Casteljau algorithm. Just as the rational de Casteljau algorithm (cf. ,
it is based on Eq. (1.28). An implementation is given in Algorithm (cf. Algorithm [1.2).

The computational complexity of Algorithm is O((n? + m)md). When m > n, fewer
arithmetic operations have to be performed. Thus, if n > m, one can consider evaluating the
rational rectangular Bézier surface with control points

Vij::Wji (OSZSH,OSJSTR)

at point (t,s). It can easily be checked that the resulting point is exactly Sy, (s,t).
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Algorithm 1.4 Rational rectangular de Casteljau algorithm

1: procedure RATRECTBEVAL(m,n, s,t,w, W)
2 t1+1—t

3 for i + 0,m do

4 for j + 0,n do

5: Wij — Wij

6 Qij + Wi

7 end for

8 end for

9: for k<~ n—-1,0do
10: for j =0,k do
11: for i =0,m do

12: U4t w41 + 11 Wiy
13: Qij L i Qi1+ iy Qij
14: Wij < U
15: end for

16: end for
17: end for

18: return RatBEval (m, s, w.g, Q.0)

19: end procedure

1.8.2 Rational triangular Bézier surfaces

A second type of rational Bézier surfaces are rational triangular Bézier surfaces. Unlike
rectangular surfaces, which had the domain of [0,1]?, the triangular surfaces’ domain is
{(s,t) : s,t > 0,s+t < 1}. Because of that, it operates using a different family of ba-
sis functions.

Definition 1.84 ([78, §10.1]). The (i,j)th triangular Bernstein polynomial of degree n is
given by the following formula:

n! w —i—j S
BY(s0) 1= 0 —s =" (0 <k <)

The triangular Bernstein polynomials satisfy a recurrence relation which connects trian-
gular Bernstein polynomials of subsequent degrees.

Theorem 1.85 ([36, Eq. (17.8)]). The following relation holds fori,j >0, i+ j < n:

Bp(s,t) = sBI'7'(s,t) + B (s,8) + (1 — s = t) B, ' (s,1). (1.71)

A convention analogous to the one for univariate Bernstein polynomials (cf. Remark|1.48) is
adopted, i.e., if i <OV j <0Vi+j>n, then Bl\(s,t) =0.

Remark 1.86 ([78, §10.1]). From Definition it is clear that Bji(s,t) > 0 for (s,t) €
{(s,t): s,t>0; s+t <1}.
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Theorem 1.87 ([78, §10.1]). The triangular Bernstein polynomials satisfy the partition of

unity property, i.e.,
n n—i

ZZBZ(S,L‘) =1

i=0 j=0
forn € N and s,t € R.

Remark and Theorem imply that the triangular Bernstein polynomials are a
sound choice for a basis which can be used to construct a rational triangular parametric
surface.

Definition 1.88 ([78, §10.2]). For n,d € N, weights v;; > 0 and control points Vi; € E?
(0<i<mn, 0<j<n-—i),arational triangular Bézier surface is a function T, : {(s,t) :
5,6 >0, s+t <1} = E? given by the formula

n n—i

DD i VigBij(s,t)
i=0 j=0

n n—i

> wiiBg(s,t)

i=0 j=0

To(s,t) :=

For (s,t) in the domain of T,, the point T,(s,t) is a convex combination of the surface’s
control points. Thus, the entire surface T,, is within the convex hull (cf. Deﬁnition of the
control points.

A point on a rational triangular Bézier surface can be computed using the rational trian-
gular de Casteljau algorithm. The idea behind the algorithm is similar to the one used in the
case of the rational de Casteljau algorithm for curves. In this case, however, the reduction
of the degree of the basis functions is achieved using Eq. (1.71) (see, e.g., [78, §10.4]). An
implementation of the rational triangular de Casteljau algorithm is given in Algorithm
Its complexity is O(n3d).
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Algorithm 1.5 Rational triangular de Casteljau algorithm

1: procedure RATTRIBEVAL(n, s, t,v,V)

2 stl—1—s—1t

3 for i + 0,n do

4 for j + 0,n—1ido

5: Wij <= V45

6 Qij < Vi

7 end for

8 end for

9: for £+ 1,n do

10: for i =0,n—k do

11: for j =0,n—k—1ido

12: U= S Wigp1j +1-wijr1+ stl-wg;
13: QU(_%QZ+LJ+MQZJ+I+MQZ]
14: Wij <~ U

15: end for

16: end for

17: end for

18: return Qg

19: end procedure

1.9 B-splines

Bézier-type objects are, by far, not the only parametric objects (curves or surfaces) used in
computer-aided design and modeling. Despite their elegance and some desirable properties,
Bernstein polynomials have a significant drawback. For any n,i € N such that ¢ < n, the
value of a Bernstein polynomial B]'(t) (cf. Definition is non-zero for all ¢ € (0,1). In
practice, when operating on a Bézier curve (cf. Definition , any change in one control
point’s position modifies the curve over its whole length.

To address this issue, B-spline functions can be used. They are constructed in a way
which eliminates this drawback. When used as a basis for parametric curves (known as B-
spline curves), they cause any change to a control point to only have a local effect on a curve.
An example basis is presented in Figure while Figure [1.13] gives an example of such a
B-spline curve.

Splines are commonly used in a wide variety of applications, e.g., in computer-aided
geometric design, approximation theory and numerical analysis. See, e.g., [33, [36], 41}, [54, 77,
78]. The way in which the splines and B-splines are introduced in Sections relies
heavily on [33] §1.1-1.2].

1.9.1 Spline functions

Definition 1.89 ([33, Definition 1.1]). A function s, defined on a finite interval [a,b], is
called a spline function of degree m, having as knots the strictly increasing sequence tj (j =
0,1,...,n) such that to = a and t,, = b, if the following two conditions are satisfied.
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Figure 1.12: An example of a polynomial basis over the interval [0, 5], consisting of B-spline
basis functions of degree 2. The knot sequence is {0,0,0,1,2,3,4,4,5,5,5}. Note that at any
point, there are at most three non-zero basis functions. Plot recreated from [72] Fig. 2].

0 1 2 3 4 5 0 1 2 3 4 5

Figure 1.13: Changing the coordinates of one control point of a B-spline curve results only
in a local change to the curve. To the left, a cubic B-spline curve is presented, along with
its control points. To the right, a new curve with its control points is given, differing only in
one control point’s coordinates. The pieces of the curve that remain unchanged are drawn in
blue. The modified part of the curve is drawn in green, while the grey dash line depicts the
curve before moving the control point.
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1. On each knot interval [tj,tj11], s is given by a polynomial of degree m at most:

S|ty ,t541] e Il,, (j:(),l,...,n—l).

2. The function s and its derivatives up to order m — 1 are all continuous on [a,b]:

s € C™ a,b].

Remark 1.90. Every polynomial on [a,b] of degree < m is also a spline function of degree
m on [a,b], for any sequence of knots. In general, a spline of degree m will, however, be given
by a different polynomial of degree < m in each of the knot intervals.

In practice, it is sometimes desirable for some knots to be coincident, as will be apparent
in §1.9.2]

Remark 1.91 (cf. [33, p. 4]). Definition [1.89 states explicitly that the knots must be strictly
increasing. In what follows, it will sometimes be extended to consider splines with coincident
knots. In such case, the continuity condition would have to be relaxed in the sense that, for
C<m,iftig <t;=...=tizs < tizer1 (in other words, if t; has multiplicity ¢ + 1), s will
only be required to have continuous derivatives up to order m — 1 — £ at the point t;.

The set of all splines of the same degree and with the same knots forms a vector space.

Remark 1.92 ([33] Eq. (1.7)]). Let the space of splines of degree m having the knots
Qn = {to,tl, ‘e ,tn}

be denoted by Sy (). Since the spline is a polynomial of degree < m over each of n knot
intervals and there are m continuity conditions at knots ty,ts,...,t,_1, the dimension of
Sm () is:

dim(S, () =(m+1)n—(n—1)m=n+m.

Since the spline s € S,,,(€2,,) is piecewise polynomial, one can express it as a polynomial
over one of the knot intervals, e.g., in the following form:

m
s(x) = pmj(z) = Zam(:ﬁ —t;) (tj < <tjpr, j=0,1,...,n—1).
=0

While, in some cases, it may be useful to use separate basis functions for each of the knot
intervals, one can instead use a common basis for all knot intervals. One of such bases uses
the so called truncated power functions:

(x =)™

m._ (x> ¢),
(= c)¥ '_{ 0 (x < c).

Remark 1.93 ([33} Eq. (1.9)]). It can be proved that every spline s € S, () has a unique
representation of the form

m n—1
s(z) = Z biz' + Z ci(z — ;).
=0 =1

The basis used in Remark has a drawback of being ill-conditioned (cf. [33, p. 5]).
Instead, a numerically stable and useful, for example in CAGD, B-spline basis can be used.
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1.9.2 B-spline functions
In order to introduce a B-spline function, the generalized divided differences will be used.

Definition 1.94 ([22, §4.2.1]). The generalized divided difference of a univariate function
f at the knots x;, zit1,. ..,z (which may be coincident), denoted by [x;, Tit1,...,xE]f, is
defined in the following recursive way:

[Tig1, ... 7$i+€]‘f —_[%‘7 o Tigplf (25 4 7110),
(T4, Tig1s oy Tige) [ = y Tirt = Ti
Ji )(xi)
7l (:EZ =...= l’i_._g).
©) (.
In particular, [x;]f = ! 0('%) = f(x;).

Definition 1.95 (|78, §5.11]). The B-spline function N,,; of degree m € N with knots t; <
tiv1 < ... <timas1 s defined as

Nii(u) = (tigm+1 — ti)[ti, tiv1, -« s tigmr | (T — w)T,
where the generalized divided difference acts on the variable t.

Certainly, Np; € Sp({tistiv1s- -+ tigma1})-
A knot t; can be both in the knot interval [t;_i,%;] and [tj,¢;41]. To eliminate the
ambiguity, half-open knot spans are going to be used.

Definition 1.96 ([77, §2.2]). The half-open interval, [t;,t;+1), is called the ith knot span; it
can have zero length, since knots need not be distinct.

For a given sequence of knots tg,%1,...,t,, n —m linearly independent B-spline functions
of degree m (Np,; for i =0,1,...,n—1—m) can be constructed. To form a basis of S,,(2,,),
2m additional functions are required. They can be obtained by introducing 2m boundary
knots t_p,t—ma1y -5 t—1,tnt1s tnt2y - - o s tntm, such that

tfmgtferlS---Stflgth tngthrlS---Sthrm-

The boundary knots can be chosen arbitrarily. This allows to construct additional B-splines
using Definition [1.95] giving n 4+ m B-spline functions:

Npi € S () (i=-m,—m+1,....,n—1).

Theorem 1.97 ([78] §5.7]). The B-spline functions of degree m with a given knot sequence
that do not vanish over an arbitrary knot span [t;, t;+1) are linearly independent over [ti, tiy1).

A dimension count shows that the B-spline functions Ny, —m, Ny —m+1, -« s Nmnp—1 with
the knots t_p, t_mi1, -y tntm form a basis of Sp(€2y).

Each spline s € S,,,(£2,,) thus has a unique representation in the B-spline form:

n—1

s(u) = Z ¢i Npi(u). (1.72)

i=—m
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A popular choice for the boundary knots is to make them coincident with tg and ¢,, i.e.,
tem=tomyr1=...=t1=ty=a, b=ty =thy1=...=tnrm. (1.73)

In this case,

s(a) =c_m, s(b)=cp-1.
If n = 1 and the boundary knots are coincident, it can be proved that the B-spline basis
reduces to the Bernstein-Bézier basis, i.e.,

ot =2 (2.

See Section [LAl
The continuity conditions for splines hold as well for B-splines.

Theorem 1.98 ([77, Property 2.5]). All derivatives of Ny,; exist in the interior of a knot span
(where it is a polynomial). At a knot Np,; is m — k times continuously differentiable, where k
is the multiplicity of the knot. Hence, increasing m increases continuity, and increasing knot
multiplicity decreases continuity.

The B-spline functions, like the family of Bernstein polynomials of an arbitrary degree,
have properties which make them a good choice for a parameterization of a family of curves.

Theorem 1.99 ([77, Properties 2.3, 2.4, 2.6]). B-spline functions satisfy the following prop-
erties.

1. Npi(u) >0 for all m,i,u (non-negativity).
2. For an arbitrary knot span, [tj,t;i1),

J

Z Nmz(u) =1

i=j—m
for allw € [tj,tj11) (partition of unity).

3. Except for the case m = 0, Np,; attains exactly one maximum value.

1.9.3 Differential and recurrence relations for B-splines

Computing the B-spline functions or their derivatives using Definition [1.95] while possible,
is costly. Instead, one can use the recurrence and differential-recurrence relations. One such
relation will serve as a foundation for an algorithm which computes the value of a spline curve

given in the form ((1.72)) at a given point.

Theorem 1.100 ([77, Property 2.2]). In any given knot span, [tj,tj11), at most m + 1 of
the Ny,; are non-zero, namely the functions Np, j—m, Nmj—m+1; -+ Nmj. In other words, the
B-spline function Np,; has support [t;, tm+it1]-

Remark 1.101. In the sequel, a convention is adopted that ———~—"—

=0ifty = Umtk+1-
tm+k+1 — tk
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The B-spline functions satisfy the following de Boor-Mansfield-Cox recursion formula (see,
e.g.. 27, §2], 2, Eq. (6.1)], [AT. Eq. (7.8)]).

Theorem 1.102. The B-spline functions satisfy the recurrence relation of the form

Nm— 7 Nm— 7
Noni() = (= 1) 2l oy gy omen ) (1.74)
tm+1 t; tm+z+1 t1+1
(cf. Remark|1.101]).
Additionally, it can be checked that
oy § 1 (wE i tig),
Noi(u) = { 0 otherwise. (1.75)

This observation serves as a base for recursive computations with B-spline functions. This,
along with Theorem allows the computation of a B-spline function or their linear
combination. An algorithm to do so will be given in §1.9.5

Moreover, a differential-recurrence relation between N . and Ny,—1 i, Nyp—1,i+1 is known.

Theorem 1.103 ([77, Eq. (2.7)]). The derivative of a B-spline function can be expressed as

N () =m - (Nm—l,z’(U)  Npvis(w) )

tmti =t lmtit1 — Lig1

(1.76)

(cf. Remark|1.101)).

1.9.4 B-spline curves

From the graphical perspective, B-spline curves are of use and interest due to their properties.
While they have good numerical properties, their advantage over Bézier curves (cf. Section
lies in their locality — a change to one of the curve’s control points changes only a fragment
of the curve which is influenced by the corresponding B-spline function’s support. See Fig-
ures [[.12] and [I.I3] Due to their properties such as non-negativity and partition of unity,
B-spline functions are well-suited to be used as a basis of a parametric curve family, i.e.,
B-spline curves.

Definition 1.104. A B-spline curve of degree m over the non-empty interval [a, b] with knots
tm<...<to=a<t1<...<b=t,<...<tpim

and control points W_,,, W_rni1, ..., Wy_1 € E? is defined as

S(t) == i Nei(OW;  (t € [a,B)).

i=—m

Unlike the case of Bézier curves, a modification of a B-spline curve’s control point has
only local effect on the curve.

Remark 1.105 ([77, Property 3.6]). From Theorem|1.100, it folows that moving the control
point W; changes S only in the interval [t;, tiymy1).
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Theorem 1.106 ([77, Property 3.5]). The B-spline curve S satisfies the convex hull property,
i.€.,
S([to, tn]) € conv{W_,,, W_ppi1, ..., Wh_1}.

Additionally,
5([752',75,'4_1)) Q COTL’U{ VVi_m, VVz‘—m-‘,—l, ey VVZ} (Z = 0, 1, ey — 1).

Remark 1.107 ([77, Property 3.1]). Bézier curves are a particular subtype of B-spline curves.
More precisely, whenn=1,1_p,, =t_pmy1=...=tg=0andt1 =ty =... =tmy1 =1,

Npiom(t) = B™(t)  (t€[0,1], i=0,1,...,m).

This means that, for control points W_,,, W_n41, ..., Wo,
0 m
= ) Np(OWi =) BPHWiy  (t€[0,1]),
i=—m 1=0

1.9.5 The de Boor-Cox algorithm

Theorem and Eq. can be used to compute a point on a B-spline curve. This
approach, applied to explicitly compute the values of B-spline functions, has been proposed
by de Boor in [27, p. 55-57]. The algorithm given in [27, p. 57-59] (see also [36, Eq. (8.3)]),
which directly computes a point on a B-spline curve is known as the de Boor-Cox algorithm
and has O(dm?) computational complexity.

Let u € [tj,tj41). Then, by Definition [1.104| and Theorem |1.100

If m = 0 then, certainly, S(u) = W;. If m > 0, however, Theorem [1.102| can be applied to get

j+1
’ N 11 3 Nm—l,i(u)
= > - W + > (i — w5 —— Wi,
i=j—m m+z i=j—m+1 m+1 1

which can be simplified to

u—t; tmei — U
S(u) = Z Noi() (W o+ ).

i — b tinti — b
i=j—m-+1 + +

. m Certainly,

Let us take a look at the quantities
bmti — b tmai — t,

ti <t; <u<tjp1 <ty

u—t; tmai —

thus > 0. Additionally,

thrz tz thrz - tz

u—t bnti — U

=1.
i — i tmgi — 4
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Thus
u — ti

bnti — U
VV. _|_ W.i1
tm_t,_i — tz ! tm—i—i - tl ’

is a convex combination of W;_; and W;.
Corollary 1.108. Let u € [t;,tj+1), and

MO)ZZM/Z' (Z:]_ma]_m+1avj)a

k u—t; k—1)  lmtitl—k — U, (k-1 - L
W = WY WY (I k< o m ek <0< ),
m~+i+1—k ) m—+i+1—k 7

Then S(u) = |/V§.m).

The recurrence scheme given in Corollary [I.10§] is the foundation of the de Boor-Cox
algorithm. A more concrete implementation is presented in Algorithm where t =

oy tmts - - b

Algorithm 1.6 The de Boor-Cox algorithm

1: procedure BSPLINEEVAL(m, u,t, W)
2 J < GetKnotSpan(u,t)

3 for i< j—m,j do

4 W w;

5: end for
6

7

8

for k +— 1,m do
fori+j—m+k,jdo

u — ti
a4+ ———
tntit1—k — i
9 W - WY 4 (1 - a) - witY
10: end for
11: end for
12: return ng)

13: end procedure




Chapter 2

Fast evaluation of Bézier-type
objects

For a given ¢ € [0,1], the corresponding point on a rational Bézier curve can be computed
using the de Casteljau algorithm (see Section and, in particular, Algorithms and .
The classic de Casteljau algorithm for evaluating a point on a rational or polynomial Bézier
curve has a geometric interpretation, good numerical properties (cf. [70]), and computes only
convex combinations of points in E?. Such properties are desirable from a numerical and
geometric point of view.

However, the computational complexity of these algorithms is higher than the lower bound
of that problem, which is achieved by algorithms based on the Horner’s scheme. One of them
computes the coordinates of the point on a polynomial Bézier curve in E¢ is to use the
algorithm proposed in [89] for evaluating a polynomial p given in the form

p(t):=> pt*(1—8)"" (py €R)
k=0

d times (once for each dimension). This method has O(dn) computational complexity and
O(1) memory complexity. It uses the concept of Horner’s rule (see, e.g., [22] Eq. (1.2.2)], [78,
§2.3]). This approach can be adapted for rational Bézier curves. For numerical reasons, using
the Horner’s rule is not recommended (see [23], 39, 40, [77]).

Other methods for evaluating a Bézier curve are also known. See, e.g., [§] or [74], where
the case of Bézier surfaces was also studied (cf. Section , and the papers cited therein.

The faster algorithms do not, however, have good numerical properties or a geometric
interpretation and cannot be expressed as a series of convex operations on points in E¢. An
algorithm which combines good numerical properties of the de Casteljau algorithm with the
efficiency of the Horner’s scheme would be widely useful. Given that in order to render a
Bézier curve one has to compute multiple points, such an improvement would allow for a
significant reduction of time required for such computations, even for curves of low degrees.

In this chapter, such algorithm will be presented for rational Bézier curves. Section
contains the reasoning behind the construction of a linear-time algorithm for evaluating Bézier
curves, while Section focuses on its efficient implementation. Note that, although the
presented algorithm is designed with rational Bézier curves in mind, it can be easily applied
to polynomial Bézier curves as well.

93
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The approach used in the algorithm can be generalized and used for any rational para-
metric object which satisfies certain conditions. This generalization is expanded upon in
Section 2.3

This generalized approach can be, for instance, used in case of rectangular and triangular
Bézier surfaces. An outline of the recommended approach to their computation is given in
Section 2.4

This chapter contains the results obtained by Wozny and Chudy in [96], along with some
new observations, mainly in generalizing some formulas for rational Bézier curves and ap-
proaching the computations for Bézier surfaces. Although the idea used in the paper and,
consequently, in this chapter, appears to be simple, to the best of the author’s knowledge, it
was not presented or used previously. Despite this simplicity, the observation has significant
ramifications with respect to efficient computations of Bézier-type objects and other rational
parametric objects.

The algorithm presented in [96] and in this chapter can be used, as seen in [83], to pre-
compute some quantities to further accelerate the computations for Bézier curves of very high
degree or for computing many points on a single curve — however, at the cost of losing the
geometric interpretation.

Additionally, in [84], it is shown how to adapt the algorithm to evaluate algebraic-
hyperbolic PH curves (EPH curves) for a fixed parameter ¢t. The approach presented there
is to convert an EPH curve into a Bézier curve such that they have the same value at ¢, and
then to evaluate the newly found Bézier curve using the method presented in [96] and in this
chapter.

2.1 New algorithm for evaluating Bézier curves

Let Wo, W1, ..., W,, be points in E? (n,d € N). Recall that B}, the kth Bernstein polynomial
of degree n, is defined in Eq. (1.24) as

Br(t) = (Z)tku — "k (0<k <n).

A rational Bézier curve in E¢ with control points Wo, W1,...,W,, € E? and weights
wo, W1, - - -, wy, € Ry is given by Eq. (1.49) as

DWW, B ()
Rn(t) := *=0 (t €[0,1]).

Z wi By ()
k=0

One can separate the expression for a rational Bézier curve into a sum of two terms:

Z wi By (1) Wy, Z wi By ()W

Ra(t) = *=5;
> wrBR(1) > wBE()
k=0
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The first term contains all the information from the first ¢+ 1 control points and their weights.
The idea for the algorithm is to represent it as a point with an assigned weight:

STwkBEt) Y wBROWE Y wkBR(HWy
Ra(t) = =0 B0 + = .

D owkBE) YW BR(1) > weBR(t)
k=0 k=0 k=0

Note that

> we By (t)Wy
k=0

> wkBi(1)
k=0

is a convex combination of points in E¢ and, therefore, is also a point in E¢.
Let Q; be defined as

%

> we By (t)Wy
Qi =Qi(t) = =2 : (2.1)
> weBR(t)
k=0
This allows to express R, (t) as a convex combination of points Q; and W11, W, yo, ..., W,:

> wBR(t) > weBR ()W,
k=0 Q, + k=i+1 .

