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Streszczenie

W niniejszej pracy przedstawiono rézne podejscia do probleméw optymalnego, w sensie
normy Sredniokwadratowej, obnizania stopnia i scalania krzywych Béziera. Oba problemy
zwigzane sa z systemami projektowania wspomaganego komputerowo. W wypadku wiek-
szosci systeméw tego typu istnieje gorne ograniczenie na stopien krzywych, ktore moga by¢
tam przetwarzane. Wspomniane ograniczenia zaleza od konkretnego systemu i biorac pod
uwage duza ich liczbe moga réznic si¢ one w znaczacy sposéb. W zwiazku z tym, w celu
wymiany danych pomiedzy systemami, konieczna jest konwersja, ktéra zazwyczaj mozna
wykona¢é jedynie w sposéb przyblizony. Dwie gléwne operacje tego typu to wiasnie obnizanie
stopnia i scalanie krzywych.

Obnizanie stopnia krzywych Béziera polega na zastapieniu oryginalnej krzywej Béziera
stopnia n, inng krzywsa Béziera nizszego stopnia m. Ponadto zwykle wymaga sie, aby szukana
krzywa spelniata pewne dodatkowe ograniczenia na koncach przedzialu parametryzacji. Na-
jezesdciej sa to warunki cigglodci parametrycznej lub ich uogdlnienie tj. warunki ciaglodci
geometrycznej. Takie podejscie do problemu nazywamy konwencjonalnym. Zaprezentowano
algorytmy konwencjonalnego obnizania stopnia krzywych Béziera z warunkami ciagtosci ge-
ometrycznej. Oprocz tego zaproponowano nowe podejscie do problemu obnizania stopnia pla-
narnych krzywych Béziera z warunkami ciagloéci parametrycznej. Po raz pierwszy nalozono
tzw. ograniczenia obszaru zmiennosci punktéw kontrolnych, co przyczynilo sie do otrzymy-
wania krzywych, ktérych punkty kontrolne rozmieszczone sa w sposéb bardziej intuicyjny.
Ten pomyst znacznie utatwia dalsze modelowanie.

Scalanie krzywych Béziera polega na zastapieniu dowolnej liczby sasiadujacych krzywych
Béziera pojedyncza krzywa Béziera okreslonego stopnia. Dodatkowo naktada sie podobne
ograniczenia jak w wypadku zadania obnizania stopnia. Podano algorytmy konwencjonalnego
scalania krzywych Béziera z warunkami ciaglosci parametrycznej i geometrycznej. Ponadto
zaproponowano nowatorskie podejscie do problemu scalania planarnych krzywych Béziera
z warunkami cigglosci parametrycznej. Podobnie jak w wypadku obnizania stopnia, pokazano
ze nalozenie ograniczen obszaru zmiennosci punktéw kontrolnych pozwala uzyskaé krzywe
bedace bardziej uzyteczne w praktyce.

W wypadku podej$¢ konwencjonalnych wykorzystano pewne wtasnosci tzw. dualnych
wielomian6w Bernsteina z ograniczeniami. W efekcie kazda z zaprezentowanych metod ma
najnizsza ztozonoéé¢ obliczeniows sposérdéd wszystkich tego typu metod.

Ograniczenia obszaru zmiennosci punktéw kontrolnych powoduja, ze oba problemy znacznie
trudniej rozwiaza¢. W tym celu mozna wykorzystaé pewna metode iteracyjna, ktéra da sie
ZNnaczaco przyspieszy¢ stosujac algorytmy szybkiej konstrukeji i modyfikacji baz dualnych.

Rozdzial 1 zawiera wstepne informacje. W rozdziale 2 pokazano zwiazek pomiedzy warunk-
ami ciaglodci a szukanymi krzywymi. Pojecie i wlasnosci baz dualnych zaprezentowano
w rozdziale 3. W rozdziale 4 rozwigzano zadanie obnizania stopnia krzywych Béziera z warunk-
ami ciagloéci geometrycznej. Nastepnie sformutowano i rozwiazano problem obnizania stop-
nia planarnych krzywych Béziera z warunkami cigglosci parametrycznej i ograniczeniami ob-
szaru zmienno$ci punktéw kontrolnych (zob. rozdzial 5). W rozdzialach 6 i 7 mozna znalezé
metody scalania krzywych Béziera odpowiednio z warunkami cigglosci parametrycznej i geom-
etrycznej. W rozdziale 8 sformutowano i rozwigzano problem scalania planarnych krzywych
Béziera z warunkami ciaglodci parametrycznej i ograniczeniami obszaru zmiennosci punktéw
kontrolnych.