Rn (t) ) n
S wBL (1) 3w B (1)
k=0 k=0

This means that W; needs used only once to compute Q;. Note that, for i = n,

n

> wBR(t) > wBR ()W
k=0 k=n+1

Rn(t) = = -
> wBR(t) > wBR(t)
k=0 k=0

Now, compare the expressions for R,,(¢) using Q; and Q;_1, respectively,

i n i—1 n
> wiBE(1) D wBEOWE > wBR(t) > W BR ()W,
=0 Q + =4 = =0 Qi1 + =4 ;

S weBL () SwBL) S @B S W B ()
k=0 k=0 k=0 k=0
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which can be simplified to

i—1
Zkal?(t) 5
- BI(t
Qi = k:0 Qi1+ iw ) W;
k=0 k=0
Let h;(t) be defined as
Bi' (t .
hi(t) = ”7“ (i=1,2,....,n), (2.2)
> wBE(t)
k=0

with ho(t) := 1. This allows to present the recurrence relation for Q; in a concise form:
Qi = (1= hi())Qi—1 + hi(t)W;. (2.3)

In particular, Qy = Wjy.
One can use (2.2)) to find a recurrence relation which connects h;_;(t) and h;(t) (i =
1,2,...,n). Note that

wlBln(t) . : i wi—lB?— (t) pn
) 2B = TR Bl

which, after some algebra, gives

t(n —i+ Dwihi—1(t)
(1 —t)iw;—1 +t(n — i+ 1)wih;i—1(t)

hi(t) = (i=1,2,...,n). (2.4)

Equations (2.4) and (2.3) together with the values for Qg and hg, form a recursive scheme

of the form
ho =1, Qo := Wy,

o wihi_lt(n —1+ 1)

- wi_li(l — t) + wihi_lt(n —1+ 1)7
Qi == (1 —hi)Qi—1 + hiW;

fori=1,2,...,n, with h; = h;(t).

h; : (2.5)

Theorem 2.1. For all k =0,1,...,n, t € [0,1], the quantities hy, and Qy satisfy:
1. hg €[0,1],
2. Qy € B4,
3. Qr € Cr = conv{ Wy, Wh, ..., Wi} (consequently, conv{Qy, Q1,...,Qr} C Ci).

Moreover, R,(t) = Q.
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Proof. Recall that, for t € (0,1), both B}(t) and wy, are strictly positive for all 0 < k < n.
From ({2.2)), it follows that hy(t) € [0, 1] for ¢ € (0,1). It remains to check that, for t = 0 and
t = 1, the property still holds. Clearly, ho(t) = 1. In Eq. (2.2]), substituting ¢ = 0 gives

wp () 0"

wo

hi(0) = =0 (k=1,2,...,n).

Using induction, it follows from Eq. (2.4)) that
hi(1) =1 (k=1,2,...,n).

Therefore, for ¢t € [0, 1], hi(t) € [0,1].
From (2.1)), it easily follows that Qs € E¢, Qi € conv{Wg, W1, ..., W}, and Q,, = R,,(t).
O

In each step of the proposed method, the point Q; (a convex combination of points Q;_;
and W;) is computed. The last point Q, is equal to the point R,(¢). The method can be
thus used to compute a point on a rational Bézier curve in linear time. Moreover, the method
has a geometric interpretation and computes only convex combinations of the control points.
Efficient implementation of the method, along with its theoretical and practical costs, is
presented in Section [2.2]

One can prove the following result which tells even more about the geometric properties
of the new method.

Theorem 2.2. Let the numbers hy and the points Qr (0 < k < n) be computed by (2.5
for a given t € [0,1]. The point R,(u), where u € [0,1], is in the convex hull of the points
Qo, Q1,-.., Qn if u<t. It means that

R.([0,u]) C conv{Qy, Q1,...,Qn} (u<t).

Proof. Observe that fort =0, Qo = Q; = ... = Q, = Wy = R,(0). Fort =1, Q; =W,
(1=0,1,...,n). In these cases, the theorem follows immediately.
It remains to consider the case t € (0,1). From Eq. (2.4)), it follows that

Ly, B0
h; i-1 wlB;’(t) ’

which, in turn, gives the relation

hi wi—1B]" ()

1= h =
hi-1  wB}(t)

(2.6)

This relation can be applied to Eq. (2.3) to obtain a subtraction-free version of the recursive
scheme.

Eq. (2.3]), combined with Eq. (2.6)), provides an expression of W; in terms of Q; and Q;_1:

1 wi,1(1 - t)Z
hi—1 wit(n —i+1)

1
Wi:EQi_ Qi-1 (i=12,...,n).
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Additionally, Wy = Q. Now, one can substitute the points W; in the expression for Ry, (u)

(cf. (1.49)):

1 Wy — 1(1 )
i—1 Wi (n—z—f—l)

0B () Qo + 3 wiBP(w) (5-Qs — Q)

Ro(u) = i=1 _
> wrBi(w)
k=0

After some algebra one gets
Wi

B %+Z( AU
Rn(u) = : (2.7)

Z wi By (u)
k=0

1—t

If u,t € (0,1) and u < t then 1 — 1(1( )1 > 0, thus the right-hand side of Eq. is a
—u

convex combination of points Q;. O

This mimics a similar property of the de Casteljau algorithm and may come useful, e.g.,
in detecting curve intersections (see, e.g., [90]).

The recursive scheme presented in this section can also be used for polynomial Bézier
curves. In this case, all weights w; are equal. This allows to simplify the recurrence relations:

ho:=1, Qp:= Wy,
hi_lt(n —i+ 1)
hi = 5 .
W= t) + heatn— i+ 1) (2:8)

Qi == (1—hi)Qi—1 + W,

for i =1,2,...,n. Similarly, Q, = P,(t) (cf. - Figure m 2.1 illustrates the new method
in case of a planar polynomial Bézier curve of degree n = 5.

The proposed method can find additional application in curve subdivision (cf., e.g., Sec-
tion and [306], §5.4]). Let u € (0,1) be fixed. Using Theorem the points

Vii=> Bi(uW; (0<i<n)

are the control points of the polynomial Bézier curve Pﬁ that is the left part of the Bézier
curve (T.48) with t € [0, 4], i.e., PL[0,1] = P,[0,u]. One can check that

L n—i i ,

where the numbers Ay and the points Qi (0 < j < n) are computed using (2.8) with ¢ := w.
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W,

Figure 2.1: Computation of a point on a planar polynomial Bézier curve of degree n = 5
using the new method. The method computes much fewer intermediate points compared to
the de Casteljau algorithm (cf. Figure which illustrates using it for the same curve and t).

A similar result can be obtained for rational Bézier curves. Theorem [[.72] gives the control
points V; along with their corresponding weights v; of the left part Rfl of the rational Bézier
curve R,:

_ ShowrBiwWi

2 k=0 Wk By, (u)
ie., Rﬁ [0,1] = R,[0,u]. Using the same approach as in the polynomial case, the points V; can
be expressed as

%
V; : Vi = Zkalic(u)a
k=0

i _ n—1 i
2 k=0, lwkin — B Qu
V; = - , (0<i<n-—1),
> ko Wi By (1)
Vn = Qm

where the numbers hy, and the points Q; (0 < j < n) are computed using ([2.5) with ¢ := w.

2.2 Implementation and cost

In this section, efficient and numerically safe implementations of the method given in Sec-
tion [2.I] will be presented. The new algorithms allow to evaluate a single curve at a single
point with O(dn) computational complexity and O(1) memory complexity.
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Algorithm 2.1 First implementation

1: procedure NEWRATBEVALL(n,t,w, W)
2: h<+1

3 u<+—1—1

4: ny+<n+1

5: Q +— Wy

6 for k <+ 1,n do

7 h<h-t-(ng—k)-wg

8 h%h/(k-u-wk,l—l—h)

9

: hl ~1-—h
10: Q<+ hi-Q+h-W,
11: end for
12: return Q

13: end procedure

The implementation provided in Algorithm is a straight-forward implementation of
the recursive scheme presented in (2.5). It requires (3d + 8)n + 1 floating-point arithmetic
operations (flops) to compute a point on a rational Bézier curve of degree n in E?.

Algorithm 2.2 Second implementation

1: procedure NEWRATBEvVAL2(n, t,w, W)
2: h<+1

3 u+—1-—t

4: ny<n+1

5: Q + Wy

6 if t < 0.5 then

7 u <+ t/u

8 for k +— 1,n do

9: h<+h-u-(ny—k)-wg

10: h < h/(k-wg—1+h)

11: hi+<1—h

12: Q<+ h1-Q+h-Wg
13: end for

14: else

15: u < u/t

16: for k<~ 1,n do

17: h<—h-(n1—k:)‘wk
18: h(—h/(k'U'wk_l—i-h)
19: hi+<1—-nh

20: Q(—hl-Q+h-Wk
21: end for

22: end if

23: return Q

24: end procedure

Algorithm decreases the number of flops to (3d + 7)n + 2. The main idea is to
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precompute ; or its inverse and use it in the subsequent computations. However, for

numerical reasons (cf. lines 7 and 15 in Algorithm , it is necessary to use a conditional
statement. More precisely, one has to check whether ¢ € [0,0.5] or t € (0.5, 1], which can be
easily done (it is enough to check the exponent of a floating-point number t).

Note that in the case of polynomial Bézier curves , one only needs to set wy := 1
(0 < k < n) in the given algorithms, thus simplifying used formulas. Then the number of
flops is equal to (3d + 6)n + 1 in Algorithm and (3d + 5)n + 2 in Algorithm

new method de Casteljau

(Alg. 2.2)

(Alg. [L.1} [1.2)

polynomial in total ~ (3d+5)n+2 3dn(1;+1) +1
Bézier curve
add/sub  (d+2)n+1 dn(n2—i—1) +1
mult 2(d+1)n dn(n+1)
div n+1 0
rational in total  (3d+T)n+2 (3d + 5);1(11 ) +1
Bézier curve
add/sub  (d+2)n+1 (d+ 2)7;(71 1 +1
mult 2(d+2)n (d+1)n(n+1)
div n+1 n(n;—l)

Table 2.1: Numbers of flops.

The numbers of flops for both the polynomial and rational versions of the new algorithm
and the de Casteljau algorithm, which both have a geometric interpretation and compute
only convex combinations of control points, are given in Table

Example 2.3. Table shows the comparison between the running times of the de Casteljau
algorithm and Algorithm both for Bézier curves and rational Bézier curves (in the case
of Bézier curves, Algorithm has been simplified), for d € {2,3}. The results have been
obtained on a computer with Intel Core 15-2540M CPU at 2.60GHz processor and 4GB RAM,
using GNU C Compiler 7.4.0 (single precision).

The following numerical experiments have been conducted. For a fixed n, 10000 curves
of degree n are generated. Their control points Wy, € [—1,1]% and — in the rational case —
weights wy, € [0.01,1] (0 < k < n) have been generated using the rand() C function. Each
curve is then evaluated at 501 points t; :=i/500 (0 < ¢ < 500). Each algorithm is tested using
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the same curves. Table[2.3 shows the total running time of all 501 x 10000 evaluations.

Bézier curve rational Bézier curve
n d mnew method de Casteljau new method de Casteljau
(cf. Alg. (cf. Alg. (cf. Alg. (cf. Alg.
1 2 0.287 0.297 0.366 0.542
3 0.485 0.535 0.543 0.709
2 2 0.300 0.327 0.373 0.600
3 0.486 0.508 0.551 0.764
3 2 0.344 0.495 0.409 0.907
3 0.498 0.697 0.553 1.150
4 2 0.401 0.714 0.490 1.356
3 0.522 1.031 0.605 1.728
5 2 0.479 1.076 0.572 1.921
3 0.585 1.435 0.673 2.442
6 2 0.554 1.313 0.660 2.568
3 0.671 1.905 0.764 3.276
10 2 0.876 3.044 1.052 6.212
3 1.049 4.470 1.185 7.918
15 2 1.288 6.152 1.524 13.024
3 1.514 9.249 1.723 16.603
20 2 1.697 10.503 2.000 22.376
3 2.008 15.789 2.288 28.659

Table 2.2: Running times comparison (in seconds) for Example The source code in C
which was used to perform the tests is available at https://bit.1ly/fch-phd-ch2.

Observe that in the case of polynomial Bézier curves, the quantities h, which are computed
in the new algorithms, do not depend on the control points. One can use this fact in the fast
evaluation of M Bézier curves of the same degree n for the same value of the parameter ¢.
Such a method requires (3dM +5)n+2 flops while the direct use of the de Casteljau algorithm
means that all computations have to be repeated M times, i.e., the number of flops is equal
to 3Mdn(n+1)/2 + 1.

Example 2.4. Table[2.3 shows the comparison between the running times of the de Casteljau
algorithm for polynomial Bézier curves, a version of Algorithm[2.3 which has been simplified
for polynomial Bézier curves (cf. Table , as well as a modification of Algorithm which
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computes the quantities h once for each t and uses them in evaluation of each polynomial
Bézier curve. The running times are computed for d € {2,3}. The results have been obtained
on a computer with Intel Core 15-2540M CPU at 2.60GHz processor and 4GB RAM, using GNU
C Compiler 7.4.0 (single precision).

The following numerical experiments have been conducted. For a fixed n, 10000 curves of
degree n are used. The curves are identical with those used in Example (2.5 Fach curve is
evaluated at 501 points t; := i/500 (0 < i < 500). Fach algorithm is tested using the same
curves. Table shows the total running time of all 501 x 10000 evaluations.

n d mnew method new method de Casteljau
with shared h; (cf. Alg. (cf. Alg.
(cf. Alg. [2.2))
1 2 0.288 0.287 0.297
3 0.492 0.485 0.535
2 2 0.290 0.300 0.327
3 0.487 0.486 0.508
3 2 0.305 0.344 0.495
3 0.477 0.498 0.697
4 2 0.319 0.401 0.714
3 0.492 0.522 1.031
5 2 0.354 0.479 1.076
3 0.511 0.585 1.435
6 2 0.395 0.554 1.313
3 0.545 0.671 1.905
10 2 0.602 0.876 3.044
3 0.786 1.049 4.470
15 2 0.856 1.288 6.152
3 1.123 1.514 9.249
20 2 1.121 1.697 10.503
3 1.470 2.008 15.789

Table 2.3: Running times comparison (in seconds) for Example The source code in C
which was used to perform the tests is available at https://bit.ly/fch-phd-ch2.

Remark 2.5. In rather rare cases (hy = 1), the problem of cancellation of digits ([22, §2.5.4])
can occur while 1 — hy, is computed (cf. hy in Algorithms . One can avoid this problem
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using the relation

hk wk,1k<1 — t)
= 1<k<
hi_1 wkt(n —k+ 1) ( - n)7

if computations with high accuracy are necessary.

1— hg

2.3 Generalizations of the algorithm

The algorithms presented in previous sections of this chapter can be generalized for a broader
family of objects. The nature of these objects is not limited to curves — as will be further
shown in Section it can also be applied, e.g., to surfaces.

Let by : D - R (k=0,1,...,N; N € N) be real-valued multivariate basis functions such
that

N
br(t) =0, > b(t)=1 (2.9)
k=0
for t € C C D. Let a rational parametric object Sy : C — E¢ (d € N) be defined by
N
> weWibi(t)
k=0
Sn(t) == N (2.10)
> wrbi(t)
k=0
with the weights wy > 0, and control points Wy, € E¢ (0 <k < N). fwg = w1 = ... = wn,

then
N
Sn(t) = Wibi(t).
k=0

It is clear that rational Bézier curves are an example of such objects, with C' = [0,1], D =R,
t =t and by(t) = BY (t).

In the sequel, it will be proven that for a given ¢ € C, the point Sy(t) € E? can be
computed by Algorithm Note that Algorithm omits possible numerical difficulties
connected with a particular choice of functions bg. The implementation of this algorithm for
a concrete case should take said difficulties into account.

Remark 2.6. Let us fir t € C. Suppose that there exists 1 < k < N such that bi(t) = 0.
Then one has the division by 0 in the line 5 of Algorithm [2.5. Such special cases should be
considered separately, e.g., by omitting them in Eq. @D Observe that it is always possible
because for at least one 0 < j < N, bj(t) > 0 (cf. (2.9)). For the sake of simplicity, in the
sequel, it is assumed that these special cases do not occur, i.e., bp(t) >0 for 0 <k < N.

The correctness of the algorithm, as well as some of its properties, is proven in the following
theorem, which is a generalized version of Theorem 2.1}

Theorem 2.7. The quantities hy, and Qr (0 < k < N) computed by Algorithm have the
following properties:

1. hy € (O, 1],
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Algorithm 2.3 Computation of Sy (¢)
1: procedure GENALG(N,t,w, W)

2: ho <1
3: Qo + Wy
4: for k< 1,N do
Wr—1 - bp—1(t) >1
5: hp < (1+
g < hi—1 - wi, - bi(2)

6: Qr (I —hg) - Qp—1 + by - Wy,
T end for

8 return Qu

9: end procedure

2. Qy € B4,

3. Qr € Cr = conv{ Wy, Wh, ..., Wi} (consequently, conv{Qp, Q1,...,Qr} C Ck).
Moreover, Sy(t) = Q.
Proof. Let us define hg := 1, Qp := Wy, and

k
S Wi (e
hk — kwkbk (t) ’ Qk — ]:Ok
> wibs(t) > wibs(t)
§=0 j=0

(k =1,2,...,N). It is clear that hy € (0,1], Q; € E¢ for 0 < k < N, and Sy(t) = Qu.
Certainly,
Qk € conv{Wo,Wq,..., Wi} (0<Ek<N).

To complete the proof, it is enough to check that:
(1 = hi)Qp—1 + hWi, = Qq,
wibi ()it = w—1bg—1(#)h 1| + wibk(t)
for 1 <k < N (cf. lines 5, 6 in Algorithm . O

Algorithm has a geometric interpretation, uses only convex combinations of control
points of Sy and has linear complexity with respect to N — under the assumption that all
quotients of two consecutive basis functions can be computed in the total time O(N).

Remark 2.8. Similarly to the case of Bézier curves, the following relation holds

hy wi—1bk—1(t)
hi_1 wkbk(t)
for 1 < k < N. Using this simple relation, one can propose a subtraction-free version of

Algorithm . Such formulation can be important for numerical reasons (cf. the problem of
cancellation of digits; see, e.qg., [22, §2.53.4]).

1—hy = (2.11)
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Relation (2.11) will be used to prove the following theorem which shows an important
property of Algorithm [2:3]

Theorem 2.9. Suppose that

br.(t)
br+1(t)

Then the point Sy(u) € E? is in the convex hull of the points Qu, Q1,. .., Qn computed by
Algorithm [2-3

br.(u)
br+1(u)

< 0<k<N-1).

Proof. The proof follows the same path as the proof of its particular case, namely Theorem [2.2]
Let the numbers hy and the points Qi (0 < k < N) be computed by Algorithm for a fixed
teC.

Using relation (2.11]) and the assumption that iy # 0 (1 < k < N) (cf. Remark [2.6)),

observe that
1 Wi—1bk—1(t)

Wi =h'Q,—h _
k=h, Qr—h,_, orbr(t) Qr—1
for 1 < k < N. Thus, after simple algebra, one gets
—1[ WN
Sn(u) = Dn(u) <th(u) -Qn
N
N—1
W by, (t)br11 () >
+ —bi(u (1 — = 2 Q|
= hy, k(1) bi+1(8) b (u) :

where Dy (u) := Z;XZO wibk(u) > 0.
Now, from the assumptions, it easily follows that because the values hy (0 < k < N) are
positive (cf. Theorem the point Sy (w) is in the set conv{Qq, Q1,...,Qn}- O

2.4 Example: Bézier surfaces

The general algorithm presented in Section [2.3] is not limited to curves. It can be applied
to many other (rational) parametric objects, provided that their control points and basis
functions by can be ordered in such a way that satisfies the algorithm’s principles.

In this section, applications of Algorithm [2.3] will be shown for two such families of para-
metric objects — rational rectangular Bézier surfaces and rational triangular Bézier surfaces
(see Definitions and respectively). Both surface types are rational parametric ob-
jects (cf. ), thus one can apply Algorithm to derive efficient methods which have
geometric interpretations, compute only convex combinations of points and allow to evaluate
Bézier surfaces in linear time with respect to the number of control points.

In both cases, it is necessary to arrange the set of control points, along with their cor-
responding weights and basis functions (cf. ), into a one-dimensional sequence. Since
Algorithm is agnostic of the chosen sequence (as long as satisfies necessary conditions),
many possible choices may be valid. For both surface types, two sequence choices will be pro-
posed in their corresponding subsections. Each approach will have a corresponding recursive
scheme for computing the intermediate values in Algorithm [2:3] Some technical details are
omitted for clarity.
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2.4.1 Computations for rational rectangular Bézier surfaces

Recall that a d-dimensional rational rectangular Bézier surface of degrees m,n € N with
weights w;; > 0 and control points W;; € E? (0 <i<m, 0<j<n)is given by the formula

D) wi Wiy B (s) By ()

i=0 j=0

D wiBM(s)Bi(1)

i=0 j=0

Sin(s,t) :==

(cf. Definition . From the properties of its basis functions B"(s) - B} (t), it is clear
that a rational rectangular Bézier surface S,,n(s,t) is a rational parametric object. The
desired computational complexity of Algorithm is O(nm - d), proportional to the number
of control points, compared to the de Casteljau algorithm’s complexity of O(m(n? + m)d).

See Algorithm

Remark 2.10. If s € {0,1} vVt € {0,1}, then (s,t) lies on the boundary rational Bézier
curve with boundary control points and weights. The method described in Section [2.1] can be
used in this case.

It is thus sufficient to consider the problem of computing a point on a rational rectangular
Bézier surface only for (s,t) € (0,1)2. The basis functions for such s,t are strictly positive,
which eliminates the risk of division by zero when computing their ratios in Algorithm [2.3

Now, let us consider the one-dimensional order in which the basis functions Bj"(s) - B} (1),
along with their corresponding weights and control points, have to be arranged in order to
apply Algorithm [2.3] efficiently. In the case of rational rectangular Bézier surfaces, all ratios
of basis functions are of the form

Note that for k € N,k < m — 1,

B ,.(s) _ (m—i—k+1) ( s )k
B (s) (i + 1) 1—s
It is reasonable to choose an order of basis functions which leads to simplified computations.
Additionally, one has to take into account some aspects related to numerical problems.
In the sequel, two choices for the ordering of the basis functions are presented and analyzed.

For the reader’s convenience, the analogues of quantities hj, and points Qj from Algorithm [2.3]
have two indices instead to correspond to the surface’s structure.

Row-by-row approach

One can interpret the set of control points of a rational rectangular Bézier surface as a
rectangular grid having m 4+ 1 rows with n + 1 points in each row.
In such approach, the sequence of control points is as follows:

e the sequence begins with Wy,

e W, ;1 is followed by W;; (0 <i<m, 1< j<n),
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e W,_;, is followed by Wi (1 <1i <m).

The sequences of weights w;; and basis functions B}"(s) - B]’-‘(t) (0<i<m,0<j<n)are
set accordingly. Figure illustrates this approach.

f L L @

f L L @

? L L @

? L L @

0]

[ 4 @ @ @
Figure 2.2: The sequence of control points used in the row-by-row approach for rational

rectangular Bézier surfaces.

While executing Algorithm for this ordering, ratios of the form

Bi'(s)Bj(t) _n—j ¢ B(s)Bg(t) _ (m—i)s _<1—t>"
BMs)BR(t)  j+1 1t B*(s)Bp(t)  (i+1)(1—s) t

are used.

Let us fix (s,t) € (0,1)? (cf. Remark [2.10)). Now, based on Algorithm the sequences
of quantities h;; and points Q;; € E? (0 <i<m,0<j <n) are defined in the following
recursive way using the order described above:

( hoo =1,

Qoo := Wy,

jwi ',1(1 — t) -1
hij = <1—|—’] ) (i=0,1,...,m,57=1,2,...,n),
njwijhi,j,lt

Qij = (1 — hij)Qi,jfl + hl-jWij (Z = 0, 1, - ,’I?’L,j = 1,2, - ,n),

1+

—1
iwi—1.n( —s)tn)

miwiohi—1n

—~
~
Il
\.l—\
\.l\?
3
ol

QZO - (1 IO)QZ 1n+hzOWzO (’L = 1,2,...,m).

where t,, := W, m;:=m—i+1,nj:=n—j+1. Theoremimplies that Sy (s,t) =

mn-

Algorithm [2.4f computes S, (s,t) for (s,t) € (0,1)? and presents a more concrete imple-
mentation of the general method. It uses the same approach as Algorithm 2.1 when computing
the values h;;.

Let us take a look at the computational complexity of Algorithm One has to perform
44 (m-(n+1)+n)-(3d+8)+T(t")+T((1—t)™) flops over the course of the algorithm, where



CHAPTER 2. FAST EVALUATION OF BEZIER-TYPE OBJECTS 69

Algorithm 2.4 Implementation of Alg. for rational rectangular Bézier surface, row-by-
row-approach

1: procedure RECTBEVALRR (m, n, s, t,w, W)
2: stl«—s-(1—¢t)"

3 st2+ (1—s)-t"

4: u+—1-—t

5: ny+<n+1

6 mi < m+1

7
8
9

h<+1
Q « Wy
: for j «+ 1,n do

10: h(—(ﬂq—j)‘woj‘h‘t
11: h <« h/(h+j woj-1-u)
12: Q«+ (1—h)-Q+h-Wy
13: end for
14: for i + 1,m do
15: he(ml—i)-wio-h-stl
16: h « h/(h +- Wi—1n - St2)
17: Q(—(l—h)-Q-}-h-Wio
18: for j < 1,n do
19: h<—(n1—j)-wij-h-t
20: h«h/(h+7- wij—1-u)
21: Q<—(1—h)‘Q+h‘Wij
22: end for
23: end for
24: return Q

25: end procedure

T(t") and T((1 —t)™) are the numbers of flops to compute ¢" and (1 — ¢)™, respectively. For
example, if exponentiation by squaring (see [43, §2.1]) is used, each of them is O(log n), with
the exact number of operations dependent on the number of ones in the binary representation
of n. This does not, however, change the total computational complexity of O(mn - d).

One can further reduce the number of arithmetic operations using the same technique
which has been used in Algorithm This, however, creates numerical concerns which have
to be taken into account.

The idea is to pre-compute some elements of the basis function ratios. The ratio of two
1—1t
consecutive basis functions in the same row contains the expression - One can store this

expression (if ¢ > 0.5) or its inverse (if ¢ < 0.5) to use it throughout the execution of the
algorithm. The ratios of two functions in different rows are not optimized and are computed
in the same way as in Algorithm This saves (m + 1)n — 1 flops.

Folding approach

The folding approach is an alternative to the row-by-row approach which eliminates the need
for computing t" and (1 — ¢)". Each step of the algorithm is computed in O(d) time.
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It differs from the row-by-row approach in the way of connecting rows. The folding
approach avoids using the more complex

Bt (s)By(t) (m—1i)s : (1;15)"

B (s)Bp(t) — (i+1)(1—s

ratio by transitioning between rows using simpler ratios:

B, (s)By(t)  Bi}i(s)Br(t) (m—1)s

B (s)B(t) — Br(s)Bp(t)  (i+1)(1—s)

This means that each ratio used is the ratio of two consecutive Bernstein polynomials and
thus can be computed in O(1) time. In the folding approach, the sequence of control points
is set as follows:

e the sequence begins with Wy,

e W; ;1 is followed by W;; (0 <i<m,2|i,1<j<n),

o W, i1 is followed by W;; (0 <i<m,244,0<j<n-1),
e W,_y, is followed by Wy, (1 <i<m, 2¢11),

e W,_; is followed by W;o (1 <i<m, 2|1),

with the sequences of weights w;; and basis functions B"(s) B} (t) (0 <i < m, 0 < j <n) set
accordingly. Figure illustrates this approach.

%II.HZE
e ]

Figure 2.3: The sequence of control points used in the folding approach for rational rectangular
Bézier surfaces.

Let us fix (s,t) € (0,1)? (cf. Remark [2.10)). Now, based on Algorithm the sequences
of quantities h;; and points Q;; € E? (0 <i<m,0<j<n) are defined in the following
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recursive way using the order described above:

hoo =1,
Qoo := Woo,
hij = <1+*7w”1()> (1=0,1,....m;:2|i:j=1,2,....n),
njwijhi,j_lt
Qij := (1 = hij)Qsj—1 + hij Wy (i=0,1,....,m; 2|45 =1,2,...,n),
(1— )\
1+M“” 8)) (i=1,2,...,m; 219,
mzwm i—1,nS
(1 zn)Qz 1n+hznwzn (221,2,,771,2)[2),
hij = 1+~ (n = j)wijirt >_1(z‘:1,2,...,m;2M;j:n—1,n—2,...,1,0),
(U + Dwijhija (1 —1)
Qz’j3:(1_hij)Qi,j+1+hijWij (i:1,2,...,m;2J[i;j:n—1,n—2,...,1,0),
(1— )\
_ (14 Limrol=s) 3>> (i=1,2,...,m; 2],
mzwz()hz 1,08
: 11— ‘: M PR ] ) ‘7
(1 ZO)Q 10+h’LOWZ0 (l 1,2 m2]z)

where m; :=m —i+1,n; :=n—j+ 1

Theorem [2.7| implies that S, (s,t) = Q. Algorithm 2.5 computes Sy, (s, t) for (s,t) €
(0,1)? (cf. Remark and presents a more concrete implementation of the general method.
It uses the same approach as Algorithm when computing the values h;;.

Let us take a look at the computational complexity of Algorithm 2.5 In total, one has
to perform 2+ (m - (n+ 1) +n) - (3d + 8) flops, which is lower by 2 + T'(t") + T'((1 — t)")
than when using Algorithm They do, however, have the same asymptotic complexity of
O(mn - d).

One can use a similar strategy to the one used in Algorithm to further reduce the
number of necessary arithmetic operations. The idea is to precompute two ratios and use
them throughout the algorithm. The exact forms of the ratios depend on whether s < 0.5

t 1-—
and t < 0.5. If t < 0.5 then the first ratio is T4 otherwise, it is

t
. Similarly, the second

1—
if s < 0.5, and 5 otherwise.

S

In the folding approach no ratio of basis functions is dependent both on s and ¢. This
means that the precomputed ratios avoid the numerical difficulties which were present in the
row-by-row approach. This allows to reduce the number of flops by (m + 1)(n+ 1) — 3.

.. S
ratio 1s 1
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Algorithm 2.5 Implementation of Alg. for rational rectangular Bézier surfaces, folding
approach

1: procedure RECTBEVALF (m,n,s,t,w, W)

2: u+1-—t

3: r—1-—s

4: ng+<n+1

5: mip <+ m-+1

6: h+1

7 Q + Wy

8: for j < 1,n do

9: h%(nl—])'woj'h't

10: h < h/(h+j- woj-1-u)

11: Q(—(l—h)'Q—l-h'Woj

12: end for

13: for i +— 1,m do

14: if 2|4 then

15: he(ml—i)-wio-h-s

16: h + h/(h—i-i'wi_l,g ~7‘)

17: Q(—(l—h)~Q+h~Wi0
18: for j «+ 1,n do

19: h(—(nl—j)-wij-h-t
20: h«h/(h+j- wij_1-u)
21: Q(—(l—h)-Q—Fh-Wij
22: end for

23: else

24 h<—(m1—i)-wm-h-s

25: h <« h/(h—l—i-wl-_lm -T')

26: Q«+—(1—h)-Q+h-Wy,
27: for j«<n—1,0do

28: h(—(]-l—l)w”hu
29: h <« h/(h+ (n—j) s Wi 41 -t)
30: Q«+ (1—h)-Q+h- Wy
31: end for

32: end if

33: end for

34: return Q

35: end procedure
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2.4.2 Computations for rational triangular Bézier surfaces

Recall that a d-dimensional rational triangular Bézier surface of degree n € N with weights
v;j > 0 and control points V;; € Ed (0<i<mn, 0<j<n-—i)is given by the formula

n n—i

> viViBj(s,1)
i=0 j=0

n n—i

Z Z ’UijBinj(S, t)

i=0 j=0

Th(s,t) =

(cf. Definition [1.88). The basis functions in this case are triangular Bernstein polynomials
(cf. Definition [1.84)):

nl o L ) ) o
Bi(s,1) ::mszt](l—s—t)” ’J (0<i+j<mn;i,jeN).
For rational triangular Bézier surfaces of degree n, the desired computational complexity
of Algorithmis O(n?-d), proportionally to the number of control points. In contrast, the de
Casteljau algorithm for rational triangular Bézier surfaces has the computational complexity

of O(n? - d) (see .

Remark 2.11. If s=0Vt=1V s+t =1, then (s,t) lies on the boundary rational Bézier
curve with boundary control points and weights. The method described in Section [2.1] can be
used in this case.

It is thus sufficient to consider the problem of computing a point on a rational triangular
Bézier surface only for (s,t) € {(s,t) : s,t >0, s+t < 1}. The basis functions for such s,t
are strictly positive, which eliminates the risk of divisions by zero when computing their ratios

in Algorithm 2.3,

The ratios of basis functions are of the form

Bii(s,t)  klW(n—k—0)!
B (s,t)  iljl(n—1i— j)!

SR = g — )kHEmimd

It is reasonable to arrange the basis functions (with their corresponding control points and
weights) in an order which is simple to compute.

Remark 2.12. Computing said ratios may pose numerical difficulties, depending on the val-
ues of s,t. They can sometimes be reduced by re-formulating the problem using a simple
transposition. Certainly,

Ta(s,t) = Gu(t, s),

where Gy, is a rational triangular Bézier surface with transposed weights Tj; := v;; and control
points Kj; == V45 (0 <i+j <mn;i,j €N).

Similarly to the case of rational rectangular Bézier surfaces, the control points V;; of a
rational triangular Bézier surface T, (s,t) of degree n can be arranged into a triangular grid
with n+1 rows, where the ith row has n—i elements (0 < ¢ < n). In the sequel, the analogues
of quantities hy and points Qi from Algorithm [2.3] have two indices instead, to correspond
with the structure of the surfaces.
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Row-by-row approach

In this case, two basis function ratio types will be used. The first one is

Biia(sit) n—i—j t
Bli(s,t)  j4+1  l1—s—t

The second allows to progress from one row to another:

Bjy(s,t) n—i+1 s(1—s—t)"!
Blnfl,nfiﬂ (s,t) 7 tn—i+1

In the case of rational rectangular Bézier surfaces, an analogous operation required the
precomputation of t” and (1 — ¢)". For triangular Bézier surfaces, that is no longer the case.

It is sufficient to perform the computations for decreasing ¢ — that way, one can store the

(1—s—t)"t

s
intermediate values of S and increment the exponents in O(1) time for each

transition between rows.
In this approach, the sequence of control points is as follows:

e the sequence begins with Vg,
e V; it is followed by V5 (0<i<n—-1,0<j<n—i—1),
L] Vi+170 is followed by Vi,nfi (O < 7 <n-— 1),

with the sequences of weights v;; and basis functions Bj%(s,t) (i,j > 0,4+ j < n) set accord-
ingly. Figure illustrates this approach.

IR

s e e e e

oo e e

¢ o o o o o o

Figure 2.4: The sequence of control points used in the row-by-row approach for rational
triangular Bézier surfaces.

Let us fix a point (s,t) inside the triangle {(s,¢) : s,t > 0, s +¢ < 1} (cf. Remark [2.11]).
Based on Algorithm the sequences of quantities g;; and points U;; € E (0<i+j<n)
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are defined in the following recursive way using the order described above:

gno ‘= 17

Uno := Vo,

; ~1
Vi1 0nip1sr ! ) ,
in—i =1+ - - A 1=0,1,...,n—1),
Uin—i == (1 = gim—i)Uin—i + Gin—iVin—i (i=0,1,...,n—1),
Vigeinisjent )

gij = (14— > i=01,...,n,j=n—i—1,n—4i—2,...,1,0),
Y < 9ij+1vii (J + D)r ( )
Uij = (l_gij)ui,j—H —|—gz-jVij (z':O,l,...,n,j :n—i—l,n—i—Q,...,l,O),

where r:=1—5s5—1t,n; :==n— j+ 1. It follows from Theorem that T,(s,t) = Ugo.
Algorithm computes T,(s,t) for s,t > 0, s+t < 1 presents a more concrete imple-
mentation of the general method. It uses the same approach to computing the values of h;;

as Algorithm
Let us take a look at the computational complexity of Algorithm In total, one has to
(n+1)n
2
of Algorithm is O(n? - d).
One can use a similar approach to the one used in Algorithm to further reduce the
number of necessary flops. The idea is to precompute some elements of the basis function

ratios. The ratio of two consecutive basis functions in the same row contains the expression
t
l—s—1
throughout the execution of the algorithm. Additionally, if s > 0.5, one can transpose the
control points (cf. Remark [2.12)) before the computation. If one of the conditions is met, this
n+1)n
saves u — 1 flops. In the remaining case, i.e., s,t < 0.5 and s+t > 0.5, the unmodified

Algorithm [2:6] should be used.
The recommended approach in each case is illustrated in Figure [2.5

perform 2n — 1 + <n + - (3d + 8) flops. The asymptotic computational complexity

. One can store this expression (if s +¢ < 0.5) or its inverse (if ¢ > 0.5) to use it

Folding approach

The folding approach is an alternative to the row-by-row approach which eliminates the need
for storing the intermediate values t1, sl (see Algorithm . Each step of the algorithm is
computed exactly in O(d) time.

This approach shifts between rows using the simpler ratios

Bl o(s,t) (n—1)s Bl nivi(s,t)  (n—i)s
Bi(s,t)  (i+1)(1—-s—1) Bl _i(s.1t) (i+ 1)t

In the folding approach, the sequence of control points is set as follows:
e the sequence begins with V),

e V; ;1 is followed by V;; (0<i<mn, 2|4, 1<j<n-—1i,
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Algorithm 2.6 Implementation of Alg. for rational triangular Bézier surface, row-by-
row-approach

1: procedure TRIBEVALRR(m,n,s,t,v,V)
2: r<—1l—s—1t

3 tl <t

4: sl < s

5: g1

6 U<+ Vo

7 fori< n—1,1do

8 ni$<n—1

9: g Vin—i-g-(i+1)-t1

10: g g/(g+vig10-ni-sl

11: U<—(1—g)-U—|—g'Vi7n,i

12: for j<n—i1—1,0do

13: g4 Gijr1-vig-(G+1) -7

14: 94 9/(g+vij41-(ni—j)-1)
15: U(*(l*g)'UJrg-Vij

16: end for

17: tl <« t1-t

18: sl sl-r

19: end for

20: g4 Vo -g-tl
21: g g/(g+vio-n-sl)
22: U~ (1-g)-U+g-Vo,

23: for j < n—-1,0do

24: g goj+1-voj-(j+1)-r

25: 94 9/(g+vo41-(n—j)-1)
26: U<—(1—g)-U+g-V0j

27: end for

28: return U

29: end procedure

e V; 1 is followed by V5 (0<i<mn,24i,0<j<n-—i—1),
[ ] Vi—l,n—i+1 is followed by Vi,n—i (1 < ) < n, 2 J( i),
e V;_ i is followed by Vo (1 <i<mn, 2]1i),

with the sequences of weights v;; and basis functions Bi"j(s, ) (0<i<n,0<j<m—1)set
accordingly. Figure illustrates this approach.

Let us fix (s,t) € (0,1)? (cf. Remark [2.11)). Now, based on Algorithm the sequences
of quantities g;; and points U;; € E? (0 <i<mn,0<j<n—i) are defined in the following
recursive way using the order described above:
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Rem. 212

t=1
SAFE
AN
Alg. [2.6]
SAFE
t=20
s=0

s=1

Figure 2.5: Numerical safety of the approach similar to Algorithm for the row-by-row
approach for rational triangular Bézier surfaces. The unsafe area could instead be computed

using Algorithm

.

AN
AN

Figure 2.6: The sequence of control points used in the folding approach for rational triangular

Bézier surfaces.
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goo := 1,

Uoo := Voo,
Vi i—1]T -1

gij::<1+w_1> (i=0,1,...,n;2|4;5=1,2,...,n— 1),

9ij—1Vijnitt
Uij :== (1 — gij)Ui -1 + gijVij (i=0,1,...,m; 2|45 =1,2,...,n),
Vg 110t -1

Gin—i = <1 4+ =l ) (i=1,2,...,m; 211),
Gi—1n—i+1Vin—iNis

Uin—i = (1 = gim—i)Vim1n—it1 + hin—iVin—i (t=1,2,...,n; 211),

-1
vi7j+1ni+j+1t > . .. .
gii =1+ - 1=1,2,...,m;294;,5=0,1,...,n—1—1),
N ( 9ij+1vi5(J + D)r ( Jf )

Uij :== (1—gij)U¢7j+1+gijV,~j (i=1,2,...,n;2¢4;j=0,1,...,n—i—1),

. —1

Vi— 1

gio = 14+ —=L0 (i=1,2...,m; 2|,
gi—1,00i07;S

Uio := (1 — gio)Ui—1,0 + gioVio (t=1,2,...,m;2|1),

where r :=1—s—t, n;:=n—1i+ 1.

Theorem implies that T,(s,t) = Upg. Algorithm presents a more concrete imple-
mentation of the general method, adjusted for numerical difficulties. The approach is similar
to the one presented in Algorithm

Let us take a look at the computational complexity of Algorithm 2.7} In total, one has

1
to perform 2 + (n(n;) + n) - (3d + 8) flops, which is lower by 2n — 3 than when using
Algorithm They do, however, have the same asymptotic complexity of O(n? - d).

Additional flops can be eliminated when using an approach similar to the one presented

in Algorithm [2:2] Just as in the row-by-row approach, this can be achieved by precomputing

1
(if s+t <0.5) or fs (if t > 0.5). If s > 0.5, one can transpose the control

1—-s5—1t

points (cf. Remark [2.12]) before the computation. If either of the conditions is satisfied, this
1

saves M —1 flops. In the remaining case, i.e., s, < 0.5 and s+t > 0.5, the non-modified

Algorithm should be used. These approaches are illustrated in Figure
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Algorithm 2.7 Implementation of Alg. for rational triangular Bézier surfaces, folding
approach

1: procedure TRIBEVALF (m,n, s, t,v,V)

2: r«—1—s—t

3: ny+<n+1

4: g1

5: U < Vg

6: for j + 1,n do

T g g-voj-(n1—j)-t

8: 9+ g/(g+voj-1-7-7)

9: U (1—-9g)-U+g-W,

10: end for

11: for i + 1,n do

12: nli < ny —1

13: if 2| i then

14: g+ g-vip-nli-s

15: g 9/(g+vic10-1-7)
16: U~ (1—-g)-U+g-Vio
17: for j« 1,n—1ido

18: g g-vij-(nli—j)-t
19: g g/(g+vij-1-7-7)
20: Ue—(1-g)-U+g- -V
21: end for

22: else

23: g g -Vin—i-nli-s

24: 94 9/(g+victn—it1 - 1)
25: U (1-9g)-U+g-Vin
26: for j<n—i¢—1,0do
27: 1+ 7+1

28: g g -vi-ji-r

29: 9+ 9/(g+vijt1-(na—j1)- 1)
30: Ue—(1-9g)-U+g- -V
31: end for

32: end if

33: end for

34: return U

35: end procedure
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t=1
SAFE
N\
Alg.
SAFE Rem. 212
t=20
s=0 s=1

Figure 2.7: Numerical safety of the approach similar to Algorithmfor the folding approach
for rational triangular Bézier surfaces. The unsafe area could instead be computed using

Algorithm



Chapter 3

New methods for B-spline functions

Let m,n € N. The knots

t—mS---St—1§t0§t1S---Stn—1Stnﬁtn+1§---§tn+m,

boundary knots inner knots boundary knots

where tg < t,, (i.e., the knots Q,, := {to,t1,...,t,} provide a partition of the interval [to, t,])
serve as a support for a B-spline basis of degree m over [to,t,]. The B-spline functions
N —my Non—m415 - - - » Ny n—1 form a basis for the set Sp,(€2,) of all splines of degree m over

[to, tn]. See Section
The B-spline function N,,; with knots

ti <tigy1 <0 < tmaiga

(cf. Definition , has support [t;,tmtit1], i-e., Npi(u) can be non-zero only for u €
[ti, tmita]-
In the sequel, the convention given in Remark [1.101]is extended so that for any quantity
Q, if tm+i+1 = ti then Q = 0.
bmtit1 —
Recall Theorem [1.102] which provides the recurrence relation
N, —1.4\UW N, —144+1lU
Npni() = (u — ti)miﬂ() + (tmsic1 — U)M.
ti — i tntit1 — it

Together with the initial value

oy I (welti i),
Noi(u) := { 0 otherwise,

it is the theoretical basis for the de Boor-Cox algorithm (see §1.9.5|and Algorithm[1.6). From
Definition [1.95] a differential-recurrence relation

Nm-1,i(v)  Nm-1,i+1(v) )
tnti —ti Tmtit1 — Lig1

Nyt = -

given in Theorem [1.103| can be derived as well.
Both Theorems [1.102] and [1.103| connect the B-spline functions of different degrees. Their
application thus requires using the triangular recurrence scheme.

81
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A point on a B-spline curve of degree m with control points from a d-dimensional space
E4 can be computed using the de Boor-Cox algorithm (see §l1 and, in particular, Algo-
rithm [1.6)) which is based on the triangular recurrence scheme and has a geometric inter-
pretation and good numerical properties. Similarly to the de Casteljau algorithms in the
case of Bézier-type objects in E?, the de Boor-Cox algorithm has computational complexity
of O(m?d). However, if the coefficients of the (piecewise polynomial) B-spline functions are
known, one can use a different approach to evaluate a B-spline curve

Let the adjusted Bernstein-Bézier basis form of the B-spline function N,,; over a single
non-empty knot span [t;,tj41) C [to,tn] (j =4,i+1,...,7i+m) be

m

Npi(u b(l’J)B — u € |t t; , 3.1
) =30 Pioar)  welitn) (3.1)
Wlthb(’J)_b(’]) Thecoefﬁ(nentsb(’J) forj=0,1,....n—1Li=4j—m,5—m+1,...,7,

k=0, 1 , MM need to be found.
Let the adJusted power basis form of the B-spline function V,,; over a single non-empty
knot span [tj,tjy1) C [to,tn] (j = 4,9+ 1,...,i+m) be

Z a(w) ' (u € [tj, tj+1)), (3.2)

with a](:’j) = a/,(C 9 In this case, the problem is to find all the coefficients al(j’j ) for j =

0,1,...,n 1z—j—m,j—m+1,...,j,k:O,l,...,m

Note that a B-spline function is piecewise polynomial, i.e., in each non-empty knot span,
the coefficients have to be computed separately. The exact approach to the problem heavily
depends on the polynomial basis used in the computations. When the coefficients are already
known, it is possible to compute a B-spline function in linear time with respect to its degree.
One can also simplify, e.g., the evaluation of a point on a B-spline curve or perform some
operations analytically.

Explicit expressions for the adjusted power basis coefficients of N,,; have been given in [65],
and the result can be adapted for the adjusted Bernstein-Bézier form. The serious drawback
of this approach, however, is high complexity, which greatly limits the use of this result in
computational practice.

Let

n—1

s(t) == > €iNmi(t). (3.3)

i=—m
An algorithm for finding the adjusted power basis coefficients of a spline s over a knot span
[tj,tj+1) can be found in [33]. It uses Taylor series expansion to express the spline as

is

r=0

i

t —t; ) (t S [tj,tj+1))

(cf. [33, Eq. (1.41)]). For r = 0,1,...,m, the derivatives

J

s(t;) = P > ENmrilty)  (tE [t t4))
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can be computed recursively as follows. Set

(cf. (3.3)). Then

. —— (i <tmyit1-r),
(2 tntit1—r — ti
0 otherwise.
forr >1and j—m+r <i <j (cf. [33] Eq. (1.39) and (1.40)]). This allows to compute
all the coefficients ¢/ in O(m?) time. All necessary values Ny,_,;(t;) can be computed using
Theorem in O(m?) time. The adjusted power basis coefficients of a B-spline over one
knot span can thus be found in O(m?) time.
This approach can be used to find the adjusted power basis coefficients of one B-spline

function. To find the coefficients of IN,,; over [t;,t;41), it is enough to set

amf ) =0

0 otherwise

(see (3.3)). The cost of finding the coefficients ag’]) of Np; is O(m?). In total, to find
the adjusted power basis coefficients over [¢j,¢;41) for all B-spline functions N,; such that
j —m < i < j, one has to do O(m?) operations. Let us assume that there are n. non-empty
knot spans [tj,tj4+1) such that j = 0,1,...,n — 1. To find the coefficients of all B-spline
functions over all non-empty knot spans [tj,¢;11) for j = 0,1,...,n — 1, one would need to
perform O(n.m3) operations.