Abstract

In this thesis, various approaches to the problems of optimal degree reduction and merging
of Bézier curves with respect to the least squares norm are presented. Both problems are
associated with computer aided design systems. In most cases, a system is able to process
curves of upper-bounded degree. Maximum permissible degree depends on a system. Taking
into account that there are many different systems, those degrees can vary quite significantly.
As a consequence, the exchange of geometric data between systems often requires approximate
conversion. There are two main operations that should be considered: degree reduction and
merging.

Degree reduction of Bézier curves is to replace an original Bézier curve of degree n with
a different Bézier curve of lower degree m. Moreover, it is often required that the searched
curve satisfies some additional constraints at the endpoints. Those constraints are usually
parametric continuity conditions or their generalization, namely geometric continuity condi-
tions. Such an approach to the problem is called conventional. The algorithms of conventional
degree reduction of Bézier curves with geometric continuity conditions are presented. Fur-
thermore, a new approach to the problem of degree reduction of planar Bézier curves with
parametric continuity conditions is proposed. For the first time, the so-called box constraints
are imposed, which results in curves with more intuitive location of control points. This idea
makes further modeling much easier.

Merging of Bézier curves is to replace an arbitrary number of adjacent Bézier curves with
a single Bézier curve of certain degree. Additionally, one may impose similar constraints
as in the case of the degree reduction problem. The algorithms of conventional merging of
Bézier curves with parametric and geometric continuity conditions are given. Moreover, a
novel approach to the problem of merging of planar Bézier curves with parametric continuity
conditions is proposed. As in the case of degree reduction, it is shown that the imposition of
box constraints results in curves which are practically more useful.

In the case of the conventional approaches, certain properties of the so-called constrained
dual Bernstein polynomials are used. Consequently, each presented method has the lowest
computational complexity among all existing methods.

The box constraints make both problems much more difficult to solve. To deal with
them, one may use a certain iterative method, which can be significantly improved using fast
algorithms of construction and modification of dual bases.

Chapter 1 has a preliminary character. In Chapter 2, a relation between continuity con-
ditions and searched curves is shown. The concept and properties of dual bases are presented
in Chapter 3. In Chapter 4, the problem of degree reduction of Bézier curves with geomet-
ric continuity conditions is solved. Next, the problem of degree reduction of planar Bézier
curves with parametric continuity conditions and box constraints is formulated and solved
(see Chapter 5). In Chapters 6 and 7, one can find methods of merging of Bézier curves
with parametric and geometric continuity conditions, respectively. Finally, the problem of
merging of planar Bézier curves with parametric continuity conditions and box constraints is
formulated and solved (see Chapter 8).
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Chapter 1

Introduction

1.1 Computer aided design

According to [58], “Computer aided design (CAD) can be defined as the use of computer
systems to assist in the creation, modification, analysis or optimization of a design.” CAD
system consists of hardware and software. CAD hardware is usually a central processing unit
with multiple work stations and some input and output devices, e.g., monitors, keyboards,
mouses, printers, plotters and drafting equipment. CAD software is a computer program
which implements computer graphics and provides some necessary tools. A set of tools de-
pends on specific needs of a designer. CAD systems are helpful in creating precision drawings
and technical illustrations, therefore, they are useful for people of various professions, in-
cluding architects, engineers, drafters and artists. As a consequence, there are many types
of modeling systems for different applications, e.g., electronic design automation (EDA or
ECAD), mechanical design automation (MDA) and computer aided drafting.

In 1957, Patrick Hanratty, known as the Father of CAD, developed the first numerical
control manufacturing system called Program for Numerical Tooling Operations (PRONTO).
However, it is assumed that the ancestor of modern CAD systems is Sketchpad which was
developed by Ivan Sutherland in 1963 as a part of his Ph.D. thesis at MIT. It was the first
system ever to provide a complete graphical user interface. In addition, a user was able to
interact graphically with the system by drawing on a monitor with a light pen (see Figure [1)).
In the late 1960s, large automotive and aerospace manufacturers created their own CAD
systems. Those systems were developed by internal groups in association with university
scientists. In the 1970s, due to fast development of computer industry and some major
advances in CAD software, CAD industry became a billion dollar hardware and software
business. In the 1980s, a decrease of prices of computers and maintenance costs made CAD
systems available to more users. For extensive history of CAD industry, see [98].

Nowadays, companies use CAD systems to design almost every product on the market
in the world. Those modern systems are based on interactive computer graphics (ICG),
i.e., an implementation of a wuser-friendly interface which displays interactive images. The
images consist of some basic objects, such as points, lines, curves, etc. To obtain a satisfying
result, a designer modifies the image using tools which are provided by the system. The
basic operations are scaling, translation, rotation and several other geometric transformations.
Additionally, some specialized methods required by a company should be available.
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Figure 1: Ivan Sutherland’s Sketchpad console. (The figure was taken from [81].)