With a similar approach, one can find the Bernstein-Bézier coefficients of N,,; over the
knot span [t;,t;41). One can check that

o (m— k) Al
b,(;’]) _ 7N(k < >b(z,J) (k=0,1,...,m)
E:U

(cf. [36, Eq. (5.25)] and [61, Theorem 4.1]). Just as in the case of the power basis, the
Bernstein-Bézier coefficients of Ny,; over [t;,t;+1) can be found in O(m?) time. In total, to
find these coefficients of all B-spline functions over all non-empty knot spans [tj,¢;11) for
j=0,1,...,n — 1, it is required to perform O(n.m?) operations.

The approach given in [88] and [15] serves to convert a B-spline curve segment into a
Bézier curve. It can be adapted to give an algorithm with O(m3) complexity for finding the
adjusted Bernstein-Bézier coefficients b( 9 of a single basis function N,,;. Doing so for each
B-spline function in each non-empty knot span takes O(nem4) operations.

If there are recurrence relations for the coefficients of the B-spline functions over multiple
knot spans, one can instead use them to efficiently find each of the coefficients. Over the course
of this chapter, such computationally simple recurrence relations for the coefficients of the
adjusted Bernstein-Bézier and power forms will be derived from a new differential-recurrence
relation for the B-spline functions.

Remark 3.1. In the sequel, an assumption will be used that no inner knot t1,to,...,t,_1 has
multiplicity greater than m. This guarantees the B-spline functions’ continuity in (t1,ty).
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The assumption regarding the multiplicity of the inner knots is very common and intuitive,
as it guarantees the continuity of a B-spline curve. It was used, e.g., in [33] [65] and [95] §3].

Let us suppose that there are n. non-empty knot spans [t;,¢;41) such that j =0,1,...,n—
1. The main goal of this chapter is to give a recursive way of computing all O(n.m?) coeffi-
cients b,(fm ) (cf. (3.1)) or a,(;’J ) (cf. (3:2)) of the B-spline functions in O(n.m?) time is given,
assuming that all boundary knots are coincident.

Possible applications of this result can be as follows. Once the Bernstein-Bézier coefficients

b,(f’j ) are known, each point on a B-spline curve S,

= Z le(u)Wl (to <u <ty W, € Ed),

1=—m

can be computed in O(m? + md) time using the algorithm proposed in Chapter [2l If there
are N such points on M curves (each with the same knots), the total complexity is O(nem? +
M (m?+ Nmd)), compared to O(M Nm?d) when using the de Boor-Cox algorithm. Performed
experiments confirm that the new method is faster than the de Boor-Cox algorihms even for
low M = 2,3. Using a similar approach, it is also possible to compute the value of Ny,;(u) in
O(m) time.

This chapter is organized as follows. Section contains the differential-recurrence re-
lation between the B-spline functions of the same degree. It will be the foundation for new
recurrence relations which can be used to formulate an algorithm which computes the coeffi-
cients a/,(C 9 or b,(;’J ) of B-spline functions over each knot span. In Section the algorithm
for finding the coefficients in the adjusted Bernstein-Bézier form if t_,, = tg, t, = th+m and
all inner knots t1,%9,...,t,—1 have multiplicity 1 is given. The computational complexity of
the method is O(nm?) which means that, asymptotically, it is optimal. Section expands
upon using the new algorithm to compute multiple points on multiple B-spline curves. The
results of performed experiments are given there, showing that the new algorithm performs
favorably compared to the de Boor-Cox algorithm and the method based on [27], p. 57-59].
The assumptions about knot multiplicity which were made in Section are then relaxed in
Section to cover all cases (cf. Remark . In Section the results given in Section

are adapted to the adjusted power basis.

3.1 New differential-recurrence relation for B-spline functions

Using the known recurrence relation (cf. Theorem [1.102)) which connects B-spline functions of
consecutive degrees, one can find a recurrence relation which is satisfied by their coefficients
in the chosen basis.

Lemma 3.2. Foru € [tj,tj41) (7 =0,1,...,n—1), let the representation of Np;(u) in the
adjusted Bernstein-Bézier basis be

i b ’J)Bm
k=0
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tit1— 1

where t := . The coefficients b,(;gz satisfy the following recurrence relation:

_ n bntit1 — tj+1b(i+1,j) )
k,m m tm—i—i_t klml

. 4. k—1,m—1
tm—l—z-‘,—l tz—‘rl
m—k/ tji—1t; (i) tntit1 — b5 (i+1,5)
R e T
m tmas — b km—1 tmair1 — tit km—1 ( )

where k=0,1,...,m and b( ) = b(ZH’])1 =) = b(zH’J) =0.

m,m—1 m,m—

Proof. Theorem [1.102] states that

Np—1 N1
Non-14{u) + (tmgis1 — u) ———— Li+1(v)

Ny (1) = (u — t; -
me (u) (u Z) thri — 1 tm+i+1 - ti+1

After applying the adjusted Bernstein-Bézier representations of Ny,—1;(u) and Ny,—1 541 (u),
one gets

Y oo = BN (O) | S i (i = w B ()

Npi(u) =
ml( ) tm+z —1; tm+z+1 - t1+1

Now, note that
(u—ti) = (u—t5) + (t; = ti) = (L2 — 1) -t + (8 — 1)
and
(tmti1r —u) = (bmpitr — tja1) + (a1 — ) = (it — tip1) + (G — ) - (1= 2),

which gives

m— 1 i)
I R )
k=0

3 tmtit1 — j+1 (i+1,5) 1

4 ( ti plid) + pletls )Bm
Z m+z t; km ! tm—l—z—‘rl ZL/H—l k,m=1 ()
m—1 + + ( )
j+1 — Uj i+1,5 -1
+ ) b (L= )BT (),

Py i+l — tig1

Now, from Eq. (1.29) and Definition one can raise the degree of Bernstein polynomials
to get

m—k -t t —t;
k=0 tm-H tnti+1 — Lit1

m—1
E+1/(ti—t), 65 Enbitl — Tj+1, (i4+1,9)
G R ) e e g
m tmitl — tigr BT ()
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which, after some additional algebra, gives

Nopi () = i [E((tjﬂ — ti)b(z’,j) n bmiv1 = i (i41.) )
" M b —ti P iy — g B

+m—k( tj—tz' b(i’j)

tntit1 — b5 (i+1,5)
e e )}Bm t).
m titi — ti km—1 + k ( )

kym—1
ttit1 — tig1 O™
O

Lemma [3.2] gives a recurrence relation for the adjusted Bernstein-Bézier coefficients of
B-spline basis functions of different degrees, defined using the same knot sequence. While
this relation can be used to find the values of the coefficients, it is not optimal in terms of
computational complexity as the recurrence scheme is analogous to the one used in the de
Boor-Cox algorithm.

At the end of this section, a new differential-recurrence relation for the B-spline functions
of the same degree m will be derived. It is shown that, by using this result, it is possible to
efficiently find all the Bernstein-Bézier coefficients of the B-spline functions (see §3.2). When
the coefficients are known, one can use the new algorithm given in Chapter [2| to evaluate a
B-spline function of degree m in O(m) time or a B-spline curve, which, when evaluating many
curves at multiple points, has lower computational complexity than using the de Boor-Cox
algorithm.

However, Lemmal3.2] can be used to prove some properties which indicate that the adjusted
Bernstein-Bézier basis is numerically sound for B-spline functions.

Theorem 3.3. Foru € [tj,tj41) (7 =0,1,...,n —1), the coefficients b,(;’]m) (k=0,1,...,m)
of the adjusted Bernstein-Bézier representation of the B-spline functioﬁNmi (cf. Eq. )
are mon-negative.

Proof. If j < ior j > i+m, then all coefficients of N,,,;(u) are zero and thus are non-negative.
The case i < j < i+ m can be proved using induction on m.
Base case (m = 0): the non-negativity of the coefficients follows directly from Eq. .
Induction step (m — 1 — m): let us assume that the theorem is true for all B-spline
functions of degree m — 1. Let us then take a look at :

pid) _ ﬁ(mb(m) o bt 7 L) )
B m \ s — t P g — g b
m—k/ ti—ti (i) tmtitl — b (i+1,5)
e I S O B
m A\tmii —t ™ i+l — tip1 ™

It is clear that the fractions

tiv1 —ti tmtit1 —tj+1 tj—t;  tmyipr—t; m—Fk

tmi — ti tmgigl — titc1 tmgi — b tmgig1 —tig1 ™M
are non-negative, as t; < ty if k < £. The remaining arithmetic operations are additions and
multiplications of non-negative elements, which clearly gives a non-negative result. O

Theorem 3.4. Foru € [tj,tj11) (j =0,1,...,n—1), the following relation holds:

j . .
ST =1 (k=0,1,...,m),

i=j—m
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where bSZ@) are the adjusted Bernstein-Bézier coefficients of the B-spline function (cf. Eq. (3.1]) ).

Proof. Base case (m = 0): from Eq. (1.75)), it follows that b((){bj) =1.
Induction step (m — 1 — m): let us assume that

Z byl = (k=0,1,...,m—1)

i=j—m+1

for any B-spline basis function of degree m — 1.
Now, expressing bg’]m) using Lemma gives

J J J
(m ti+1 = ti (i) bmtitl — Lj41, (i+1,5)
> b ( Do bt X T
i=j—m i=j—m m—+1i ) i—j—m m—+i+1 i+1
J
m—k tj —t; tmtit1 — b5, (i+1,9)
+—( Limh )y Al 0 L )
m i_; thrl t; km 1 Z tm+z+1_t+1 k,m—1

After eliminating the vanishing summands and some algebra, one gets

J

zj: i) = z]: i —tigay)  m—k 3 bmi = ti g (.)

/ —¢; k=lm—1 m to . — ¢, km—l
i=j—m z j—m+1 mti i=j—m+1 m+i ¢
J J
_k D G m—k S
- m - k—1,m—1 m . km—1"
i=j—m+1 i=j—m-+1

O

Using equations (1.74) and ((1.76)), one can derive new differential-recurrence relations for
the B-spline functions of the same degree. For example, this result can be used to efficiently
compute the coefficients of the N,,; functions (which are polynomial in each of the knot spans)
in an adjusted Bernstein-Bézier or power basis.

Theorem 3.5. Let

o = b1 ==t <t < oo <tpt <tn =t = ... = tnim
(cf. (L.73)). The following relations hold:
M N, () = (w = t1) - Ny i (u) = 0, (3.5)
Nopa(u) 4 N () = oL (Nm,m(u) w2t :m-H(u)) (3.6)

(i=—-m,—m+1,...,n—2),
MNmn-1(u) = (w—tn_1) - N, 1 (u) = 0. (3.7)



CHAPTER 3. NEW METHODS FOR B-SPLINE FUNCTIONS 88

Proof. Equations and . ) follow easily from equations and ( - The re-
lation (3.6) follows dlrectly from taking the expression for Nm+1l( ) from Eq. (1.74) and

differentiating it, then equating it with the expression for N}, ., ;(u) given in Eq. (L.76). O

Theorem [3.5| can be used to find a recurrence relation satisfied by the adjusted Bernstein-
Bézier coefficients of B-spline functions of the same degree, as will be shown in §3.2

3.2 Recurrence relations for B-spline functions’ coefficients in
adjusted Bernstein-Bézier basis
Assume that
tfm:t7m+l ::to <t1 <... <tn71 <tn:tn+1 = ... :tn+m.

For each knot span [t;,tj41) (j = 0,1,...,n — 1), one needs to find the coefficients of N,

(i=j—m,j—m+1,...,7) in the following adjusted Bernstein-Bézier basis form:
Zb 7])Bm (tj <u< tj+1),
k=0
where bl(j’j ) = bgfn) and
: —t;
t= 0 () = LY (3.8)
tiv1 — 1

(cf. (3.1)). Additionally, then, u = (t;41 — t;) - t + ¢;.

Certainly, Npi(u) = 0 if u < t; or u > t4i41, which means that for a given knot
span [tj,tj41), one only needs to find the coefficients of Ny, j—m, Nm j—m+1,- -, Nmj, as all
coefficients of other B-spline functions over this knot span are identical to zero. Thus, in each
of n knot spans, there are m+ 1 non-vanishing B-spline functions, each with m+1 coefficients.

The following problem is considered.

Problem 3.6. Let

e =teme1=...=t <t <...<tlp=tp+1=... =ln+m
(cf. (1.73) ). Find the adjusted Bernstein-Bézier basis coefficients bl(f’j) (cf. (3.1)) of all func-
tions Np; over all non-trivial knot spans [tj,tj41) C [to,tn], i.e., for j =0,1,...,n—1 and

i=j—m,j—m-+1,...,7.

Solving Problem requires computing n(m + 1) coefficients b/,(cw ). In this section, it
will be shown how to do it in O(nm?) time — proportionally to the number of coefficients.
Theorem serves as a foundation of the presented approach. More precisely, the theorem
will be used to construct recurrence relations for the coefficients bg’] )
Problem [3.0] efficiently.

The results for particular cases will be presented in stages. In an explicit expression
for the coefficients of N,,; and Ny, j—pm over [tj,t;11) (j =0,1,...,n ) will be found This
will, in particular, cover the only non-trivial knot span for Ny, ,,—1. In §3.2.2) Eq. (3.6) will be

applied to find the coefficients of N,,,; for j =n—1,n—2,...,0andi = j— 1] 2,. ..,g m+1.

which allow solving
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3.2.1 Stage 1

For j =0,1,...,n — 1, one can use Eq. (1.74]) for i = j, along with the fact that Ny ;.1 =0
over [tj,tjt1) ({=m—1,m—2,...,0), to find that

(u—t;)™ (tjp1 —t;)™ !
Npj(u) = =m Noj(u) = Fim B ().
’ [T (e — t5) [T (tjrr — t5)
It means that N
) =0 (k=0,1,...,m—1),
pG) _ (Liv1 = t)" (3.9)

It — 1)
where 0 < j <n —1.
Using the same approach for Ny, j_., over [t;,t;41) gives

N,, —m(u) _ (tj+1 — tj)mil Bm(t)
! ITiie (i — tiin)

The coefficients bl(cj —mg) (k=0,1,...,m) are thus given by the following formula:

pmma) = (i1 = t)m !
o TS — tiva—s) (3.10)
bg_m’]):o (k=1,2,...,m),

where 0 < j < n—1. The adjusted Bernstein-Bézier (cf. (3.1])) coefficients of Nyp,; and Ny, j_m,
over the knot span [tj,?;41) have been found for j =0,1,...,n — 1.
In the sequel, the following observation will be of use.

Remark 3.7. Note that

_ (tn — tn—l)m_1 B™
HZL:ZI (tn—l—k - tnfl) "

since ty, = the1 = ... = tuym- The B-spline functions have the partition of unity property
and are non-negative (cf. Theorem , it 1s thus clear that

Nm,n—l(tn) (1) = 1,

Npi(tn) =0 (i=-m,—m+1,...,n—2).

Similarly,
(t1 —to)™
Np—m(to) = By (0) =1,
m, m( 0) H'lel(tl _tl—k) 0 ( )
since t_py =t_ma1 = ... =tg. It follows that

Nmi(to):() (i:—m—l—l,—m—i—Q,...,O).
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3.2.2 Stage 2

To compute the coefficients of all functions N,,; over knot spans [t;,tj41) such that j =
n—1,n— ,0andi=j—1,j—2,...,7—m+ 1, Eq. (3.6) will be used. The following
identity w1ll be useful when operating on Eq. (3.6):

(i) = Do) gwwﬂfﬁﬁﬂmrm*QW%ww)<mn

(cf. BF)).
Let

O = Vg 1= —HL (3.12)
Umyi+2 — Liy1

Substituting the adjusted Bernstein-Bézier forms of N,; and Ny, ;41 in the knot span [t;,t;41)
and applying Eq. (3.11)) into Eq. (3.6|) gives

kZibW Bt ((t"_t )(Zb L) gt >/:

m(tje1 —tj)

/
. (i+1,5) pm bmyit2 #+14) g
oS (s - ) (S oseo) )

k=0

After using identities (|1.32)) and ((1.33]) and doing some algebra, one gets

S (1ibll?) + b+ () By (o) =
k=0

Z (lk m+z+26k 1 ) + dk m+z+2b( 1) + ug m+z+2b](c+1 )>B1T(t>v
k=0

where
lpy = k(tj-H — tr), diy = (m — k)(tj+1 — tr) + k‘(tr — t]’), Uky 1= (m — k)(tr — t]’).

Matching the coefficients of Bernstein polynomials on both sides gives a set of m+1 equations
of the form:
(

(1 — b5 + (15 = 1)) = 05 (1141 =t ) ) + (tmsin — )0),

(i+1,5)

Lk b;(~C ,31) + dkzb( W) 1oy b,(cﬂ) = v <lk m+z+2b( LD i m+i+2by + Uk,m+i+2b](§111ﬁ))

(k=1,2,...,m—1),

(1 = V521 + (6 = )05 = vi (i1 = tsis 20507 + (mira — 1)05)).
(3.13)
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Theorem 3.8. For j =0,1,....n—=1and i =j—1,j—2,...,7 —m+ 1, assuming that
the coefficients bl(;“’]) (k=0,1,...,m) are known, the values b(()z’]),bgz’]), e %’j) satisfy a

first-order non-homogeneous recurrence relation
(i1 =t + (1 — t)) = A(myiy g, k) (k=0,1,...,m —1), (3.14)

where oy oy
A(m,i, g, k) == Uz‘((tj-i-l - tm+i+2)b}(§+ Dt (bninr — tj)b/(;: J)>-

Proof. Base case (k=0 and k = m): the relation holds and is presented in the first and the

last equations of the system (3.13]).
Induction step (K — k + 1): the (k + 2)th equation in the system (3.13) is

lk+1¢b$”)4—dk+1¢bﬁf24—uk+¢¢bgi2:=

1 41 ny
= <Zk+l,m+i+2b](; 4 dk+1,m+i+2b;(f+1 L uk+1,m+i+2b§f+2 j))-
losq s
Subtracting sidewise the induction assumption scaled by i k“’lt ] = k+1 gives, after some
j+1 — b

algebra,

ij i,j i+1,5 i+1,5
(tj+1 — tl)bl(wrjl) + (ti — t])b](gjz) = v ((thrl - tm+i+2)b](gil 9) + (tm+i+2 - tj)b](cJ—:Q j))’
which concludes the proof. O

From Theorem it follows that there are m independent equations in the system (3.13)),
as one of them is redundant. One thus needs an initial value to find the values of all
b(i7j) b(i’j) b(i’j) using th lati

001 b g the recurrence relation (3.14)).
If j =n — 1, Remark can be used to find that
Nmi(tn):b%’"_l):() (i=n—-2,n-3,...,n—m).

In this case, the recurrence relation given in Theorem [3.8] simplifies to

(tn — )b = (buy — )0 4 vty — )b,

k+1
It means that, for i =n —2,n — 3,...,n — m, the following recurrence relation holds:
bl =0,
i n— tn—1 — i (in— tn — th—1, (i _ 3.15
plint) = ot T lip(in) | I Ty iaoy gy g gy (31
ln — ln —tit1
For i =n—2,n—3,...,n —m, assuming that the coefficients b,(fﬂ’n_l) are known (k =

1,2,...,m), the recurrence relation (3.15)) has an explicit solution

b =0,
—k—1
in—1)  tn—ta1 " tn-1 — ti\ ! (i+1,0-1) (3.16)
pin D = el ("7)17 ’ k=0,1,...,m—1).
g tn — tit ta—t; ) eiee T (=0 Lmm )

£=0
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To find the initial value, if j <n—1landi=j—1,7—2,...,j—m-+ 1, the right continuity
condition will be used, i.e.,

Nmi(tj_+1) = N, (t;rl)

More precisely,

(27) m _ 1;7‘
J+1 Zb J By —b( 7)

and
m

)= S B 0) = o,
k=0

(t71)

which gives the relation
plid) — plEd+1)
m  — Y0 '

This completes the recurrence scheme for j =n—2,n—3,...,0andi = j—1,7—2,...,j—m+1:

9

plid) — _ti Tt (i) i < F P R Y A CA b plitLi )
k ti1—t; 1 T i1 —ti ( Jj+1 m+i+2) k + (tmtit2 — ) k+1
(k=m—-1,m—2,...,0).
(3.17)
. . : (Z7]) —_— 1
From Eq. - 3.17) follows an explicit formula for the coefficients b, (k = 0,1,...,m), assuming
that the coefficients b(wH) and bl(jﬂ’]) (k=0,1,...,m) are known:
k—1
. ti — 1t m—k m= l .
o) = (7] : ) byt 4 ( ) S g, (3.18)
tj+1 — 1 0 tg+1 t; tj—i—l —t

where
+1,j +1,j
qe = (tj41 — tm+i+2)b$ Dt bz — tj)bézﬂ ),

and0<j<n—-2,7—-m+1<i<j—1.
The coefficients of N,,; have been found for 5 =0,1,...,n—landi=5—-1,7—-2,...,5 —
m 4+ 1.
3.2.3 The theorem and the algorithm
The results presented in §3.2.1] and §3.2.2] can be combined to prove the following theorem.

Theorem 3.9. Let
t—m:t—m—i-l ::to <t1 <... <tn_1 <tn:tn+1 ... :tn+m.

The n(m+ 1)? adjusted Bernstein-Bézier coefficients b](j’j) of the B-spline functions Ny,; over
each knot span [tj, tjq1) (cf. (3.1)), for j =0,1,....n—1,i=j5—m,j—m+1,...,j and
k=0,1,...,m, can be computed in the computational complexity O(nm?) in the following
way:

1. Forj=0,1,....n—1 and k =0,1,...,m, the coefficients bg’j) and bg_m’j) are given
explicitly in equations (3.9) and (3.10)), respectively.
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2. Forj=n—1,i=n—-2,n-3,...,n—mand k =m,m—1,...,0, the coefficients bl(:’n_l)
(k=0,1,...,m) are computed by the recurrence relation (3.15)) (for their explicit forms,
see (3.16]) ).

3. Forj=n—-2n-3,...,0,i=j-1j-2,....5—m+1landk=mm—1,...,0, the
coefficients b,(;’] ) are computed by the recurrence relation (3.17) (for their explicit forms,
see (3.18)).

Example 3.10. Let us set m := 3, n:= 5. Let the knots be

tg|to |t to|ta[ta|ts|ta] ts | te | tr | ts
ojofJo|o|3][5][6[9]10[10][10][10"

Figure [3.1] illustrates the approach to computing all necessary adjusted Bernstein-Bézier co-
efficients of B-spline functions, given in Theorem[3.9. Arrows denote recurrent dependence.
Diagonally striped squares are computed using Eq. . Horizontally striped squares are com-
puted using Eq. (3.10). White squares are computed using either Eq. (for u € [ty,t5))

or (for u < t4).

N33(10) =0

N35(10) =0

0 0 0 0 3 5 6 9 10 10 10 10
Figure 3.1: An illustration of Example

Implementation

Algorithm implements the approach proposed in Theorem [3.9] It returns a sparse array
B = B[0.n —1,—m..n — 1,0..m], where

Blj,i,k] =b"  (0<j<n, —m<i<n, 0<k<m)
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(cf. (3.1)).

For each of the n knot spans, one has to compute the coefficients of m + 1 functions
(n(m + 1)? coefficients in total). Computing all coefficients of one B-spline function in a
given knot span requires O(m) operations. In total, then, the complexity of Algorithm is
O(nm?) — giving the optimal O(1) time per coefficient.

Algorithm 3.1 Computing the coefficients of the adjusted Bernstein-Bézier form of the
B-spline functions

1: procedure BSPLINEBBF (n, m, [t_m, t—m+1, - tntm))
2: B < SparseArray[0..n-1, -m..n-1, 0..m](£i11=0)
3: for j < 0,n—1do
(tje1 — ;)™
[lZo (e — 1))
(tje1 — )™

4 Blj, j,m] «

5: B[j,j —m,0] +
[Tt (tn — tjva—k)
6: end for
7 for i < n—2,n—m do
8: for k<~ m—1,0do
th—1 — t; th — th—
9: Bln—1,i,k] « 2L Bln—1,i,k+1]+ 2"  Bn—1,i+ 1,k +1]
tn —t; In —tit1
10: end for
11: end for
12: for j < n—2,0do
13: fori+j—1,j—m+1do
" v tnti+1 — Ui
tmtit2 — Lit1
15: Bl[j,i,m] < B[j +1,4,0]
16: fork=m-—-1,0d
17: Bbvlvk] A #Bbvl’k+1]+ ’ <(t]+17tM+l+2)B[‘7a7l+
tjivy1—t; tit1—t
LK+ (bmsiva = 1) Bljsi+ Lk +1])
18: end for
19: end for
20: end for
21: return B

22: end procedure

3.3 Fast computation of multiple points on multiple B-spline
curves

U —t;
Let u € [tj,tj41) and t := tij By solving Problem [3.6 the Bernstein-Bézier coefficients
J+1 =4
of the B-spline functions are found. A point on a B-spline curve can thus be expressed as

S(u) = ZJ: (ib,ﬁi7j>3g(t))wi.

i=j—m k=0
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The inner sums

i b](g%] Bm

k=0

can be treated as polynomial Bézier curves with control points
(4.9) 1
b, €E

and thus can be computed using the geometric Algorithm in total time O(m?) — more
precisely, O(m) per each of m + 1 sums. It also means that — when the Bernstein-Bézier
(4,3)

coefficients b, 7’ are already known — any B-spline function can be computed in O(m) time.

Example 3.11. A comparison of the new method of evaluating B-spline functions and using
Theorem|[1.109 has been done. The results have been obtained on a computer with Intel Core
15-6300U CPU at 2.40GHz processor and 4GB RAM, using GNU C Compiler 11.2.0 (single
precision,).

For each n € {10,15,20,25,30,35,40,45,50} and m = 3,4,...,15, a sequence of knots
has been generated 100 times. The knot span lengths tj 41 —t; € [1/50,1] (j =0,1,...,n —
1; to = 0) have been generated using the rand () C function. Then, 50-n+ 1 points such that
tie :=1t; + /50 x (tjq1 —t;) for j =0,1,....,n—1 and £ = 0,1,...,49, with the remaining
point being thg = tn, are generated. The boundary knots are coincident.

At each point tj, € [tj, tjr1), allm+1 B-spline functions Ny (i=j—m,j—m+1,...,7)
which do not vanish at tj, are evaluated using both algorithms. Due to the size of the table,
the resulting running times are available at https://bit.ly/fch-phd-phd-ch3-table-fun.

The new method consistently performs faster than evaluating B-spline functions using
Theorem . The new method reduced the running time for any dataset by 33-47%, while
the total running time was reduced by 45%. The source code in C which was used to perform
the tests is available at https://bit.ly/fch-phd-ch3.

Note that the sums p; do not depend on the control points. Afterwards, computing a
convex combination of m + 1 points from E¢, i.e

Z pi(u>Wz

i=j—m

requires O(md) arithmetic operations. Observe that these values may also be computed using
the geometric algorithm proposed in (cf. Theorem [1.99). In total, then, assuming that
the Bernstein-Bézier coefficients of the B-spline functions over each knot span [t;,¢41) (j =

0,1,...,n—1) are known, O(m- (m+d)) arithmetic operations are required, for u € [t;,t;41),
to compute a point S(u) on a B-spline curve.
When it is required to compute the values of S for many parameters ug, u1,...,uyN, one

would have to perform O(nm?) arithmetic operations to find the coefficients of the B-spline
functions over each knot span and then do O(m - (m + d)) operations for each of N + 1
points that are to be computed. In total, the computational complexity of this approach is
O(nm? + Nm - (m + d)).

Due to the fact that the sums p; (cf. ) do not depend on the control points, they
can be used for computing a point on multiple B-spline curves, all of degree m, with the same
knots.
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Problem 3.12. For M B-spline curves Sy, S1,...,Sy_1 with the knots
b=t =...=tg<t1 <...<tp=tps1="...=tnim.
and the control points of S being
Wa—m, W —mits ooy Wan1 €ET (K =0,1,...,M — 1),
compute the value of each of the B-spline curve Sy at points

Ug, U1y - -+, UN-1

such that tg < wup <ty forall k=0,1,...,N —1. More precisely, fork=0,1,...,M —1 and
{=0,1,...,N — 1, compute the points

Sk (up).

One can efficiently solve Problem in the following way. Using Algorithm [3.1] allows to
compute all the adjusted Bernstein-Bézier coefficients of B-spline functions (cf. Problem [3.6))
in O(nm?) time. Now, one needs to compute the values

pz‘(U@) (620,1,...,]\[—1, ’LLgE[tj,tj+1), i:j—m,j—m—l—l,...,j)

(cf. (3.19))), which takes O(Nm?) time. Using these values, computing

J
Sk(ue) = > pilu)We  (€=0,1,...,N =1, k=0,1,...,M — 1, ug € [t;,;41))

i=j—m

takes O(M Nmd) time. In total, then, the complexity of this approach is O(nm? + Nm? +
NMmd), compared to the complexity of using the de Boor-Cox algorithm to solve Prob-
lem i.e., O(NMm?d).

A comparison of running times is given in Example The new algorithm is compared
to executing the de Boor-Cox algorithm (cf. and to an alternative way of computing
the B-spline functions based on Theorem (see [27, p. 55-57]) and then evaluating the
point in the same way as in the new method.

Example 3.13. Table[3.] shows the comparison between the running times of the de Boor-Cox
algorithm, an algorithm which computes the values of B-spline functions using Theorem [1.102
and then computes the points, and the new method described above and using Algorithm [3.]]

The results have been obtained on a computer with Intel Core 15-6300U CPU at 2.40GHz
processor and 4GB RAM, using GNU C Compiler 11.2.0 (single precision,).

The following numerical experiments have been conducted. For fixred n = 20 and d = 2, for
each M € {1,5,10,20,50,100} and m € {3,5,7,9,11}, a sequence of knots and control points
has been generated 100 times. The control points Wy; € [—1, 1]d (i=-m,—m+1,...,n—1,
k=0,1,...,M —1) and the knot span lengths t; 11 —t; € [1/50,1] ( =0,1,...,n—1; tp =0)
have been generated using the rand () C function. Each algorithm is then tested using the same
knots and control points. Each curve is evaluated at 1001 points which are t;+£/50 % (tj41—t;)
forj=0,1,....n—1and £ =0,1,...,49, with the remaining point being t,. The boundary
knots are coincident. Table shows the total running time of all 100 x 1001 X M curve
evaluations for each method.
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M m de Boor-Cox eval splines new method
1 3 0.032 0.046 0.035
1 5 0.036 0.050 0.033
1 7 0.062 0.079 0.050
1 9 0.100 0.122 0.075
1 11 0.154 0.178 0.103
5 3 0.085 0.049 0.041
5 5 0.195 0.094 0.073
5 7 0.340 0.126 0.096
5 9 0.533 0.188 0.132
5 11 0.732 0.240 0.167
10 3 0.170 0.081 0.072
10 5 0.372 0.129 0.109
10 7 0.651 0.190 0.152
10 9 1.028 0.255 0.199
10 11 1.453 0.319 0.244
20 3 0.339 0.139 0.127
20 5 0.721 0.210 0.185
20 7 1.269 0.295 0.250
20 9 2.022 0.388 0.323
20 11 2.889 0.493 0.401
50 3 0.845 0.314 0.301
50 5 1.786 0.469 0.427
50 7 3.305 0.671 0.610
50 9 5.267 0.864 0.756
50 11 9.436 1.328 1.196
100 3 1.734 0.631 0.618
100 5 3.776 0.954 0.901
100 7 7.000 1.323 1.225
100 9 10.458 1.590 1.470
100 11 14.722 1.882 1.712

Table 3.1: Running times comparison (in seconds) for Example The source code in C
which was used to perform the tests is available at https://bit.ly/fch-phd-ch3.

Example 3.14. Experiments similar to Example with a wider choice of parameters,
has been performed. The results have been obtained on the same computer, software, and
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precision.

For each d € {1,2,3}, n € {10,15,20,25, 30, 35,40,45,50}, m = 3,4,...,15, and M €
{1,2,3,4,5,10, 15, 20,25, 30,50, 100} a sequence of knots and control points has been generated
100 times. The control points Wy; € [-1,1]¢ (i = —m,—m+1,....,n—1,k=0,1,..., M —1)
and the knot span lengths tj 11 —t; € [1/50,1] (j =0,1,...,n—1; to = 0) have been generated
using the rand () C function. Fach algorithm is then tested using the same knots and control
points. FEach curve is evaluated at 50 - n + 1 points which are t; 4+ £/50 x (tj41 — t;) for
j=0,1,....n—1 and £ = 0,1,...,49, with the remaining point being t,. The boundary
knots are coincident. Due to the size of the table, the resulting running times are available at
https://bit.ly/fch-phd-phd-ch3-table.

The results show that the new method is significantly faster than the de Boor-Cox algorithm
except for the case M = 1. While the acceleration with respect to the approach which utilizes
Theorem is smaller, it is also consistent, getting lower running time in 99.95% test
cases.

Some statistics regarding the experiments are given in Table [3.9

Algorithm Total running time [s] Relative to new method

de Boor-Cox 14769.25 6.81

eval splines 2600.92 1.20

new method 2167.92 —
Algorithm New method win % Max time rel. to new method Min time rel. to new method
de Boor-Cox 97.01% 11.664 0.688
eval splines 99.95% 1.808 0.998

Table 3.2: Statistics for Example [3.14] The source code in C which was used to perform the
tests is available at https://bit.ly/fch-phd-ch3.

3.4 Generalizations

The approach presented in Sections and can be generalized so that the inner knots
may have their multiplicity higher than 1 (cf. Remark or the boundary knots are of
multiplicity lower than m + 1.

3.4.1 Inner knots of any multiplicity

When an inner knot has multiplicity over 1, some knot spans [tj,¢j4+1) (j = 0,1,...,n—1)
are empty. It is only necessary to find the B-spline functions’ coefficients over the non-empty
knot spans. If there are n. such knot spans, one only needs to find n.(m-+1)? coefficients, and
the algorithm will have O(n.m?) complexity. To use the continuity condition, the following
definition will be useful.

Definition 3.15. The left neighbor of a given knot ti is the knot ty if £ is the largest natural
number such that ty < ty, i.e., [tg,ter1) is non-empty and ty 1 = tx. The right neighbor of a



CHAPTER 3. NEW METHODS FOR B-SPLINE FUNCTIONS 99

given knot ty, is the knot t, if r is the smallest natural number such that t, < t,, i.e., [ty_1,t;)
is non-empty and ty = t,_1.

Note that in the case considered in Section the right neighbor of ¢; (j =0,1,...,n—1)
is always t;1.

From Remark. 3.1} it follows that each B-spline function is continuous in (¢g, t,,). The only
modification then is in the continuity condition in Eq. (| - Let us consider a non-empty
knot span [tj,t11) (j =0,1,...,n—2). Let ¢, be the right neighbor of t; 1, i.e., t,_1 = tj11.
In this case, the continuity property at t;11 is

Zb(z,g B ( J+1 — ) ib(zr 1) (]t-i-l t’/‘—l)7
k=0 T

tj+1 — lr—1

which simplifies to
b%’j) _ bgi,rfl)'

In such case, the recurrence relation (3.17)) takes the form

b( J) _ — (““ 1),
ij - ti (i
b}(ﬂa) _ Y b

k P
tig1 —ti "

(i+1,5)
1+

((tj+1 — tmyit2)by, )

=+ (tm+i+2 - tj)bk+1 )
(k=m—-1,m-—2,...,0)

tjit1 — 1

(cf. Eq. (3.12)), where t, is the right neighbor of ¢;;, and j = n —2,n —3,...,0, i =
7—1,7—2,...,5 —m+ 1. Example presents this approach.

Example 3.16. Let us set m := 3, n := 5. Let the knots be

tg [ tg [ty [to | ta | ta | ts | ta| ts | te | tr | s
0]of[ofo[3]3]5]9][10]10]10]10"

The knot ty is of multiplicity 2. To compute the adjusted Bernstein-Bézier coefficients of the
B-spline functions over [to,t1) a continuity condition with the knot span [te,ts) is used, as
t1 = to. Figure[3.Qillustrates this approach to computing all necessary coefficients, analogous

to Example [3.10,

3.4.2 Boundary knots of multiplicity lower than m + 1

First, note that in Section @ only the assumption that ¢, = t,,+., is used, therefore if that
condition holds, Theorem and Algorithm still apply, regardless of the multiplicity of
boundary knots t_,,, t_m+1,- - ., to.

If the boundary knot ¢, has multiplicity lower than m + 1, the problem can be reduced
so that it can be solved using Theorem [3.9 Its drawback, however, is higher complexity.

The idea is to inflate the multiplicity of ¢,,4y, up to m-+1. More precisely, let t,,1pm—r—1 <
tnim—t = tntm, 1-€., tnim—¢ has multiplicity ¢ + 1. Let the m — ¢ new knots t,+m+1 =
thtm+2 = ... = tnrom—e¢ be defined so that

tntm = thtm+1-
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t_3 t_o t_1 o t1 to ts ty4 ts te tr ts

727777777
172777777
777

N373(u) 2222;5”: N3,3(10) =0

N3 2(u) i e N32(10) = 0

0 0 0 0 3 3 ) 9 10 10 10 10

Figure 3.2: An illustration of Example

This allows to execute Algorithm [3.1] with

n:=n+m-—4~£ my:=m

and
Zf—m <. <t Stqgfl <... <tn+m—1lgfn+m:tn+m+1 = ---:tn+2m—€~
boundaTy knots inne;inots bound;rr}r knots
It remains then to return the coefficients of N,,; over [t;,t;11) for j = 0,1,...,n — 1 and

i=j—m,j—m++1,...,5. This approach requires the computation of O((n + m — £)m?)
coefficients and is presented in Example

Example 3.17. Let us set m := 3, n:= 2. Let the knots be

7f—3|t—2|t—1|150|t1|152|153|t4|155
3| -2|-1]0|1]2][3|4]5"

After adding the knots t¢ = t7 = tg such that t5 = tg (thus increasing n by 3), the problem
takes the form

tg |to [t1 [ to | ta[ta|ts | ta|ts |te | tr |ty
3| —=2[-1]0o|1]2|3[4]5|b6[5]|5"

Figure illustrates the application of Algorithm (cf. Example computing all the
adjusted Bernstein-Bézier coefficients of the inflated problem. The coefficients which are rel-

evant to the solution of the primary problem are in the red frame.
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tg t7 tg

N33(5) =0

’

Ni3(5) =0

)

2 3 4 5 5 ) )

Figure 3.3: An illustration of Example

3.5 B-spline functions’ coefficients in adjusted power basis

The coefficients of the B-spline functions in the adjusted power basis can be computed using
a very similar approach to the one presented in Section [3.2] for the Bernstein-Bézier basis. In
this section, the approach will be outlined, with some details omitted when they are analogous
to the Bernstein-Bézier case.

Just as in Section [3.2] let us assume that the boundary knots are coincident and all inner
knots are of multiplicity 1, i.e.,

e =temt1=...= < <...<tp=tp+1=... =ln+m
(cf. (1.73))). Recall that Ny,; over [t;,t;11) in the adjusted power basis has the form (3.1]).
Remark 3.18. In the sequel, it will be assumed that u € [t;,tj41).

For j =0,1,...,n —1 and 7 = j, using Eq. (1.74) gives an explicit representation in the
adjusted power basis:
u—t; i u—t; (u—ti)m

m 1’1( ) - tjri —t; 0i(w) H;'nzl(t]'-f—i_ti)

m-r1 3

In the same way, an expression for N,; over [ty ti,tm+it+1) could be found. However, the
recurrence relation (1.74) would give it in the (u — tp4i41)* basis and one would need O(m?)
operations to convert it to the (u — t,,1;)¥ basis. Due to that, Eq. will be used to find
the coefficients of N, j_n, over the knot span [t;,tj41) (j =0,1,...,n—1).
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Forj=n—-1,n—-2,...,0and i =j—1,7—2,...,5 —m, Eq. (3.6) is be used to get m
equations:

(m = K)ay? + (b + 1)t — ty)af?) = vi((m = 0)af ™ 4 (8 + 1) (Empire = t)ag )
(k=0,1,...,m—1),

where
_ it — U
Vi =V i = ———————
tmtit2 — i1

(cf. Eq. (3.12))). In a particular case of j = 0, the relation simplifies to

0 +1,0) . (k+ 1) (Emtitz —to) (41,0
a](; ) — v (a](cl ) + mm_zk a](gZJrl )) (k‘
giving the expressions for all coeflicients except a%’o).
If j = n —1, one can use Remark [3.7] to complete the system of equations:

[ So S1 S9 . s T [ a(()i,n—l) T r 0 -
lo do 0 - 0 agi»n_l) loa ( +1) + 70 a(H—l)
0o . : . : .
e di a,(j’nfl) ! l a,(CH) + 1 ag:ll) ’
: . ) 0 :
L 0 A 0 lm,1 dmfl ] I ag]il,n—l) | I lm 1@5;4-11) N CL%—H)
where a(]) ﬁj’"fl) and

lp:=m—Fk, d:= (k) + 1)(ti - tn_1>, TR = (k + 1)(tn — tn—l); S 1= (tn — tn_l)k.

One can use Gaussian elimination so that only the last element in the first row of the matrix
is non-zero. For k = 0,1,...,m — 1, let g; be the factor by which the (k + 2)th row (i.e.,
the row containing I and dj) is multiplied before being subtracted from the first row. More
precisely, the following recurrence relation with an initial value needs to be satisfied:

-1

go=m -,
(tn — tn_1)¥ E(t; —tn_1) (3.20)
= —g1—= (k=1,2,... —1).
gk m— k 9k—1 m—k ( ) 4y , M )
It is clear that one can compute all go, g1, ..., gm—1 in O(m) time. One can check that
k
(tn—l - ti)k (m) ( tn - tn—1>h
= - k=0,1,...,m—1),
Ik m(™ ") hZ:O h ti —tn-1 ( )

however, it will simplify the expressions and computation if the recursive form is used instead.

After performing the elimination, the first row of the matrix gives an expression for a%n b,

i n— ;n—1 +1,n-1
a%,n 1) _ d ng Ln )‘H’k I(cz+1 n— ))'
— 9m—-10m—1
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This can be computed in O(m) time. The remaining coefficients can be then found using the
recurrence relations given in other rows of the matrix:

@) (i+1)
m = l 9
a S 1dm ) E gi( ak + Tk )
a,(j) =1, 1( — dkal(cil + Ui(lkagH) +7r a](;ill))) (k=m—-1,m—2,...,0),

where aéj) = aéj’nfl) and

lk =m — ]{7, dk = (/ﬁ =+ 1)(752‘ — tnfl), TE 1= (k + 1)(tn — tnfl), S 1= (tn — tnfl)k,

and the values g, are given by .

For j = 0,1,...,n — 2, finding the initial value for the recurrence scheme can be done
by using the continuity condition at ¢;1. The knot ¢;;1 has multiplicity 1, therefore, from
Theorem m, it follows that the (m — 1)th derivative of N,,; is continuous at ¢;1:

N (5 ) = N Y ).

It is easy to check that

me

N 5) = D+ )

and
)= a1 m - 1)L,

Am—1

1
NI,

thus
afnDy + alim(t e — t5) = a1,

m—1

This, together with the previously found equation, i.e.,
asl’i)l +m(t; — tj)ag; ) =, (a(ZH’]) + m(tmtive — tj)a %H’j)),

(4,4) ( (i+ 171) (i+1,5)

allows to find an expression for a;”’ (assuming that a,, and am, are known):

m(tj+1 — tz’)ag{j) = ag’ﬁl) - Ui( (HI’J) + m(tmyite — tj)a (Hl’j)),
which completes the recurrence scheme. This proves the following theorem.
Theorem 3.19. Let

b =tomir = ... =tg<t1 <...<tlp1<tpn=tni1=-...=tnim

(cf. (L.73)). The n(m + 1)? coefficients a,(j’]) of the B-spline functions Ny, (i = —m,—m +
1,...,n — 1) over each knot span [tj,tjz1) 0 < j<n—-1,1=j—-—m,j—m+1,...,7],
0 < k < m) in the adjusted power basis (cf. Eq. (3.2)) can be computed in O(nm?) time in
the following way.

1. For j=0,1,...,n—1 and © = j, we have
,ﬁ’” 0 (k=01,...,m~1),
:(H?ll(tjM—tj)) :
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2. Forj=n—1andi=n—2,n—3,...,n—1—m, the coefficients of Np,; are given by
the recurrence relation

a%,n—l) _ Z gk lka(z—l—ln 1) kal(;:r&-ll,n—l)>7
— 9m— ldm 1

a’(gi,nfl) _ lk 1( dy a(zn 1) i vl(l a(z+1n 1) n Tkal(jill,nfl)»

k+1
(k=m—-1m-—2,...,0),
(3.21)

where
lk =m — k, dk (k + 1)( n 1) T = (k + 1)( n 1) Sk = (tn — tn_l)k,

and the values gy, are given by (3.20)).

3 Forj=n—2n-3,...,0andi=7—1,7—2,...,5 —m, the coefficients of Np,; over
[tj,tj+1) are given by the recurrence relation

(i.j aﬁ,i’f{l) - z(asn ) + m(tm+z+2 - t]) (H—L]))
a(b) — :
G-t e T ke 0
g - W DU =) ) (i+1,9) + D) Emtit2 — 1) (i+1,)
a " = I apiq TV (k + m— g1 )

(k=0,1,...,m—1).

Algorithm implements the approach given in Theorem It returns a sparse array
A= A[0.n—1,—m..n —1,0..m], where

Aj,i,k:a(i’j) 0<j<n, —m<i<n, 0<k<m
k

(et. (53)).