There are several reasons why the usage of CAD systems is profitable. First of all, those
systems increase efficiency of designers’ work. This is achieved by detailed visualization of
a designed object and by providing an efficient computing environment. Some tasks which
are now considered to be trivial, used to be very time consuming before CAD systems were
invented. Secondly, modeling systems improve the quality of a design by allowing to exper-
iment and investigate many different alternative solutions in a short time. Moreover, CAD
systems are very precise, therefore, number of possible errors is limited. In addition, drawings
made with such systems satisfy certain standardization criteria. This is helpful in making
a documentation of a design. More details on CAD systems can be found in [47, 58]. The
progress of CAD systems would not be possible if not for some crucial advances in the area
of curves and surfaces. In the next subsection, we look into a discipline which specializes in
the development of mathematical methods for curves and surfaces.

1.2 Computer aided geometric design

According to [33], “Computer aided geometric design (CAGD) is a discipline dealing with
computational aspects of geometric objects.” A need of application of mathematical methods
to certain geometric shapes arises in the areas of CAD, robotics and scientific visualization.
CAGD makes use of geometry, computer graphics, numerical analysis, approximation theory,
data structures and computer algebra. Moreover, there are some disciplines which are closely
related to CAGD, e.g., computational geometry, geometric modeling and data fitting.

The main focus of CAGD is the manipulation of curves and surfaces. Those are usu-
ally given by sets of points and have different parametric representations using polynomial
functions, piecewise polynomial functions, rational functions and piecewise rational functions.
The basic objects of CAGD are Bézier curves and surfaces, rational Bézier curves and sur-
faces, splines, B-spline curves and surfaces and Non-Uniform Rational B-Spline (NURBS)
curves and surfaces (see, e.g., [33, 85]). In this thesis, we are dealing with some important
problems concerning Bézier curves.

In 1944, Roy Liming wrote an innovative book [67], where he transformed the classical
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drafting methods into certain computational techniques. During World War II, he worked for
North American Aviation (NAA). NAA used his work to build fighter planes. This was not the
first use of curves in aircraft industry, however, for the first time one could express blueprints
by numbers. Liming’s ideas have significantly limited a number of possible mistakes caused
by misinterpretations of drawings. In the 1950s, his approach was widely used by U.S. aircraft
companies. Another significant contribution came from the automotive industry. In the early
1960s, Paul de Casteljau, who worked for Citroén, and Pierre Bézier, who worked for Rénault,
developed independently Bézier curves and surfaces (see the pioneering papers [9-11] 24 25]
and Figure . Further on in this chapter, we explain why this is considered to be a turning
point in CAGD. The term CAGD was used for the first time in 1974, by Robert Barnhill
and Richard Riesenfeld, during the conference at the University of Utah (for the proceedings
of this conference, see [5]). After this event, CAGD became a stand-alone discipline. Since
powerful computers have become accessible, there has been a fast progress in this area. More
detailed history of CAGD can be found in [34] §1]. See also [33], Preface and §1].

Figure 2: Cross sections of a car body. (The figure was taken from [12].)

More information about CAGD can be found in [33] [34].
In §41.3] we focus our attention on terminology and some relevant facts about Bern-
stein polynomials, Bézier curves and composite Bézier curves.

1.3 Bernstein polynomials

In this subsection, we give the definition and some useful properties of Bernstein polynomials.
The features stated below are meaningful, since Bézier curves are expressed in terms of these
polynomials.

Bernstein polynomials of degree n are defined by

n

Bl\(t) := <k>tk(1—t)"k (k=0,1,...,n), (1.1)

where (}) = ﬁlk), is a binomial coefficient. For convenience, we assume that Bj(t) = 0
if Kk < 0or k> n. In the thesis, we limit ourselves to the interval ¢ € [0, 1] in which these
polynomials are useful from a practical point of view. See Figure
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Figure 3: Bernstein polynomials of degree 7 restricted to the interval [0, 1].

Now, we give a brief description of some basic properties of these polynomials.

1. Bernstein polynomials are nonnegative over the interval [0, 1].

2. Notice that B} (0) = 6y and B}}(1) = 6y, where 6,5, known as Kronecker delta, equals 1
if i = j, and 0 otherwise. Moreover, assuming that k£ # 0, B}!(t) has a root with multiplicity
k at t = 0. Similarly, when k # n, B}(t) has a root with multiplicity n — k at ¢ = 1.

3. Bernstein polynomials form a partition of unity,

> Bt =1.
k=0

A simple proof is based on the binomial theorem (see, e.g., [33, §5.1]).

4. There is a symmetry B]'_, (1 —t) = B}}(t), which follows immediately from an elementary

identity of binomial coefficients, namely (}) = (,.",).

5. It is well known that the product of two Bernstein polynomials can be written as

((12)+(7£))Bgifl(t) (k=0,1,...,n; 1 =0,1,...,m).

k+1

By (1)B"(t) =

6. On the interval [0, 1], B}(t) (n # 0) has a unique local maximum at ¢ = k/n.

7. Let II,, denote the space of all polynomials of degree at most n. It is well known that the

Bernstein polynomials B, BY, ..., BJ form a basis of this space (for the proof, see [8, §10.2]).
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8. Bernstein and monomial bases are related in the following way:

th = zn: %B{‘(t), Br(t) = Zn:(—w'*k C) (;)t (k=0,1,...,n).

i=k i=k

The proofs are given in [42 §5.5.1]. In particular, for & = 0, the first formula becomes a
partition of unity (see, pt. . Notice that these identities can be used to prove the previous

property.

9. The following recurrence relation holds (for the proof, see [33, §5.1]):

Brt) =1 —t)BF () + Bl () (k=0,1,...,n). (1.2)

10. The subdivision formula is as follows:
Bp(ct)=> B}t)Bi(c)  (k=0,1,...,n).
i=k

To prove this one, we apply the binomial expansion to the left-hand side of the equation.
Then, some simple calculations lead to the result.

11. The derivative of B}’ can be represented as

SBRO = B0 - By ). (13)

which is fairly easy to verify. The rth derivative of B} is given by the following formula:

min(k,r)

> (=)™ <:> BIT(t)  (r=1,2,...).

i=max(0,k+r—n)

d" n!
Bl (t) =
dt” £ (®) (n—r)!

See [28, Theorem 3.1], for the inductive proof of this identity.

12. The integrals of B} can be expressed as

" n 1 &= n+1 ! n 1
B (t)dt = g B u), B (t)dt = .
/0 £ (?) n+1i:k+1 i) /0 k() n+1

The first formula, which obviously yields the second one, can be proven using the technique
of integration by parts.

13. There are three degree elevation formulas,

n —@ n+1 nigy k n+1
w0 = e, -0mo = (1- ) s,
k k+1
B(t)=(1- Bl () + ——=B"(¢
p = (1- 5 ) B + B,

for k=0,1,...,n. The first two of these, which clearly imply the third one, are evident.
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As we shall see in the next subsection, the above-mentioned facts have a key impact on
the attributes of Bézier curves. For further properties of Bernstein polynomials, see [36], §5.1].

Bernstein polynomials were introduced by Sergei Natanovich Bernstein in 1912. His goal
was to prove the Weierstrass approximation theorem, i.e., to show that one can use poly-
nomials to approximate every continuous function, with a chosen precision, over any closed
and bounded interval. Bernstein provided an explicit converging sequence of polynomials,
therefore, the proof is constructive (see, e.g., [23] §10.3]). However, the convergence is very
slow. For that reason, significance of the proof is only theoretical. As it turned out in the
early 1960s, Bernstein polynomials have found their more practical application in the area of
curves and surfaces. In the next subsection, we explain this application. More information
on the history of Bernstein polynomials is available in [36, §§1-4]. Some other applications
of these polynomials are given in [36] §9].

1.4 Bézier curves

We start this subsection with the definition of a Bézier curve.
Let I1¢ denote the space of all parametric polynomials in R? of degree at most n; IIL =11,
(cf. pt. . A Bézier curve P € T1¢ is the following parametric curve:

n
P(t):=> piBit)  (t€0,1]), (1.4)
i=0
where po,p1,...,pn € R? are called control points (or Bézier points), n is the degree of the

n

curve, and By, BT, ..., B}’ are Bernstein polynomials of degree n given by (|1.1)).

Example 1.1. Consider the following example of a cubic (n = 3) Bézier curve in R?, defined
by the control points (0,0), (0.2,0.95), (0.66,1), (1,0.15). The polygon formed by connect-
ing the consecutive control points with lines is called control polygon (or Bézier polygon).
See Figure [4

0,8
0,6
0,4

0,2 Py

Figure 4: A simple cubic Bézier curve with its control points and the corresponding control polygon.
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In the early 1960s, the intention of Paul de Casteljau and Pierre Bézier was to create some
new computer-implemented techniques which would allow for intuitive design of automobile
bodies. Such free-form shapes could not be described with any basic geometric quantities.
Therefore, they had to find some other way to represent them with finite data. A polynomial
curve seemed to be the right choice, however, appropriate basis had to be selected. Then,
the curve could be represented with the coefficients of the linear combination. Selection of
a proper basis was crucial. The most obvious choice, i.e., the monomial basis, is completely
unsuitable, mainly due to its lack of insight into a geometrical behavior of the curve. In
addition, numerical properties of some fundamental methods associated with this basis are
poor (see, e.g., [85] §1.3]). Bernstein polynomial basis, on the other hand, is much better in
this regard (see [22] 35, 37, 38]). Further on in this subsection, we give some arguments to
support this statement. More facts about the work of Paul de Casteljau and Pierre Bézier
can be found in [9HIT], [12] §1], [24H26], [33], §1] and [36], §4].