Similarly to the case of Bernstein-Bézier basis, the complexity of Algorithm E is O(nm?)
— giving the optimal O(1) time per coefficient.
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Algorithm 3.2 Computing the coefficients of the adjusted power form of the B-spline func-
tions

1: procedure BSPLINEP (1, m, [t—m, t—mt1s- -« tntm])
2: A < SparseArray[0..n-1, -m..n-1, 0..m](£i11=0)

3: for i+ 0,n—1do
-1
4: A[Z7Z7m] — <H2n=1(ti+e - tl))
5: end for
6: fori+~n—-2n—-1-—mdo
7: Aln —1,4,0..m] < Eq. (3.21)
8: end for
9: for j «n—2,0do
10: fori+j—1,7—mdo
" o tmirt Tt

bnti+2 — iyl
12: w%A[j,i—i—l,m—1]+m-(tm+i+2—tj)-A[j,i—i—l,m}
Aj+1i,m—1]—v-w

13: Alj.1,m] +
[‘] ] m- (tj+1 - ti)

14: for k=m —1,0do

k+1
15: q— ——-

m—k
16: w4 [0+ LK)+ (tmsipa — t5) - q - Alj i+ 1k + 1]
17: A[]alvk}e(t]_tz)qA[jvl7k+]‘]+Uw
18: end for
19: end for
20: end for
21: return A

22: end procedure




Chapter 4

New differential relations for dual
Bernstein polynomials

d

Let D be the differentiation operator with respect to the variable z (D := d—) and I
x

be the identity operator (Vz,Iz = z) (cf. §1.32). In the sequel, let ¢ := a4+ 8+ 1 and

I'oc+1)

= cf. (1.9) and ([1.8)).
Mot DL+ 1) | nd (L.9)
Recall that the ith dual Bernstein polynomial (see §1.5.2)) of degree n with parameters
a, 3 is given by

n a, a+1), = a, .o i
Dy, f) = AL B)((n—i—l))' ZB,(M DF(i,5) - (1 -y,
I

where

A(Ofvﬁ) - (_1)n_i(n +1)(o+ 1), B(q,ﬁ) _: (—n)j(n +o+ l)j
ni : K(CK n 1)71—1(5 T 1)z s nj :

and F'(i,j) is a hypergeometric function defined as

iHa+1);

.. j—n, —1i, 1
F(Zv]) = 3F2< J

o —n—a 1> (1, =0,1,...,n),

and 0 otherwise (cf. (1.43)). There are other representations of dual Bernstein polynomials,

given, e.g., in equations @ and . They will not, however, be used in this chapter.
In the chapter, results published in [I8] are presented. The differential-recurrence rela-

tions given in Section will be useful in deriving differential equations for dual Bernstein

polynomials in Section The differential-recurrence relations given in Section will find

further use in Chapter

4.1 Differential-recurrence relations

Theorem 4.1. Fori=0,1,...,n, the following formula holds:

((1 @)D —(n—ita+ 1)1)1)?(9;; a, §)

(t—n)@i+B8+1) , apn+a+1_ .,
_ - i+1(m;a,6)—A;i5)H_71R%’BH)(:U) (4.1)

106
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(cf. (1.43)).
Proof. Using the representation of D}'(z; o, ) and D}, ;(x; e, 3) in the (1 — x)7 basis, the fact
that )
(ap) _t=n—& (a)p)
An,i+l_ﬁ+1+i"4ni 3

and the representation of shifted Jacobi polynomials in the (1 — z)7 basis, i.e.,

o) = S ey
n.
j=0

(cf. (1.14)), it is possible to express the hypothesis in its equivalent form:
n
S G goa)- BGP (1 — )y =0,
j=0

where

G(n,i,j,a) == —F(i,j) - (n—i+a+1+7)(i+1)+(i—n)(n—i+a)F(i+1, j)+(n+a+1)(n+1).

To prove the theorem, it is sufficient to prove that, for given n,¢,a and all j =0,1,...,n,
G(n,i,j,a) = 0. Indeed, using the Zeilberger’s algorithm (see §1.3.1)), this relation holds true.
The proof is quite technical and is therefore omitted. O

From Theorem a second differential-recurrence relation can be derived.

Theorem 4.2. Fori=0,1,...,n, we have

(D + (i + 8+ DI) D (w3 0, 8)
in—i+a+1) ., (apn+B+1
— e AP 2T T S pletlB) )y (4.2
n_2+1 Z_1($704,5)+ n n—2+1Rn ($) ( )
Proof. The theorem can be proven by applying symmetry relations (1.15) and (1.37) in
Eq. (4.1):

((1 o) D—(n—ita+ 1)I>Dﬁ,i(1 —;8,0q)

(t—n)i+B8+1) ,
i1 n—i—1

The reassignment of variables

n+a+1
1+ 1

— (1—2:8,a) — AP (—1)"RB+Le) (1 — g).

r=1—z, i:=n—1i, a:=0 p:=«
results in a new identity having the following form:

(-;L»D —(i+ B8+ 1)I)D?(x;a,6)

—i(n—i+a+1)
= TL . —A
n_Z+1 ’L—l('r?a?ﬂ)

(/37a)'n+ﬁ+ 1
n,nfln_z_*_l

(=1 R (@).
After checking that

ngBe) _ (CD)™ 0+ 1) (0410 i
(_1) An,nfi - K(ﬁ + 1)z(a + 1)n—z - <_1)2 A

the proof is concluded. ]

(avﬁ) — A(OCWB)

ni ng
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The third differential-recurrence relation is of a different kind. It relates the first and
second derivatives with three consecutive dual Bernstein polynomials.

Theorem 4.3. The following relation holds:

(2@ = )D? + J(a = B+ (¢ +1)(2¢ — 1))D) D} (w3 0, B) (4.3)

=@ —n)(i+B8+1)D%,(z;0,8) +i(i —a—n—1)Di" y(z;, B)
—(ii—a—n—=-1)+ (@ —n)(i+ B +1))D}(z;a, B),

where 1 =0,1,...,n.

Proof. Note that the operator on the left-hand-side of the equation is identical to the operator
used in Eq. (1.19)), namely

LA = z(z —1)D*+ L (o — B+ (0 +1)(2z — 1)) D.

Using this observation and the representation ((1.36]) of dual Bernstein polynomials,

D! (x;0, 8) = IZ WQku;ﬁ,a;n)Ré“"ﬁ)(w),

one can express the left-hand side of the hypothesis as

2h/0 +1)(0):

a,f3 ne... _ —1 . k( . . a,f (o,8)
L( )Dz (xaauﬁ) =K kzo(_l) (a+1)k Qk(laﬁ7aan)L( )Rk (.T)

Now, one can apply Eq. (1.19)) to each element of the sum, giving

LA DMz a,8) = K~ Z WR,&O"@ (2)k(k + 0)Qx(7; B, a; n).

Recall (cf. Eq. (1.22))) that
k(k +0)Qu(is B, 05m) = L Qi (i3 B, s m),

where the operator Egﬁ n) g given by (1.23). Applying this relation to the left-hand side, in
connection with Eq. (1.36)), gives

LA D} (20, 8) = L™ D} (5, B)
=@{—n)(i+B+1)DP (x50, 0) +i(i —a—n —1)D} (x5, B)
—(i(i—a—n—=1)+(i—n)(i+B+1))D]'(z;, B).
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4.2 Differential equations for dual Bernstein polynomials
The new differential-recurrence relations given in Section[4.I] can be used to derive differential
equations for DI'(x; a, §).

Theorem 4.4. Dual Bernstein polynomials satisfy the second-order non-homogeneous differ-
ential equation with polynomial coefficients of the form

MY D a0, 8) = (n+ o + 1) AL REHLAHD (), (4.4)

(cf. (L.43)), where
M = a(@ =)D+ ((n+0+3)z—i-B-2)D+(n+o+ 1)L

n

Proof. Using Theorem one can find an expression for D}, | (z;a, B) fori =0,1,...,n—1:
141
(i—n)@i+p+1)

" (o, B) = (((1—37)D—(n—i+a+1)I)D?(x;a,ﬁ)

+a+1
+AlAHITAT D 131 R (). (45)
Similarly, from Theorem follows an expression for D |(x; o, 8) for i =1,2,...,n

(n—1i+1)

L@ B) = S

((mD F(i+B+ 1)I)D?(:r; a, B)

a,B) n+ﬁ+1

_ ( (a+1,8)
Al niHlR ()). (4.6)

Now, substituting equations (4.5)) and (4.6 into the right-hand side of Eq. (4.3]) and applying
simple algebra gives
(x(x —1DD*+ ((n+0+3)z—(i+B+2)D+(n+o+ 1)I)D{‘(a;; a, B)
= AA) ((n +a+ )R (2) + (n+ B+ 1R (;1:)).
Note that the left-hand side is exactly Mé?’B)D?(m; a, B).
What remains is to check that
(n+a+ RO (z) + (n+ B+ 1RO (2) = (n + o + 1) RO (1),

This follows from the representation of shifted Jacobi polynomials (cf. Eq. (1.14])), which,
when applied to the left-hand side, gives

(n+a+ )R (@) + (n+5+1) R (x)

a—i—2n Yo+ 2)p (—n)p(n+a+ B8+ 2) k
N 0( a+1 +”+B+1) (0 + 2)5k! (1-2)
_ (a+2), n+a+ﬂ+2+k.(—n)k(n+a—|—ﬁ+2)k ok
=(nto+l) n! <1+; n+a+f+2 (o + 2) k! (1 :c))
(4 2)n o= (—n)p(n+a+ B +3) otl,
S CeRD

k=0
O
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The existence of a second-order non-homogeneous differential equation means that there
exists a homogeneous third-order differential equation. Indeed, one can apply the first-order
differential operator

<R2a+1,,8+1) (JI)D _ (DR£LQ+1,ﬁ+1) (CL’))I)

— (R%a—l—lﬂ-i-l)(x)D —(n+a+B+ 3)R£LC¥ +2,8+2) ($)I)
(cf. (1.16])) to eliminate the right-hand side.

Corollary 4.5. Dual Bernstein polynomials D}(x;a, 8) (i = 0,1,...,n) satisfy the third-
order differential equation with polynomial coefficients of the form

(R;a+1,ﬁ+1)($)p (n+ o+ B+ 3)RIH (5 )I> M Dl (a0, 8) = 0

(cf. Theorem |4.4)).
(o+1, 6+1)(x) Ra+2,8+2)

The polynomials 1 (z) are not computationally simple. For prac-
tical reasons, it may be useful to find a differential equation with simple coefficients — even
at the cost of higher order.

Recall (cf. (1.19)) that

(£ = n(n+o)I) R (@) = 0.

Let fo"ﬁ ) be the second-order differential operator of the form
N©&A = L) _p(n+ o).

Applying the operator N,SQH’B *D {6 both sides of Eq. (4.4) allows to eliminate the non-
homogeneity, which results in the following homogeneous differential equation for D' (x; o, §).

Corollary 4.6. Dual Bernstein polynomials DI'(z;a, 5) (i = 0,1,...,n) satisfy the fourth-
order differential equation with polynomial coefficients of the form

QD! (w0, ) = NI M) Dr(2; 0, ) = 0. (4.7)

After evaluating the composition of two second-order differential operators, one can ex-
press the differential equation (4.7)) in an equivalent form:

Zw] YD’ DMz, B) = 0,

where

wy(z) = 2%(x — 1), wz(x) = z(x — 1)[(n + 20 + 10)x —i — 25 — 6],

wa(z) == [(n+o+3)(c—n+7) +o+32?
+Hn—1)2+an—28— (0 +3)(i +28+8) —5lz+ (B+2)(i + B +3),

wi(z) = —(n+0 +2)[(n* + (n = 2)(0 +3))z + (2 — n)(i + B+ 2) — 21,

wo(z) == —n(n+ 0o+ 1)a.
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Note that
deg w; = 7.

The relations given in this chapter have been used in [I8] to find a recurrence relation of order
4 for dual Bernstein polynomials of the same degree. This result, along with new recurrence
relations of lower order, will be presented in the next chapter.



Chapter 5

New recurrence relations for dual
Bernstein polynomials

I'(c+1)

T(at UT(B+ 1) (cf. and (L.8)).

In the sequel, let 0 ;== a+ B+ 1 and K :=

5.1 Homogeneous fourth-order recurrence relation

Using the results given in Chapter {4} it is possible to construct a homogeneous recurrence
relation connecting five consecutive (with respect to i) dual Bernstein polynomials of the same
degree n.

Let £™ be the mth shift operator acting on the variable ¢ in the following way:

EMzi = Zitm (meZ). (5.1)
To simplify the notation, let Z = £ and £ = £!. The following theorem holds.

Theorem 5.1. Dual Bernstein polynomials satisfy the second-order non-homogeneous recur-
rence relation of the form

MO D1 (s 0, 5) = G (a), (52)
where 1 =0,1,...,n, and
M= (G)y(n— it a+ 1)z —1)E L = (n—i)a(i + B + 1)a€
—l—(i—l—l)(n—i—i—l)((i—i—ﬁ—l—l)(l—a;)+(n—i+a+1)x>1,
G (@) = AP ((+ 1)+ B+ 1)(1 = 2) R (2)

+(n—i+1)(n+a+ 1)xR£LO"B+1)(x)>

(cf. (©33)).
Proof. The result follows directly from subtracting the relation (4.1]), multiplied by z, from
the relation (4.2), multiplied by 1 — x. O

112
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nr

-1
Notice that the quantity (A(q’ﬁ )> Gg:;,ﬁ ) () is a polynomial of the first degree in vari-

-1
able i. One can thus eliminate it using the identity (£ — T)? (Aig’ﬁ)> Ggloz."ﬁ) (x) = 0. By
applying the operator
2 : n

to both sides of Eq. (5.2)), a fourth-order homogeneous recurrence relation for the dual Bern-

stein polynomials is obtained. Note that £~! in the operator ./\/;-(a’ﬁ )

and by itself does not change its order.

applies to all the terms

Corollary 5.2. Dual Bernstein polynomials satisfy the fourth-order recurrence relation of
the form

NEPDpeBm pie o gy =0 (0<i<n). (5.3)

i

The operator /\fi(a”B ’n)Mz(-a’ﬂ ) is a composition of two second-order difference operators.
The explicit form of the simplified recurrence relation (5.3) is as follows:

2

> vi(0)D} (w50, 8) =0, (5.4)

i=—2

where

v_o(i) == (1 —z)(i — 1)2(n — i+ a)s,
v_1(i) := —i(n — i+ a)2{(i + B)(n — 3i)
+nn—3i+a—F0+4)+i(4i—a+358—4)+2(a+2)]z},
vo(i) := (i + B)(n— i+ a)[z(i)z + (i + 1)(i + B+ 1)(3i — 2n))],
v1(i) == (i —n)(i + B)2{(i +2)(i + B+ 2)
—[n(2n — 5i + 2a) +i(4i — 3a + B+ 4) + 2(8 + 2)]z},
vo(1) == a(i+ B)(i+ B+ 1)2(n —i — 1),

and z(i) := —6i3+3(3n+a—B)i? —[n(5n—68) + (4n+3)o +3li+n[(n+1)(n+a+1)+28+2].

Each of the coefficients vj, can be computed in O(1) time. Numerical experiments con-
cerning the stability and efficiency of the fourth-order recurrence relation can be found in [I8].
Note that the method of evaluating dual Bernstein polynomials based on the recurrence re-
lation (5.4]) gives good results for low n (n = 20,30). Since then, however, a new recurrence
relations of lower order has been found and are presented in Section and [96]. The rela-
tion has been thoroughly tested in [96] and in Section with improved performance and
good numerical stability compared to the results for the fourth-order recurrence relation.
Additionally, the method of evaluating D} (x; e, ) based on the recurrence relation given in
Section gives very good results even for high n (n ~ 3000, 5000).

5.2 Non-homogeneous first-order relation

Using the properties of dual Bernstein polynomials and the relation ((1.10)), one can find a
simple first-order non-homogeneous recurrence relation for dual Bernstein polynomials.
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Theorem 5.3. Fori=0,1,...,n, the following relation holds:

Ol _piad)
(x—1)(i +1)D}(z; 0, B) + x(n — ) D}y (x50, B) = ﬁﬂ;’ (x), (5.5)

where the notation used is that of (1.45)), and

T (z) = (n = i)(n + a + DaRP () + (i + 1)(n+ B+ 1)(1 — )R (). (5.6)

n

Proof. In the sequel, the following identity will be useful:

27:;“—31"‘1115?,5) () = (n+a+1)(n+ B+ 1R (z)
+ ((n —i)(n+a+1)—(G+1)(n+B+ 1))R£fﬁ)($)- (5.7)

It can be verified using ([1.17)) and (|1.18)).

Let us use induction on n. First, observe that for any ¢ = n, the relation immediately
follows from . So, in particular, it also holds for n = 0.

Now, suppose that is true for some natural number n and all 0 < ¢ < n. One has to
prove that

C(Oﬁﬁ)‘
~ +1¢(,.. - +1¢,.. ntlitl (eB) oy —

(z =D+ 1D (z50, B) + x(n — i+ 1) DI (w30 B) + anH,i(@ =0,
where 0 < ¢ <n+ 1. It is already known that it holds for i = n + 1. Assume that 0 <i < n.
Applying twice Eq. (1.44) to the left-hand side, using Eq. (5.7) and doing simple algebra, one
can obtain its equivalent form

”n_j:l [(x — 1)(i + 1) D (z; @, B) + x(n — i) D,y (23, 5)}
i1
+1

n
~ (avﬁ) Y (avﬁ) (a,,B) (n + « + 2)(” + ﬁ + 2) (avﬁ)
+ ((f‘? D+ 1D)C," +xn—i+1)C, 0+ Cply i (n+2)1(2n+0+3)2 R, (2)

|z = 1)iDy (w50, 8) + a(n — i + 1D (w30, B)|

Cv(l(i/f,)ﬂrl(n +2)

(2n+ 0 +3)2

((n—i+D)n+a+2) =G+ 10+ 8+2)) RS (@).

Applying twice the induction assumption to terms in square brackets and after some
algebra, gives

G (s RED (@) + & R (@) + &) RS (@) (5.8)

where the notation used is that of (1.11f)—(1.13]), and

G(Ofﬁ) — _C(%ﬁ) (n_i—i_ 1)(n—2’+o¢+ 1) — (i+ 1)(i+5+ 1).
e ™ 2(n+1)2n+o0+2)(n—i+a+1)

Indeed, it follows from (1.10]) that (5.8)) is equal to zero. At the end, note the special

case: in (5.8)), if ¢ = n — i and a = 3, both the expression in brackets and Gfﬁ’ﬁ) are equal to
Z€ro. O
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Note that shifted Jacobi polynomials appearing in Theorem (cf. (5.6)) do not depend
on i. Now, solving this first-order non-homogeneous recurrence relation and using (|1.39)
results — after some algebra — in a more explicit formula for dual Bernstein polynomials.

Corollary 5.4. Fori=0,1,...,n, we have
-1 i i
n (=) (o+1), [(z-1
D" (- -
twad) = (1) e (5
« (0% 1, X « a,B+1 X
< [Res D@t (2) - R s ()],

r—1 r—1

where

k
—a)j ;
S( )( =(0b+1 mz b+1 )jzj (0<k<m)
j=

(ef. (TT3)).

5.3 Applications of relations for dual Bernstein polynomials

Let us consider the following problem.

Problem 5.5. Let us fiz numbers: n € N, x € [0,1] and «, 8 > —1. Consider the problem of
computing the values

Di(z;a, B)
foralli=0,1,...,n

An efficient solution of this problem gives us, e.g., the fast method of evaluating the
polynomial

n
=Y D} (x50, ), (5.9)
i=0
where the coefficients dy, dy, . . ., d, are given. Notice that such representation plays a crucial

role in, for example, the algorithm for merging of Bézier curves which has been recently
proposed in [99].

On the other hand, in many applications, such as least-square approximation in Bézier
form (cf. [61] [63]) or numerical solving of boundary value problems (cf., e.g., report [45]) or
fractional partial differential equations (see [50}, 5I] and papers cited therein), it is necessary
to compute the collection of integrals of the form

1
Iy, = /0 (1 — 2)%P f(2) D} (x; o, B) dzz

for all Kk =0,1,...,n and a given function f. The motivation for computing I}, is that the

polynomial
)=y I;Bj(x)
k=0
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minimizes the value of the least-square error

1
/0 (1— 2% (f(z) - pu(@)?dz  (py € 11,)

(cf. . The numerical approximations of the integrals Iy, I1, ..., I, involving the dual
Bernstein polynomials can be computed, for example, by quadrature rules (see, e.g., [22], §5]).
It also requires the fast evaluation of polynomials Dy (z; o, 8), DY (z; v, ), ..., Dl (x; , B) in
many nodes.

The solutions of Problem which use the representations , or of
dual Bernstein polynomials, or the recurrence relation ([1.44)) satisfied by these polynomials,
have too high computational complexity (notice that one additionally has to compute shifted
Jacobi and/or Hahn polynomials, cf. and )

It is more efficient to use the recurrence relation which is not explicitly related to
shifted Jacobi and Hahn polynomials. This relation allows to solve the problem with the
computational complexity O(n). For details, see [93], §7 and §10.2]. Experiments have shown
that the new method is much faster and gives good numerical results for low n (n ~ 20, 30).
See [18, §6]. Moreover, one can use the relation to achieve the same O(n) computational
complexity but with a relation of lower order, which can lead to greater numerical stability.
As it will be shown in Section that is indeed the case. Notice that previously known
methods have O(n?) or even O(n?®) computational complexity.

The Horner’s rule (see, e.g., 22 Eq. (1.2.2)]) for evaluating the nth degree polynomial
given in the power basis also has the computational complexity O(n). Taking into account
that the dual Bernstein basis is much more complicated than the power basis, the algorithms
based on the recurrence relation for evaluating D(x;c, ) or a polynomial given in the

form (5.9)) are interesting.

5.4 Algorithms for evaluating dual Bernstein polynomials

Let us come back to Problem of computing all n+1 dual Bernstein polynomials of degree n
for fixed n € N, a, f > —1 and = € [0, 1]. Recall that these polynomials are dual to Bernstein
basis polynomials in the interval [0,1] (see and Definition [L.54). So, in the context of
applications of polynomials D! (z; «, 3) presented in Section the issue of their evaluation
for 0 < z <1 is the most important.

If z € {0,1} then the value of the dual Bernstein polynomial can be easily obtained
(cf. or ([1.42)). Now, suppose that € (0,1). In this section algorithms for evaluating
polynomials D} (z; «, 8) (0 < i < n) using the first-order non-homogeneous recurrence relation
(cf. Theorem are proposed.

To obtain accurate methods, it is necessary to be mindful of numerical difficulties arising
when recursive computations are performed. See [03]. This is the reason that, in the sequel,
two ways of using relation , i.e., with a forward and a backward direction of computations,
are considered.

For a fixed 0 < ¢ < n, let us define a forward computation of DI'(x;c, B) as a computa-
tion that, starting from Dy (z;a, ), computes DI'(z; o, 5) using Theorem Analogously,
a backward computation of D}'(z;, 5) starts with DJ!(x; v, 8) and uses Theorem [5.3| as well.
As mentioned before, some numerical difficulties may arise when performing these compu-
tations — especially for sufficiently large n and i. One can mitigate this issue by perform-
ing, for certain parameter J € N (0 < J < n), a forward computation of D} (z;«, 3) for
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i=20,1,...,J and a backward computation of D!'(x;c, ) for i = J +1,J +2,...,n. Note
that, using Eq. , a backward computation can be expressed as a forward computation
with changed parameters.

In order to determine the value of J, one can use the function

J = J(n,z) =round (n - p(z)), (5.10)
where p is a cubic polynomial in  which satisfies the following interpolation conditions:

z |0.01]03]0.7]0.99
p(z) | 01 [04]0.6] 0.9 ’

and round(z) denotes the nearest integer to the real number z. It can be checked that

p(z) = 1.58084223194525186.. . x> — 2.37126334791787779. .. - 2*
+1.62239798468112882. .. - = 4 0.08401156564574855 . . ..

Such choice of J has been established experimentally and is used in all algorithms, as well

as numerical tests (see §5.4.2)).