Now, we briefly characterize some fundamental properties of Bézier curves.

1. A Bézier curve passes through its first and last control points, i.e., P(0) = pp and P(1) =
pn. Taking into account the well-known properties of Bernstein polynomials (see pt. ,
the above-mentioned fact, known as the endpoint interpolation property, is obvious. In general,
a Bézier curve does not interpolate the remaining control points.

2. A Bézier curve lies in the convexr hull of its control points. This so-called convex hull
property follows from §1.3] pts. [I] and

3. Given the fact that barycentric combinations are invariant under affine transformations,
the property §1.3] pt. [3] implies the affine invariance of a Bézier curve.

4. We are able to define a Bézier curve over ¢ € [a, b], using the formula
n
=Y pBMw)  (u= (- a)/(b-a).
i=0

This property is called invariance under affine parameter transformations.

5. Remembering the symmetry property of Bernstein polynomials (see pt. , we observe

that
szBn an B (1—1)

and conclude that the control pomts PO, Pl -+ Pn and pn,Pn_1,...,Po represent the same
Bézier curve. However, note that the traversal directions are different.

6. The derivative of nth degree Bézier curve P is the following vector:

n—1
TZZ Pi+1 — pl Bn 1() (1.5)
=0

Clearly, this identity can be easily proven using (1.3) (see, e.g., [85, §1.3]). Higher order
derivatives of P can be obtained by repeated application of the formula (1.5). As a result,
one can prove by induction that the rth derivative of P can be written as

n—r

PU(¢) = (n_r ZA”pZB” ") (r=1,2,...),
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where A is the forward difference operator defined recursively,
Aopi = Di, Arpz = Ar_lpi-l-l - Ar_lpi (T = 17 27 .. ')7 (16)
and explicitly (see, e.g., [82, Lemma 4.1]),
T
A= 3o (s =010 (1.7)
— J
7=0
Notice that for ¢t = 0, 1, the following formulas hold:

r n! r

Ay (1.8)

As we shall see later, these cases are particularly important.

7. It is possible to express a Bézier curve of degree n in the Bernstein basis of degree n + 1.
To do so, we recall the degree elevation formulas (see §1.3| pt. and apply some simple
manipulations (see, e.g., [33, §6.1]). As a result, we get

n+1

szBn qu Bn+1

where ) .
1 ? ? .
Qz() ?pz 1+(1_H> (221,27,77,), (19)
q(()l) = po and q,(llll := p,,. In order to find representation in the Bernstein basis of degree n+r,

the unit degree elevation formula can be applied repeatedly. However, there is a well-known

explicit formula,
n—+r

Zpan Z q BnJrr

where
min{n,i}

= 2 ()

j=max{0,i—r}

(")

This r-fold degree elevation formula can be proven by induction.

(1=0,1,...,n+7r).

8. Let P(t) = P,(po,p1,---,pn). The identity (1.2 leads to the following recurrence relation:

Pn(pOaplv cee 7pn) = (1 - t)Pnfl(p()?pla s 7pn71) +tPn71(p1ap27 s apn)a

which yields the most fundamental algorithm associated with Bézier curves, namely de Castel-
jau algorithm. Assume that tg is fixed, then P(tg) can be evaluated using Algorithm
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Algorithm 1.2 ([24, 25]). [de Casteljau algorithm]

Input: value of parameter ty € [0, 1], control points p; = pz(.o) (i=0,1,...,n)

Output: point on a curve, i.e., P(tg) = p(()n)

Step 1. Forj=1,2,...,n, compute
j j—1 i—1 . .
pgj)::(l—to)-pgj )—l—t()'pgi_l) (1=0,1,...,n—7).

Step 2. Return pén).

Clearly, the complexity of the algorithm is O(n?). This simple method has a meaningful and
intuitive geometric interpretation. We subdivide each line segment of the control polygon
with the ratio ¢y : (1 — tp). Next, we connect the resulting points to get a new polygon
which is shorter by one segment. We repeat these operations until we get a single point. To

visualize this geometric construction, let us revisit Example We set ty := 0.6 and apply
the algorithm. For the result, see Figure

0,8
0,64 7o
0,4

021 P

Figure 5: Geometric interpretation of de Casteljau algorithm applied to the cubic Bézier curve (see Example .