5.4.1 Algorithms

For n € N and a, 8 > —1, an implementation of a forward computation of D (x;a, ) for
i=0,1,...,5 and a fixed 0 < j < n at one point z € (0, 1) is presented in Algorithm [5.1]

Algorithm 5.1 Computation of j + 1 first dual Bernstein polynomials of degree n at point
xz e (0,1)

1: procedure DUALBER(n, o, 3, z, j, K)

2 al+—a+1, pl+g+1

3 nl«n+oal, zlz ¢ (x—1)/x

£ C (=)™ K/nl - TS (1+ B1/(G + al))
5: R1 < nl- RV (x)

6 R2 < zlz - (n+ p1) - R%al’ﬁ)(x)

7 D[0] + —C - R1

8 for i+ 1,75 do

9: p—i—n-—1

10: q<i/p

11: C+C-(p—al)/(i+pB)

12: Dli]+q-zlx-D[i—1]—-C-(R1+q- R2)
13: end for

14: return D

15: end procedure

For fixed n € N and «,8 > —1, Algorithm computes the values of all n 4+ 1 dual
Bernstein polynomials of degree n at one point z € (0,1). It computes the value J (cf. (5.10))
and then performs two forward computations, utilizing Algorithm[5.1} This algorithm returns
an array D = D[0..n], where

Dli) = DMw;0,8)  (0<i<n).
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Remark 5.6. Shifted Jacobi polynomials Rq({x’ﬁﬂ) and Rﬁlaﬂ’ﬁ) (cf. lines @ @ in Algo-

m’thm can be evaluated using the recurrence relation (1.10)) (cf. Remark or even the
explicit formula (1.14). Thus, the computational complezity of Algorithm[5.9is O(n).

Algorithm 5.2 Computation of all n + 1 dual Bernstein polynomials of degree n at point
z € (0,1)

1: procedure ALLDUALBER(n, a, 3, )

2 al+—a+1, fl+<pB+1

3 K+ T(al+p1)/ (T'(al)-T(B1))

4: J — J(n,x)

5: DJ0..J] <~ DUALBER(n, o, B, 2, J, K)

6: DI]J + 1..n] + REVERSEARRAY(DUALBER(n, 5,,1 —z,n — J — 1, K))
7 return D
8: end procedure

Note that the quantities ¢ and C in Algorithm as well as the quantity K in Algo-
rithm are independent of x. They can be, therefore, computed once for given n € N,
a, 8 > —1 and used across multiple instances of Problem for different values of x € (0,1).
This approach is realized in Algorithms and Note that they require O(n) additional
memory to store C' and gq. The execution of Algorithm returns a two-dimensional array

Algorithm 5.3 Computation of j 4+ 1 first dual Bernstein polynomials of degree n at point
x € (0,1) — with preprocessing

1: procedure DUALBER-2(n, «, 3,1, j,q,C)
2: al+—a+1, fl+—pB+1

3 nl«n+al, zlz + (z—1)/x

4: Rl < nl- R%a’m)(x)

5: R2 + zlx - (n+ 1) - 7(1&1’6)(33)

6: DI0] «+ C[0] - R1/n1

7 for < 1,5 do

8 Dli] < q[i — 1] -1z - D[i — 1] — C[i] - (R1 + q[i — 1] - R2)
9: end for

10: return D

11: end procedure

D = DJ[0..M,0..n], where
D[m,i] = D} (xm; o, B) (0<m< M; 0<i<n).
The computational complexity of this algorithm is O(nM) (cf. Remark [5.6)).

5.4.2 Numerical experiments

The presented algorithms have been tested for numerical stability. The computations have
been performed in the computer algebra system Maple™l4—using single (Digits:=8), dou-
ble (Digits:=18) and quadruple (Digits:=32) precision — on a computer with Intel(R)
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Algorithm 5.4 Computation of all n+ 1 dual Bernstein polynomials of degree n at multiple
points xg, x1,..., 2y € (0,1)

1: procedure ALLDUALBER-2(n, «, 3, [xo, 1, . - ., Zp])
2 al+—a+1, 1+« pB+1

3 K« T(al+pB1)/ (T'(al)-T'(B1))

4: q[O] < —1/TL

5 Cl0) « (—1)" K -TI0 (1 + B1/(G + al))

6: C[1] < C[0]/p1

7 fori<+ 1,n—1do

8 pé—1i—n

0 alil < (i+1)/p

10: Cli+1] « C[i]- (p—al)/(i + p1)

11: end for

12: for m < 0, M do

13: J < J(n,xm)

14: D[m,0..J] <+ DUALBER-2(n, «, 3, pm, J, ¢, C)
15: Dim,J + 1..n] + REVERSEARRAY(DUALBER-2(n, 5, a,1 — zpy,n — J — 1,4,C))
16: end for

17: return D

18: end procedure

Core(TM) i5-2540M CPU @ 2.60GHz processor and 4 GB of RAM. The code is available at
https://bit.ly/fch-phd-chb.

The accuracy of approximation v of a nonzero number v is measured by computing the
quantity

acc(v,v) := —logy |1 — . (5.11)
v

Hence, acc(v,v) is the number of exact significant decimal digits (acc in short) in the ap-
proximation v of the number v.

For fixed n € Nand «, 8 > —1, the experiments involved computing values of all n+1 dual
Bernstein polynomials of degree n for x € {0.01,0.02,...,0.99} using Algorithm where
Maple™14 GAMMA and JacobiP procedures have been used to compute values of I' function and
shifted Jacobi polynomials, respectively. For each of (n+ 1) - 99 obtained values, the number
of exact significant decimal digits has been computed (cf. ), where results computed by
the same algorithm but in a 512-digit arithmetic (Digits:=512) have been assumed to be
accurate while comparing to these done for Digits:=8,18,32.

The experiments have been performed for dual Bernstein polynomials of degrees

n € {10, 20, 50, 100, 200, 500, 1000, 2000, 5000}

and three a, 8 choices — Legendre’s (o = f = 0), Chebyshev’s (o = = —0.5), and a non-
standard choice (o = —0.33, 8 = 5.6). A mean (Table [5.1), first percentile (Table and
minimal (Table number of exact significant decimal digits have been computed.

The numerical results show that the proposed method for evaluating dual Bernstein poly-
nomials works very well even for large degrees. Note that results given in Tables and
are almost the same. It indicates that at least 99% of obtained values have greater or similar
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Digits:=8 | Digits:=18 | Digits:=32
a=p=0 7.64 17.67 31.80
n =10 a=p3=-05 6.97 17.03 31.04
a=-033,=5.6 7.14 17.39 31.27
a=p=0 7.24 17.15 31.14
n = 20 a=/p=-05 6.72 16.82 30.95
a=-0.33,8=56 6.65 17.47 31.17
a=p=0 6.77 17.58 30.46
n = 50 a=p=-05 6.58 17.47 30.55
a=-033,=5.6 7.00 17.43 30.94
a=p=0 6.98 16.80 30.32
n =100 a=L3=-0.5 6.46 17.06 31.00
a=-033,=5.6 6.79 17.30 31.16
a=p=0 7.28 16.56 31.18
n = 200 a=/p=-05 6.41 16.12 30.65
a=-033,8=56 6.21 17.02 31.00
a=p=0 6.65 17.01 30.95
n = 500 a=p=-05 6.08 16.36 30.70
a=-033,=5.6 6.13 16.80 30.91
a=p=0 6.51 16.31 30.23
n = 1000 a=/p=-05 6.23 16.56 29.99
a=-0.33,8=506 5.85 15.73 29.73
a=p3=0 6.09 16.88 29.64
n = 2000 a=/p=-05 6.87 16.43 29.56
a=-033,8=5.6 6.21 15.81 30.43
a=p=0 5.57 15.36 30.12
n = 5000 a=p=-05 5.62 15.45 29.57
a=-033,=5.6 5.29 15.42 30.51

Table 5.1: Mean number of acc (cf. (5.11))) obtained by using Algorithm for z €
{0.01,0.02,...,0.99}.

number of exact significant decimal digits than these given in Table thus making the
presented algorithms useful (for example, in numerical evaluation of integrals , even for
large n). Even though in pessimistic cases the algorithms lose a significant amount of preci-
sion (especially for Digits:=8; see Table , they happen rarely (compare with Table
and do not significantly affect the average number of correct decimal digits (cf. Table .
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Digits:=8 | Digits:=18 | Digits:=32
a=p=0 6.34 16.36 30.47
n =10 a=p3=-0.5 6.01 16.18 30.41
a=-033,=5.6 6.31 16.26 30.35
a=p=0 6.12 16.23 30.25
n = 20 a=p=-05 5.99 16.16 30.32
a=-0.33,8=56 6.13 16.30 30.18
a=0=0 6.31 16.44 30.16
n = 50 a=p=-05 6.22 16.28 30.26
a=-033,8=5.6 6.31 16.31 30.34
a=p=0 6.32 16.38 30.15
n = 100 a=L3=-0.5 6.17 16.36 30.36
a=-033,=5.6 6.28 16.27 30.23
a=p=0 6.11 16.13 30.21
n = 200 a=/p=-05 6.05 15.89 30.11
a=-0.33,8=56 5.96 16.17 30.15
a=p=0 6.17 16.18 30.15
n = 500 a=p=-05 5.90 16.02 30.17
a=-0.33,=5.6 5.94 16.03 30.16
a=p=0 6.05 16.02 29.93
n = 1000 a=p=-05 5.87 16.11 29.82
a=-033,=5.6 5.74 15.61 29.63
a=p=0 5.84 16.05 29.54
n = 2000 a=/p=-05 6.02 16.01 29.42
a=-033,8=56 5.86 15.61 29.96
a=p=0 5.46 15.30 29.65
n = 5000 a=p3=-05 5.49 15.36 29.46
a=-033,=5.6 5.24 15.35 29.82

Table 5.2: First percentile number of acc (cf. (5.11))) obtained by using Algorithm for
z € {0.01,0.02,...,0.99}.
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Digits:=8 | Digits:=18 | Digits:=32
a=p=0 4.09 14.69 28.96
n =10 a=p3=-05 4.97 15.36 29.06
a=-033,=5.6 4.93 14.96 29.09
a=p=0 5.33 15.35 29.41
n = 20 a=p=-05 4.86 14.87 29.56
a=-0.33,8=56 5.39 15.12 28.91
a=0=0 4.83 14.65 28.75
n = 50 a=p=-05 4.47 14.32 28.48
a=-033,8=5.6 4.65 14.13 29.16
a=p=0 4.47 14.84 28.73
n = 100 a=L3=-0.5 4.36 14.37 28.48
a=-033,=5.6 2.98 12.84 27.35
a=p=0 3.41 13.54 27.19
n = 200 a=/p=-05 3.62 13.42 27.73
a=-033,8=5.6 4.17 14.31 28.04
a=p=0 3.15 13.65 27.06
n = 500 a=p=-05 2.01 12.28 26.47
a=-0.33,=5.6 3.37 13.37 27.26
a=p=0 2.92 12.97 27.30
n = 1000 a=L3=-0.5 3.21 13.41 27.56
a=-033,=5.6 3.18 12.99 27.44
a=08=0 2.16 12.24 26.03
n = 2000 a=/p=-05 1.46 11.85 25.40
a=-033,=5.6 2.11 11.93 25.97
a=p=0 0 5.38 18.85
n = 5000 a=p=-05 0 4.25 18.41
a=-033,=5.6 0 5.64 19.33

Table 5.3: Minimal number of acc (cf. (5.11])) obtained by using Algorithm for z €
{0.01,0.02, ...,0.99}.
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5.5 Homogeneous relations of degree two and three

Using Theorem one can obtain homogeneous recurrence relations of order 2 and 3 for
dual Bernstein polynomials by eliminating the non-homogeneity.

Corollary 5.7. Dual Bernstein polynomials satisfy the second-order recurrence relation of
the form

wo(i) DY (@, B) +ua (i) Dy (w5 0, B) + uz (i) DYy (250, ) =0 (0<i<n—2),
where
(i) == (@ — 1)(i + 1)(n — i + )T (),
(i) = x(n —i)(n z+a>Tm+1< ) (= 1)(i+2)( + 8+ 2T (@),
ug(i) :=ax(n—i—1)(i+ 8+2)T (x),

and the notation used is that of ((5.6)).
Proof. First, observe that from Eq. (1.45)) it follows that

(n—i+a)C% + (i + B +2)C %0 = 0.

Now, let us add the relation (5.5 multiplied by (n —i + a)Tflszi (x) to the same relation for

i :=1+ 1 and multiplied by (i + 8 + 2)T7(L?”8) (). As a result, one gets

ug (i) Dy (w5 o, B) + u1 (i) Dty (w5 o, B) + u2(i) Dy o (w5 a, B) =

_Tni (‘T)Tn i+1 (IE) (a,8) ( )
— ) o 2 = .
Gnto+2) ((n i+a)C, i+ (i 4+ B8+2) m+2) 0

O]

The coefficients u; (j = 0,1,2) are not simple because they depend on two shifted Jacobi
polynomials of degree n in x. However, these polynomials are independent of ¢ and can be
efficiently computed with the recurrence relation 0) (cf. Remark - and re-used for all
remaining ¢. Thus, Corollary [5.7] may be useful in numerlcal practice.

One can get a recurrence relation with simple coefficients by using the same method which
was used in the proof of Theorem

Corollary 5.8. For0 < i < n—3, the polynomials D' (x; cv, B) satisfy the following third-order
recurrence relation:

wo(2) D} (z; o, B) + w1 (3) D}y (25 o0, B) + wa(i) DY o (w5 o, B) + w3 (i) Dy s(x; o, B) = 0. (5.12)

Here
wo(@) = (x—=1)(i+1)(n—i+a—1),
wi(i) =n—i+a—-1zn—i)(n—i+a)+2(x—-1)GE+2)(+8+2)],
we(i) == (i +L+2)[(x—1)(E+3)(i+F+3)+2x(n—i—1)(n—i+a—1)],
ws(i) :=x(n—1i—2)(i+ B+ 2)s.
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Proof. From Theorem it follows that

2n4+o+2

o

(2= 1)+ 1D} (w0, 8) + 2(n — )Dpy (w30, 8)) =T (@). (5.13)

Now, TT(L?“B )(:1:) is a polynomial of degree 1 in i. Therefore,
(€ -1’17 (@) =0,

where £ acts on the variable i (cf. (5.1)). Applying the operator (£ — Z)? to both sides
of (b.13)) gives

(5_1)2271—1-04-2

2

((ZE - 1)@+ 1) +xz(n— i)S)D?(:E; a,f) =0.

The left-hand side can be expanded as follows:

. 1 . 19
(2~ 1)~ DM (w0, ) + (o =2 — 1)t = | DY (50, )
7C(a75) v 7C’(a’ ) 70(0‘»5) v
n,i+1 n,i+1 n,i+2
1+ 3 n—1i—1 n ) n—1—2_. ) B
+ <(:L'_1)C(a’5) -2z 70(0473) > i+2($va7ﬂ)+$w i+3($7a>5) = 0.
n,i+3 n,i+2 n,i+3

Observe that from Eq. (1.45]), it follows that

7(10;-@, —n—ita-1)
a,B) ;
co, i
and, in turn,
C(O“vﬁ) .
nit3  (n—i+a—1)
cep T e

After multiplying each side by —Cﬁfg (i + B+ 2)2, one gets

wo(4) Dj' (5., B) + wi (i) Dy (x5 @, B) + wa (i) Dy (5, B) + w3 (i) Dy 5(7; 0, ) = 0.
O

Compared to relation (5.4), Eq. (5.12]) is simpler: i) it has lower order (third instead of
fourth); ii) its coefficients w; (0 < j < 3) are cubic (instead of quintic) polynomials in 4.

Remark 5.9. Using the new recurrence relations given in this Section, one can solve Prob-

lem with O(n) computational complexity (cf. Remark: — the same as in the case of
the first-order non-homogeneous relation, presented in more detail in Section [5.4)



Chapter 6

Fast parallel £, [-constrained Bézier
curve degree reduction

The new recurrence relations given in Chapter [5| can find an application, e.g., in reducing the
degree of a Bézier curve (cf. . In this chapter, a k, [-constrained version of this problem
will be considered, i.e., for a Bézier curve P,, of degree n, one seeks a curve P,,, of degree m
(m < n) which, for k,l € N such that k£ 4+ | < m, satisfies the conditions

PA0)=PE0) (2=0,1,....k—1),

PA (1) =PE(1)  (2=0,1,...,1—1),

and the curve P,, is optimal in the sense of the least-square approximation related to the
shifted Jacobi scalar product (-,-)a.g (cf. (1.6)). It means that the value of the integral

1
/0 (1— 22 [Pu(t) — Pu(®)3dt (a8 > —1)

(cf. (1.59)) is minimized. In the sequel, when no parameters of a scalar product are given, it
is assumed that the parameters are «, 3, i.e.,

<'a > = <'> '>o¢,6'

As shown in [97], finding the curve P,, can be done using the dual projection (cf. Theo-
rem [1.38)), which involves computing O(nm) scalar products of Bernstein polynomials and
their dual counterparts of different degrees. In these products are scaled by a certain
factor and arranged into the ¥ table (see Theorem and Figure , where

U = [U;]
with
W= d NG — ks B+ 2k, a+2Ln — k — 1)

(cf. (1.61))) is defined in terms of dual discrete Bernstein polynomials (see §1.5.4). The pro-
posed method of evaluating the elements of the ¥ table is using the recurrence relation given
in Theorem [I.81] Due to the shape of the recurrence relation, the options to perform the
computations in parallel are limited.

125
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In Section [6.1} new recurrence relations are given, based on Theorems and
More precisely, a first-order non-homogeneous relation connecting ¥;; with ¥; ¢ ;1 is found.
This, along with the relation given in Theorem [1.81] allows to derive two additional non-
homogeneous second-order recurrence relations, connecting the quantities W, ;_1, W;;, ¥; i1
and W;_q ;, V;;, ¥;yq j, respectively.

New recurrence schemes which use the new relations are given in Section [6.2] Aside from
computing the necessary initial values, the new recurrence relations allow to compute each
row, column or diagonal (depending on the relation used) of the ¥ table independently. Even
though the asymptotical number of arithmetic operations required to compute the ¥ table is
unchanged, the new schemes are more convenient when it comes to parallel computations.

6.1 New recurrence relations for ¥,

6.1.1 Diagonal recurrence relation for ¥;;

Theorem 6.1. Let m,n,k,l € N be such that m < n and k+ 1 < m. The quantities ¥,;,
defined by Eq. (1.61), (i = k,k+1,... m—1—1, 5 =k,k+1,....n—1—1) satisfy the
following first-order non-homogeneous recurrence relation:

(m—=1l=0)B+k+1+7)Vit101 — (i —k+1(a+l+n—7)¥;
= Lp; - (U Qm—k—1+V -mi- Qm—k—z+1>, (6.1)

where
Qn:=Qn(j —k;f+2k,a+2l,n—k—-1-1) (6.2)
are the Hahn polynomials (see Definition ,
( 1= L(a’ﬁ) L (n —k— l)'(k +I1+1- n)m_k_l(,B + 2k + 1)m_k_l+1

mekl T (m— k= D12m 4o+ 1) (m+k+1+ 0+ Dpojpi1’
U=U%,:=(m—-k—l+1)(m+a+l—k+1),

VEVn(f;L’ﬂ) _ m—i—l—n’
m+n+o
pi = p(m’n’kaO‘wB) — (_1)m_l_i+1
t (a2 )i (B 2k + 1) e
=) =) m— ka4 14+ 1) — (i—k+ 1) (m— 1+ B+ k+1),

(6.3)
and o :=a+B+1 (cf. (1.8)).
Proof. Theorem [I.62] shows the following relation between constrained dual Bernstein poly-
nomials and non-constrained dual Bernstein polynomials of a lower degree:
—k—1
("0 )z (1 — =)
(%)
(2

Now, let us take Eq. (5.5) for n:=m —k—1,i:=i—k, a:=a+2l, f:= 5+ 2k, ie.,

D™ (z; 0, B) = Dk w0+ 20, B + 2K).

(z—1)(i—k+ 1)Di”i;k*l(x; a+2l,6+2k)+z(m—1— z)Dﬁ;i}l(az, a+ 21,8+ 2k)

C(a+2575+2k)
- m—k—l,i—k—i—l T(a+2l,ﬁ+2k‘)( )
Im Lot | mk—li-k z
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(cf. (5.6) and (1.45))). Substituting dual Bernstein polynomials with constrained dual Bern-
stein polynomials of higher degree gives

(le) (m—1—1)
(m_k_l)xk_l(l — )

i+1—k
_C(a+2l,3+2k)
m—k—1i—k41 (a+2l,ﬂ+2k)(z)

(TG —k+1) pmkd)
T—

~ (m,k.1)
("R (=)

lDerl (.’L‘;Ck,ﬁ)

(z; 00, B) +

Now, one can apply <B"+k+l*1, > to both sides to get

k-+j
. kL
_(T) (1—k+1) <Bn+l;+171 Dz(m )(955 Q, 5)>
(m;kk—l) k+j ’ xk(l _ x)l—l
() (m —1=1) D (w50, 6)
4 il <Bn+k+l—1 i1 (T5a, >
(T+—11f_—]€l) k+j xkfl(l _ x)l
_\at2,B+2k)
m—k—li—k+1 ntk+l—1 T(a+2l,6+2k)
I ) k+j Y Tm—k—Lli—k )
Certainly,
Bt @) e+ k+1-1\(n 713“( )
ks N (o
ah(1—z)i! k+j j 7

B;?ifﬂil(iﬂ) (n+k+1-1 n \"'_, ()
-\ ket j1) Tt
thus

(n+k+l—1)<—(’?)(z‘—k+1)® +(ifl)(m—l—z’)(p )
: —k— tj - i+1,5+1
K+ (") (P50 ()
_C(a+2l,6+2k)
_ m—k—li—k+1 <Bn+i;+171 T(a+2l,ﬁ'+2k)>
2m+o+2 k+j 'y Tm—k—li-k /°

where ®;; = <B}7,D§m’k’l)(-;a,ﬁ)> (cf. (1.62)). Using Eq. (1.60]), one can express ®;; and
(I)i+1,j+1 in terms of \Ifij and \Ifi+17j+1 to get

(m—l—i)(5+2k+1+j—k)\11i+17j+1—(z’—k—i—l)(a—i—l—i—n—j)\llij

—(n— k- Cet T

Cm+4+o+2)(a+204+ 1) j1(B+2k+1)_4

nA k1= 1\ (el g42k)
( k+j > <Bk+j P Tm—k—lik > (4

The left-hand sides of (6.4]) and (6.1]) are identical. It remains to check that the right-hand
sides of these equations are identical as well.
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Recall (cf. (5.7)) that
« - 1 « - - 1 «
7 +2l,ﬁ+2k)(x) _m l+B8+k+ UR +2z,5+2k)($) m—Fk—1+ o +2l,6+2k)($)

m—k—li—k om—to+1 m—k—1 om—t o+l Midty, k141
(cf. (6.3). Additionally, from (|1.45)), it follows that
C(a+21”3+2k) B —(2m +o+2)(0c+2k+20+ 1)m,k,l
m—k—li—k+1 — K i
a-+21,8+2k

(cf. (6.3) and (1.9)). These observations allow to express the right-hand side of (6.4) as

<n+k:+l—1>1 (n—k— Do+ 2k + 20 + 1) p_j_i ‘
k+j @m+o+ D)o+ 2+ Dpy1(B+2k+ 1), 1 Kasorgron .
x ((m =1+ 8+ b+ DU(BEH=, R
n — a+2l,+2k
+(m—-—k—-1+ 1)m<Bki]lc+l 1’R£n_+k_§3:1 )>> (6.5)

Now, let us focus on the scalar products. Observe that
(im0
_(nFErl=1\(n—k—-1-1 1<Bn—k—l—1 Rlo+20,8+2k)
ki ik hT
Eq. (1.34) gives a shifted Jacobi form of a Bernstein polynomial:

(6.6)

>a+2l,ﬁ+2k‘.

g n—k—101-1
B]n—lf l 1(;5) = < ik >(Oz+2l—|—1)n_l_1_j(ﬂ+2k+1)j_k

n—k—Il—1 .
9 Z (2t +o0+2k+2)(—(n—k—1-1))

i . pa+2lB+2k)
(a+20+1)i(i 4+ 0+ 2k +20)p—k— @i It (z)

(2

1=0

(cf. (6.2))). The polynomials R;LQHI”B T28) are orthogonal with respect to <.7 > . with
a+2l,5+

<Rl(lo<+2l,ﬁ+2k)’ Rgla+2l,ﬁ+2k)>a+2l oot
B (a+ 204+ D)n(B 42k + (o + 2k +20) 6.7)
T e TR 00 1 o + 2k + 21) (0 + 2k + 20, '
(cf. (1.7)). Combining the relations (6.6, (1.34) and (6.7) gives
nikil-1 plat2lprek)\  (n+tk+1-1
<Bk+j s Ry, > = < ket (@+20+1)p1-j(B+2k+ 1)
—(n—k—-1-1 + 2k + 1)p(oc+ 2k + 21
" Ka+2l,ﬂ+2k( ( )n(B ) )Qh. (6.8)

(h + o+ 2k + 2l)n—k—lh!(0- + 2]{2 + 2l)h
After applying twice to (6.5) and doing some algebra, one gets

Lp; (UQm—k—l + mVQm—k—lH)

(cf. (6.3)). Thus the right-hand side of (6.4) is identical to the right-hand side of (6.1). O
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From Eq. (6.1]), one can get a recurrence relation for discrete dual Bernstein polynomials
(see §1.5.4). It is a discrete equivalent of Theorem [5.3

Corollary 6.2. Form<n,i=0,...,m—1,j=0,1,...,n—1 and o, 8 > —1, the discrete
dual Bernstein polynomials satisfy a first-order non-homogeneous recurrence relation of the
form

(m =) (B+1+5)di%1 (G +1;8,,n) = (i + 1) (a+n—5)d"(j; 8, ,n)

(=)™ (L = n)p (B4 i 2) )
S mlmt o+ (mt o+ Daoi(at Dmi (m+ D)0m +a+1) Qi B.0.n— 1)

m+1—-n

mE R m—i 1)—(i+1 1) E -1).

o (m—d)(m+a+1)—(i+1)(m+8+1)] Qms1(j;8,a,n—1)
Proof. The result immediately follows from applying Eq. (1.61) to (6.1)). O

6.1.2 Horizontal and vertical recurrence relations for ¥,;

Let m,n,k,l € N be such that m < n and k+1 < m. Let L, U, V, p;, n; be defined as
in (6.3). Let A(r,s), B(r,s), C(r,s) be defined by Eq. (1.69).