From a historical perspective, de Casteljau algorithm was the first and crucial step towards
the development of Bézier curves. For extensive information on this algorithm, we recom-
mend [12]. See also [33], §4].

To evaluate a point on a Bézier curve, one could also use a linear time algorithm related to
the Horner scheme (also known as Horner’s method and Horner’s rule) which is associated
with the monomial basis (see, e.g., [86, §2.3]). However, if coefficients of the monomial form
vary greatly in magnitude, then this approach should be avoided because of round-off errors
(see [22], 137, 38, [85]).



CHAPTER 1. INTRODUCTION 10

9. De Casteljau algorithm can be used to subdivide a Bézier curve. Suppose that we subdivide
the curve at t = tg. Consequently, we obtain two nth degree Bézier curves corresponding
to the intervals [0, to] and [to, 1], respectively. It can be proven (see, e.g., [16 §27]) that the
control points of those curves are

pOap(()l)a"'>p(()n) and p(()n))pgn_l)a"wpnv

respectively.

One of the major advantages of Bézier curves is that they can be easily joined to form
a more complex shape. In the next subsection, we investigate this possibility. For further
properties of Bézier curves, see [33] §§4—6].

1.5 Composite Bézier curves

A single Bézier curve is not flexible enough to represent more complex shapes. In practice,
there are two options to deal with this issue. The first strategy is to add some new control
points and, therefore, increase the degree of a single curve (see §l1.4 pt. . Unfortunately,
many CAD systems have their limitations on the maximum degree of curves that can be
processed. Furthermore, modeling of higher degree curves can be uncomfortable since the
modification of a single control point affects the whole curve. In addition, such curves are
more expensive to evaluate. Alternatively, one can construct a piecewise parametric curve of
several segments. Each segment is a Bézier curve smoothly connected with the adjacent ones.
Quadratic (degree 2) and cubic (degree 3) segments are the most common and the easiest to
work with. However, one must pay special attention to the continuity at the endpoints. This
might be inconvenient during the modeling process.

Now, we give the formal definition of a composite Bézier curve. Let 0 = tg < t1 <
... < ts =1 be a partition of the interval [0, 1]. A composite Bézier curve (also known as
piecewise Bézier curve and Bézier spline) P is a piecewise parametric curve which in the
interval [t; 1, t;] (i =1,2,...,5s) is exactly represented as a Bézier curve P! € H;iw

P(t> = Pl(t) = ipz BJnZ (tA_tth__11> (t € [ti—lv ti])?

=0
where p} € R4

Example 1.3. We introduce the composite Bézier curve “D”, formed by three cubic seg-
ments which are defined by the control points {(0.75, 1.05), (0.69, 0.8), (0.6,0.19), (0.47,0.48)},
{(0.47,0.48), (0.41,0.63), (0.85,0.27), (1.01,0.45)} and {(1.01,0.45), (1.22,0.68), (1.26,1.25),
(0.64,1.09)}, respectively (see Figure [6a). The partition of the interval [0, 1] is as follows:
to =0, t1 = 0.32, to = 0.56, t3 = 1. Figure @ illustrates the smoothness of this composite
curve. A human eye is unable to notice the endpoints of the consecutive segments.
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Figure 6: The composite Bézier curve “D”. In Figure (a), each segment and the corresponding control points are marked
with a different color.

More information on composite Bézier curves can be found in [33, §5.5].

1.6 Approximate conversion of Bézier curves — overview

In most cases, a modeling system is able to process curves of degrees less or equal to a fixed
maximum degree. The maximum degree depends on a system. Consequently, those degrees
can vary quite significantly. Since there are many ways to represent curves, the exchange of
geometric data between CAD systems often requires approximate conversion. Moreover, some
operations, such as trimming, may result in degree elevation (see, e.g., [92], §1]). Therefore,
it may happen that a CAD system is unable to handle the resulting curve and conversion
is necessary. As it was stated in the pioneering paper by Hoschek [50], there are two main
operations that should be considered: degree reduction and merging. Those procedures are of
great importance not only because of the limitations of some modeling systems. Both of them
can be applied for the sake of data compression and data comparison. In this thesis, various
approaches to the problems of degree reduction and merging of Bézier curves are studied.

1.6.1 Degree reduction of Bézier curves

To begin with, we formulate the problem of unconstrained degree reduction of Bézier curves.
This is the most basic version of the degree reduction problem.
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Problem 1.4. [Unconstrained degree reduction of Bézier curves]
Approximate an original Bézier curve

P = piBI(t)
=0

with another Bézier curve

R(t):=y_riB{"(t)
1=0

of lower degree (m < n).