Theorem 6.3. Fork+1<i<m—-I[l—-1andk+1<j<n-—1-1, the quantities V; j_1,
Wi, Ui 41 satisfy a second-order non-homogeneous recurrence relation of the form:

A(n, i, §)W, j—1 + [C(m,i) — C(n, j)]¥i; + B(n,m,i,§)V¥; j11
_(m—l—l—i—i—a—l—l)Lpi,l '
- (Oé—|— l+n _]) (U Qm—k—l(o) +Vnia Qm—k—l—i—l(o))
(k+i+B8+1)Lp;

- (5 +k +]) : (U : Qm—k—l(l) +V- U Qm—k—l—i—l(l))a

where

A(n,i,j) == A(n, j) + k+i+B+1)(i—k+1D(a+l+n—j+1)

(m+1 '+(ﬁ++1§€(+j)l '+1)(6+k;r1+ )
N . m -1+« m-—10l—1 i
B(n,m,i,j) := B(n,j) + (a+itn—j) )

Qn(d) =Qn(j—k—60+2ka+2l,n—k—1-1) (6 €{0,1}).
Proof. From Eq. , it follows that

1
m—1—i)(B+k+j)

\I’i-i-l,j = ( ((i—k+1)(a+l+n—j+1)\111'7]‘_1

+ Lp; - (U Qum—k—1(1)+V -my - Qm—k—l+1(1))>
and

1

Vi1 =7 .
b7 (i—k)(a+l+n—j

)(mp4—¢+nW+k+1+ﬁmmﬂ

— Lpi—1 - (U “Qm-k—1(0) +V - niq - Qm—k—l—i—l(o)))-
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One can apply these equations to Eq. (1.68]) to get

v (k+i+B+Di—k+D)(a+l+n—jF+1) . .
<A(n,])+ B+h+y) )‘Ifi,j71+ {C(mal)_c(na])}quj
o (m+l—ita+)(m—-Il—i+1)(B+k+1+)

_(m—{—l—z’—l—a—l—l)Lpi,l '
- (Oé +l4n— ]) : (U : Qm—k—l(o) +V- i—1- Qm—k—l—l—l(o))

(k+i+B+1)Lp;

- (5 1k +]) ’ (U ’ Qm—k—l(l) +V- Ui Qm—k—l+1(1))~

O

In the V¥ table, Uy ; = ¥, 141 = 0 (cf. Figure for j = k,k+1,...,n— 1, thus
simpler relations exist for the first and the last row. The relation for the first row of the ¥
table, i.e., for Uy ; (j =1,14+1,...,n—1), is given by . A similar relation can be proved
for the last (i.e., i := m — [) row of the ¥ table.

Theorem 6.4. For k < m — I, the quantities W,y ; (j = k,k+1,...,n—1—1) satisfy a
second-order homogeneous recurrence relation of the form

Vinrjrr = HG@)Wmtj = SG)Vm-tj1 G=k+1....n—1-2), (6.9)
where
v =k =DUkH+T+1—n)pg
R =k =D m+ o+ k+l+ 1)y gy (6.10)
Wit k1 = H(E) g k-
Here

N s o v o m=kE=Dm+k+i+o+1)
H(G) = HGsmon koo, ) = (14 80) + g s oy )

J—k(-—a-l-1-n)

S(j) = S(5;m,n, k, 1, a, B) := GHitl-n)(G+B+k+1)

Proof. From Eq. (1.61]), it follows that the elements in the last row can be expressed as a
particular case of dual discrete Bernstein polynomials:

A" G — kB4 2k, o+ 2ln — k — 1),

\Ilm—l»]' = G-

which, after applying the symmetry relation ([1.46)), gives

Upr; =d" G — ks B+ 2k, a+2ln—k—1)=dy " (n—1—jia+2l, 8+ 2k,n—k—1).

m—Il—

The dual discrete Bernstein polynomial on the right-hand side can be expressed as a linear
combination of Hahn polynomials with shifted parameters (cf. (1.47)), which results in the
following representation of W,,,_; ;:

m—k—-DWEk+1+1—n)p_k
(m—k—l)!(m+a+k+l+l)n_k_l

Qm,k,l(j—k;ﬁ+2k,a+2l+1,n—k—l—1).
(6.11)

\I}mfl,j =
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Eq. (1.20) allows to substitute the Hahn polynomial with its hypergeometric form

e k+l—-mm+k+l+o+1,k—j 1
302 B+2k+1k+l+1-n '

For j := k and j := k + 1, the upper parameter k£ — j of the hypergeometric function is 0
or —1, respectively. After applying Definition the expressions for ¥, ;3 and W, _; 11
immediately follow.

To find the recurrence relation to compute the remaining elements of the last row, one
can use the difference equation for Hahn polynomials given in Theorem [I.36] Using the
substitution

k=m—-k—-1l, x:=75—k «a:=0+42k [L:=a+2[+1

results in

GHI+1—n)G+B+k+1)Qpmpi(j—k+1;8+2k,a+20+1,n—k—-1—-1)
—[(j+l+1—n)(j+,8+k+1)+(j—k)(j—a—l—1—n) Qum—k—1(J—Fk; B+2k, a+2l+1,n—k—1-1)

+-kG—a=-1-1-n)Qum i a(j—k—-18+2ka+20+1,n—k—-1-1)
=m—k—0m+k+l4+0c+1)Qum_r1(j—kB+2ka+20+1,n—k—-1-1).

Using (6.11]), one can represent the Hahn polynomials with the quantities Wy, j—1, ¥p— 5,
VU,,—1j+1, and, after some algebra, get the recurrence relation

Vot j+1 = H(G)Vi—1j — SU)VYim—i1,j—1 (j=k+1,...,n—1-1).
]

Note that W, ;,_; cannot be computed using Theorem [6.4] and it has to be computed
using a different relation (e.g., Theorem . If k =m—1then ¥,,_; ; = ¥, and thus it can
be computed using Theorem [T.80]

Theorem 6.5. Fork+1<i<m—I[l—-1and k+1<j<n-—1-1, the quantities V;_1 ;,
Vi, Wiyt satisfy the following second-order non-homogeneous recurrence relation:

A(na m, iaj)\pi—l,j + [C(m7 2) - C(naj)]\ljlj + B(m7 i?j)\:[]i-‘rl,j

_ m . (U Qum—k—1(1)+V - m; - Qm—k—z+1(1))

(j+1—n)Lp;i 1

“oisien UG+ V s Quia 0),

where
A(n,m,i,5) = —A(m,i)- | 1+

G+l—n)a+l+n—17j) >
(77(1k—l—)(iﬁ+1k):(m—;—l—i+a+l ’
N —)(B+k+

B(m,i,j) := =B(m. 1) <1+(k+z‘+6+1)(¢—k+1)>’

Qn(6) = On(j —k — 68+ 2k a+2n—k—1—-1)  (5¢{0,1}).
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Proof. From Eq. (6.1)), it follows that:

1

U, i 1= —1—i k4 7)1,
,j—1 (Z_k+1)(a+l+n_]+1)((m 7/)(18_|_ +]) +1,7

— Lp; - (U “Qm—k-1(1) +V - n; - mekflJrl(l)))a

v : (=R a+1+n—j)w

i1 = . ~( (7 = k)(a n—j)Vi-1,;
N O D [CEY TR ) S

+ Lpi-1 - (U “Qm—r—1(0) + V- ni—y - mekflJrl(O)))'

Applying these relations to Eq. (1.68)) and doing simple algebra concludes the proof. O

The same approach, when taking into account that some elements in Eq. (1.68)) are equal
to zero, gives the recurrence relations for the kth and (n — [)th columns of the ¥ table.

Theorem 6.6. The elements Wy, (i = k+ 1,k +2,...,m — 1 — 1) satisfy the second-order
non-homogeneous recurrence relation of the form

‘ . N o n=kE=-DGE—-k)(a+l+n—k
B(m?z)\PH—l,k— [C(m,z)—C(n, k):| \I]zk"i_(A(ma 7‘)+< T)IE,— l —)(Z +1 )>\Ili—1,k
k+l—n
=itk (VY ena) 612

Proof. From Eq. (1.68)) and the fact that ¥, ,_; = 0, one gets
[C’(m, Z) - C(n, ]C)]\I/Zk + B(?’L, k)\pi,k—i-l — A(m, i)\I/i—l,k - B(m, ’L')\Ifi_,_l,k =0. (613)

Adding (6.12)) and (6.13]) and using the fact that B(n,k) = (k+1—n)(2k+ 8+ 1) (cf. (1.69)))

gives, after some algebra,
- (Z — ]f)(Oé +l+n-— ]‘C)\I/iflyk
+ (m —l—i+ 1)(2]{3 + 6+ 1)\Iji,k’+1 =Lp;_1- (U + V- nifl). (614)

It is sufficient to prove that (6.14]) holds.
Now, let us take a look at W, ;41. Eq. (6.1]), combined with the fact that

Qh(O;Oé,IB,N) =1
for any h € N (cf. Definition |1.33)), gives a recursive expression
(m—l—i+1)(B+2k+1)V;p1 = —k)(a+tl+n—k)V; 14
+ Lp;i—1 - (U +V. 77@'—1)7

which concludes the proof. O
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Remark 6.7. The initial value
(TL —k— l)'(k: +1+1-— n)m_k_l
m—k—-D!m+o+k+1+1)_x

is given by (6.10). By applying Theorem to the initial values given in (6.10) and using
some algebra, one gets an expression for W, _;_qj:

Vot k =

N lI’m—l,k m+k+l+a—|—1>
m—Il—-1,k — —

a+20+1 n—k—1—1
Theorem 6.8. The elements ¥, ,—; (i=k+1,k+2,...,m —1—1) satisfy the second-order
non-homogeneous recurrence relation of the form

(mtk—l+B+1+

((k—n+l)(m—l—i)(5+k+n—l)
t—k+1

_k—n+l

T i—k+1

+Vm-Qm_k_l+1(n—k—l—1;ﬁ+2k,a+2l,n—k—l—1)).

= B(m,i) ) Wis101 + [Cm, 1) = Clnyn = ] Wi

Lp; - (U-Qm_k_l(n—k—l—1;6+2k,a+2l,n—k—l—1)

Proof. The proof is analogous to the proof of Theorem and is completed by applying
Theorem [6.1] to Eq. (1.68). O

6.2 Computing the V¥ table

The recurrence relations presented in the previous section can be used to efficiently find the
values of U;; for k <i <m—0Lk<j<n-—1((cf . Although, when compared to the
method based on Eq. , these approaches do not improve the computational complexity
as a whole, they provide a much more potent ground for parallel computations.

6.2.1 Efficient computation of parameters in recurrence relations

Computing the coefficients

The coefficients L, U, V' can be computed once and used throughout the computation of the
whole table. The complexity of computing L is O(n) (taking into account that n > m), while
U and V can be computed in O(1) time.

Now, one needs to compute p; and 7; for i = k,k+ 1,...,m — [ — 1. This can be done
efficiently in O(n) time using the following relations (they follow directly from Eq. (6.3)):
( (_1)m—k—l+1

P a2+ Dea(B+ 2k + 1)

(—1)(B+k+i+2) |
i1 = —kk+1,...,m—1—2),
P = Tmtrati—i (@ * " )

me=m—-k—Dm-k+a+l)—(B+2k+1),

Nit1 =1 — 2m+a+ B+ 2) (i=kk+1,....m—10-2).

While the recursive approach to computing 7; does not reduce the O(m — k — [) asymp-
totic computational complexity, this way of computation reduces the number of arithmetic
operations required.
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Computing the Hahn polynomials

Over the course of the computations, in Theorems and[6.5] it is necessary to compute
the values of Hahn polynomials. More precisely, one needs to find the values of

Qmn(iB+2k,a+2n—k—1—-1) (j=01,....n—k—1—1)

and
mekfl+1(.775+2k7a+2l7n_k_l_1) (.7 :0,1,77’L—k—l—1)

Let § € {0,1}. Using Eq. (1.20]), one gets simple expressions for j = 0 and j = 1:

Qm-k—1+5(0; B+ 2k, +2l,n—k—1-1)=1,

(m—k—1+8)(m+d+a+pB+k+1+1)
(B+2k+1)(n—k—1-1) '

Qum—k—116(1; B+2k, a+2l,n—k—1-1) = 1—

The values of Hahn polynomials for larger 7 can be found using the difference equa-

tion ([1.22)), i.e.,

Qm-k—1+s(x+ L84+ 2k,a+2l,n—k—-1-1)
:<1+x(x—a+k—l—n)+(m—k—l+5)(m+5+a+k5+l)>
(x—n+k+l+1)(z+5+2k+1)
X Qu—t—i+5(x; B+ 2k, a+2l,n—k—1-1)
z(x—a+k—-101—n)

- m—b—t5(z = LB+ 2k, a+ 20—k —1—1).
($—n—|—k+l+1)(;p+ﬁ+2k+1)Q k—i+s(z — 138+ 2k, a + 2l,n )

6.2.2 Computations based on the diagonal recurrence relation

In a simple way for computing the elements in the kth row is given, i.e., one can easily
compute all elements W; for j = k,k+1,...,n — [ using Theorem m This gives an initial
value which allows to use Theorem to compute all ¥;; such that j > 4. One still has to
find the initial values for the case when j < 7. To do that, one can compute a part of the last
row. It is only necessary to compute the elements ¥,,,_; ; for j =k, k+1,...,m —1—1 using
Theorem The remainder of the last row, i.e., ¥,,_;,,,—; and all subsequent elements, will
be computed using Theorem [6.1] starting from the kth row. Note that each of n +m — 2k —
2] + 1 diagonal recurrence sequences (one for each initial value) is independent and can be
computed in parallel. Figure [6.1] demonstrates this approach. Its implementation is given in

Algorithm

6.2.3 Computations based on the vertical recurrence relation

Provided that at least two elements in each column are given, Theorems and allow
to compute all the elements in the ¥ table.

The elements Wy, U k41, - - ., Yin can be found using Theorem These quantities
can then be used to compute W1 p41, Vir1 k+2, - - - » Yit1,n—1 by applying Theorem@ The
values ¥,,,_; . and W,,_;_1 are given by Remark
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\I/.yk ‘I",k;—i-l | P

Figure 6.1: A recurrence scheme for the computation of the ¥ table organized around The-
orem Gray squares are computed using explicit formulas, while the arrows denote the
recurrence relations used.

Algorithm 6.1 Computation of the ¥ table organized using Theorem

1: procedure PsiDiAG(m,n, k,l, a, ()
2: U < Matrix(m,n)

3 for j < k,n—1do

4 V) < Theorem [1.80Q

5: end for

6 parallel for z + 0,n — k — [ do
7 for i< k,m—1do

8 W, it~ < Theorem

9

: end for
10: end parallel for
11: for j« k,m—1—1do
12: V,,—1,j < Theorem [6.4]
13: end for
14: parallel for j <« k+1,m—1—1do
15: for 2+ 1,7—k do
16: VU, —i—2 j—» < Theorem
17: end for
18: end parallel for
19: return ¥

20: end procedure

Each column now has two consecutive elements known, and one can apply the vertical
recurrence relations given in Theorems and [6.8] to compute all the column. Note that
at this point there is no interdependence between the columns and each can be evaluated in
parallel. This approach is presented in Algorithm [6.2] and illustrated in Figure [6.2

One can facilitate more parallel computations. Just as it is the case with computing the
first two rows with the exception of Wy 1 1, one can use the recurrence relations and
to compute the last two rows except ¥,,_;_1,—;. By doing so, one can divide each column
in two and compute these two parts in parallel, which nearly doubles the number of possible
simultaneous computations of the elements of the ¥ table.
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) )

Figure 6.2: A recurrence scheme for the computation of the ¥ table organized around The-
orem Gray squares are computed using explicit formulas, while the arrows denote the
recurrence relations used.

Algorithm 6.2 Computation of the ¥ table organized using Theorem

1: procedure PSIVER(m,n, k,l, a, 3)
2 U < Matrix(m,n)

3 for j < k,n—101—1do

4: W) < Theorem [1.80Q

5: Wit1,j+1 < Theorem

6 end for

7 U}, n—i < Theorem [I.8Q

8 VU, —1k < Remark

9: VU,,—i—1 % < Remark

10: fori< m—-1—2k+1do
11: W, <+ Theorem

12: end for

13: parallel for j < 1,n—k—-1—1do
14: fori+ 1 m—-k—I[l—1do
15: V;41,; < Theorem
16: end for

17: end parallel for

18: fori+—1,n—k—-I1l—1do

19: Vii1n—k—i < Theorem
20: end for

21: return ¥

22: end procedure
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di;, see Kronecker delta

B-spline basis, 7],
B-spline curves, [I} [6] [45] [46] (4952} [82] 4]
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evaluation, [T, FIH52] 82} [84] 9498
B-spline functions,
support, A9, BT
B-splines, see B-spline functions
barycentric combination, [3], [, [21]
basis functions, [6, {1} [47]
Bernstein basis,
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constrained, [25] [37]
Bernstein polynomials,
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discrete,
Bernstein, S. N, [19]
Bernstein-Bézier basis, see Bernstein basis
bivariate Bernstein polynomials, see triangu-
lar Bernstein polynomials
bivariate dual Bernstein polynomials,
boundary curve, [67], [73]
boundary value problems, [115
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composite, [4]]
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Bézier patches, see Bézier surfaces

Bézier surfaces, 60)
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!

rational triangular, {1H44] 54} [66] [73H7g|
Bézier, Pierre,

Chebyshev polynomials, [14]
Chu-Vandermonde identity,
coincident knots, see knot multiplicity
composite curve, [5] [6]

continuity conditions, 7], [49] [02] [09} [T03]

control points, [}, [6}
[A4HA6] 50, BT} BAHE8, [70, [T3HTEL [78)
B2, 498

control polygon,

convex combination, [ 21] 29} B1] 35} 42} [44]
(53} 55} 57} 58, [6T}, [65), (661, [95]

convex hull, {4} [6], 29} (7] [66]

convex hull property,

curve intersection using Bézier clipping, 22]
curve intersections, [5§|
curve joining of the C" class, [6] [7]

de Boor-Cox algorithm,

86} 06178
de Casteljau algorithm,
9, 61} 62, B2
for rational rectangular Bézier surfaces,
(oird
for rational triangular Bézier surfaces,
rational, 29} BTH44]
rational rectangular,
rational triangular, 4]
de Casteljau, Paul,
degree elevation formula for Bernstein poly-
nomials, [36]
degree elevation of Bézier curves,
degree reduction of Bézier curves, 22] [B6H4T],
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k, l-constrained,
with box constraints,
with constraints,
degree reduction of Bézier surfaces, [4]]
dual B-spline functionals,
dual B-spline functions, [I§|
dual bases,
dual Bernstein basis, [2] 18] 23] 116]
constrained,
dual Bernstein polynomials,
(1} [I06/{127]
constrained,
discrete, [I8] [26] [38] [125] [129} [130]

dual NS-power bases,
dual polynomials, [I§]
dual projection, [40}

dual tensor product Bernstein polynomials,
o8
dual Wang-Bézier type generalized Ball poly-

nomials,

fractional partial differential equations,

gamma function, [J]
Gaussian elimination, [102
generalized divided difference, [48|

geometric interpretation, [IH3} 53} 54} (7} [61]
[65] [66] [82]

Gram matrix,

Hahn polynomials,
(126} [128/{T34]

Horner’s rule,

Horner’s scheme, see Horner’s rule

hypergeometric form, [0}

hypergeometric functions,

hypergeometric identities, 9]

hypergeometric representation, see hypergeo-
metric form

inner product, 12414} [17 23] B8] (1] [25]
Chebyshev,
Hahn, [16], [26]
Legendre,
shifted Jacobi, 22} 23] 25 [125]

interpolation conditions,

Jacobi polynomials, 14

shifted, [[4HT5], P2HP5] [[07HITO, [[13] [[15-
[TT8} 123}, [T28}{T29]

knot multiplicity, [F7H49] 83}, [84} [08HI0T] 103
knot span, {8, [49] 8284} [86] B8}{90} [92} [94]
98, 99} (10T}, [103]
knots,
boundary, [48] [49, [81], [84} [98I0T]
inner, [81}, [83} [84}, [98} [100}, [101]
Kronecker delta, [T4] [T6HIS] 23] 25] [26]

least-square approximation,
in Bézier form,

least-square error,

Legendre polynomials, [T3] [T4]

merging of Bézier curves, 22} [115]

neighbor, 9899
norm, [12], [I7], 37|

numerical solving of boundary value problems,
22

operator

differentiation, [I5] LT06HIIO]
identity, [L06HITO] [112] [T13] [124]
shift,
orthogonal bases, 17
orthogonal polynomials, [9]

orthogonal projection, [12] [I6] [17]
orthonormal bases,

orthonormal basis, @, @

parametric curves, [4H6] 19} [0} 45 [66]
partition of unity property, 21 [44] [49]
Pochhammer symbol, [9]
point space, 2]

operations, 2] [3]
polynomial approximation of rational Bézier

curves, [22]
power basis, [116]
adjusted, I} B2 57

quadrature rules,
rational parametric object,

scalar product, see inner product

splines, [45] [47], [49]
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subdivision of Bézier curves,
subdivision of Bézier surfaces,
symmetry properties
for Bernstein polynomials,
for discrete dual Bernstein polynomials,
20
for dual Bernstein polynomials, [24] [107]
for Hahn polynomials,
for shifted Jacobi polynomials,
of a U table, [A0]
of Bernstein polynomials,
of dual Bernstein polynomials, 23]
of Hahn polynomials,
of shifted Jacobi polynomials, 23]

Taylor series, [82]
triangular Bernstein polynomials,

truncated power functions, @

Weierstrass approximation theorem, [I9]
weights, [ F (21} [25) [29) BT, 53155 [T}, /)
5464} [661 68, [0} [73) [74}, [76]

Zeilberger’s algorithm,
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