First of all, one should be aware that, in general, exact degree reduction is not possible.
It can only be done in the case of degree elevated curves (see pt. . To detect the
redundancy, one has to know the true degree of the original curve. This is much easier to
determine if the curve is in the monomial form,

n
P(t) =) ait’,
=0

where '
1 .
I\ (1 .
a; == Z:(—l)Z ](i)(j)pj (1=0,1,...,n)
7=0
(cf. pt. . Clearly, if ap, = ap—1 = ... = ap—rt1 = 0 # an—, and m > n —r, then we are

able to reverse the process of degree elevation and get the exact result, namely the control

points
) A '(i—j—i-n—m—l)(’nj)
ri= (~1)"7 ”‘”E;g Zpi (i=0,1,...,m)
§=0

%

(see [36, B38]). This type of strategy can also be used in the general case (see [32, 33}, 140}, 54 83~
85, 95]), i.e., we pretend that P is a degree elevated curve and reverse the imagined degree
elevation process. However, the results of this approach are rather poor (see Example .
In practice, a designer is dealing with large scenes formed by many Bézier curves joined
end-to-end. To maintain these connections, one must impose some continuity constraints
at the endpoints. Let us consider the most elementary restrictions, namely the endpoint
interpolation constraints,
P(0) = R(0), P(1) = R(1). (1.10)

These conditions imply that o = pg and r,,, = p;, (see pt. , thus they are very easy to
satisfy.

Example 1.5. Now, let us examine the algorithm of Piegl and Tiller (see [84], [85, §5.6] or
[54]). For a given Bézier curve of degree n, their approach is to rewrite the degree elevation
formula and obtain a curve of degree n — 1. Obviously, a Bézier curve of any degree
m (m < n) can be computed by the repeated application of the algorithm. In addition,
the resulting curve always satisfies the conditions . A more detailed description of
the method is given in the above-mentioned sources. For the purposes of the experiment,
we consider the Bézier curve “alpha” of degree 11. The control points are given in [103]
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Example 6.1]. Figure |7a]illustrates the original curve with its control points. We apply the
algorithm multiple times in order to obtain Bézier curves of degrees 10, 9 and 6. In each case,
we compute the maximum error

B = P(t) — ~ P(t) — , 1.11
max [|P(t) ~ R(9)| ~ max |P(t) ~ ()| (111)

where ||-|| denotes the Fuclidean vector norm, and Ty := {0,1/M,2/M, ..., 1} with M := 500.
The results are presented in Figure [7h]

° 1607,
150+ ° :
1404
o :
° 120 1 .
100 . N,
10b
803
50
60 "
T T T . 40-
° -50 0 50 100
20
°
T T T T -.I T
~50+ 0 20 40 60 80 100 120
°
(a) (b)

Figure 7: Figure (a) shows the original Bézier curve with its control points. In Figure (b), we see the results of reduction
from degree 11 (blue solid line) to degrees 10 (red dashed line), 9 (green dash-dotted line) and 6 (black dotted line),
using the method of Piegl and Tiller [84].

As we consider the resulting curves of different degrees, it can be seen that the only accept-
able one is that of degree 10 (E = 3.30e+0). However, even in this case, the error is quite
significant. Clearly, the curves of degrees 9 (Eo = 2.81e+1) and 6 (Eo = 8.47e+1) are un-
satisfactory. Taking into account these poor results, algorithms of such a type are considered
to be obsolete and should be avoided in contemporary CAD systems. As we shall see, there
are some modern methods which lead to much better results.

In the case of Bézier curves without the redundancy, the only reasonable approach to
the problem is to minimize a properly defined error function. Error of the approximation is
usually measured using Lo-norm (least squares approximation),

1
!W—Rhw:¢AHP@—R@W&7 (1.12)

weighted La-norm (weighted least squares approximation),

1
1P - R| = \/ /O (1—0)2tP|P(t) — RE®)|2dt  (a, B> —1), (1.13)



CHAPTER 1. INTRODUCTION 14

or Loo-norm (uniform approximation),
P = R|| L., :== max [[P(t) — R(t)|,
tel0,1]

where || - || denotes the Euclidean vector norm. Notice that || - ||z, = | - ||S:02’0).

Degree reduction of Bézier curves with respect to the Loo-norm (see [1, 13| [15] 18, [30}
5o, 57, 95, 97]) is no longer studied. The algorithms are mainly based on the properties
of the so-called constrained Chebyshev polynomials (see, e.g., [57, §3]). In general, those
polynomials cannot be represented in the explicit form, therefore, one has to implement a
Remes-type algorithm to approximate them. Consequently, such methods are rather slow,
complicated and there are no explicit formulas for an optimal solution. Alternatively, one can
use the so-called constrained Jacobi polynomials (see, e.g., [55, §2 and §4]) to obtain explicitly
a fairly good (but not optimal) approximation. In [I8], one can find another explicit method
of the nearly best uniform approximation, which is compared with the explicit optimal least
squares approximation algorithm. As it turns out, the latter approach gives more accurate
results. Further on in this thesis, the uniform approximation is omitted because of the above-
mentioned drawbacks.

Degree reduction of Bézier curves with respect to the Ly-norm (and weighted Lo-norm) has
been extensively studied (see [2} [3, 15} 18] 31, 44 (60} (68, (70, (73], [74], [7T6H79, [89-92], 94 [95] 103,
1TOHIT4]). Most of the algorithms solve a system of normal equations (see, e.g., [92]). This
simple approach is computationally expensive, i.e., the complexity is O(m?) (cf. Problem.
Furthermore, it suffers from poor numerical properties, since it involves matrixz inversion. As
is well known, orthogonal polynomials play a crucial role in the theory of the least squares
approximation. However, Bernstein polynomials are not orthogonal. To overcome this dif-
ficulty, one can use certain transformations between Bernstein and orthogonal polynomial
bases, e.g., Chebyshev polynomials of the first kind (see [89]), Chebyshev polynomials of the
second kind (see [78]) or Legendre polynomials (see [60]). Unfortunately, the cost of those
transformations is cubic with respect to n. Moreover, according to [78], degree reduction by
the transformation matrices may be ill-conditioned. In [103], Wozny and Lewanowicz propose
a more sophisticated approach which is based on the use of the so-called dual Bernstein basis
polynomials. More information on those polynomials can be found in §3.3] The complexity
of the method is O(nm), which is significantly less than complexity of other known methods.
Additionally, the algorithm avoids matrix inversion and explicit basis transformation. In [44],
which is the author’s joint work with Lewanowicz and Wozny, one can find a generalization of
the previously mentioned approach. For a detailed description of this method, see Chapter [4]

In [I7], degree reduction of Bézier curves with respect to the Hausdorff distance,

dpr(P,R) = in ||p — 7, infp—r|| b, 1.14
a( ) max{r;ga}gcggg”p il Ig%ggg”? T||} (1.14)

is introduced. However, it is difficult to minimize (1.14) directly. The authors of [I7] use
reparametrization of the original curve and they minimize the following Lo-distance:

\/ /0 IP(o(t)) — R dt,

where ¢ : [0, 1] — [0, 1] is a strictly increasing continuous function such that P(¢(tg)) is the
closest point to R(tp) for all ¢y € [0, 1]. They claim that this approach produces an effect
which is similar to the result of minimization of ([1.14]).
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Example 1.6. Once again, let us consider the Bézier curve “alpha” of degree 11 (see Ex-
ample . This time, we apply the algorithm of Wozny and Lewanowicz [103] in order to
perform an optimal degree reduction with respect to the Lo-norm (v = 3 = 0). As in the
previous example, we impose the endpoint interpolation constraints . The results are
shown in Figure [§] (cf. Figure[7b]). Clearly, the resulting curves of degrees 10 (Eo = 2.98¢—2)
and 9 (Fs = 1.19¢—1) are perfect. In contrast to the previous example, a human eye is
unable to distinguish them from the original curve. As it turns out, it is also possible to
obtain satisfactory curve of degree 6 (Es = 2.57e+0). Compare the maximum errors with
the ones from Example Obviously, the approach of Wozny and Lewanowicz [103] is much
better than that of Piegl and Tiller [84] (cf. Figure [7h]).

1004
90-
80+
70
60-
50
40-
30+

204

T T
20 40 60 80 100 120

Figure 8: Optimal degree reduction with respect to the La-norm. The Bézier curve of degree 11 (blue solid line) reduced
to the Bézier curves of the following degrees: 10 (red dashed line), 9 (green dash-dotted line) and 6 (black dotted line).

In the case of degree reduction of many Bézier curves joined end-to-end, the endpoint
interpolation constraints guarantee maintenance of the connections. However, those
minimal continuity requirements do not rule out rough edges and corners. In many practical
cases, a goal is to preserve smooth connections (see . That is to say, a human eye should
not be able to notice the endpoints of the adjacent curves. In order to see the issue clearly,
let us consider the following example.

Example 1.7. Let P and @ denote two adjacent Bézier curves of degrees 5 and 6, de-
fined by the control points {(2.5,0), (3.5,1), (4.5,1.5), (5,3.5), (5.7,4), (6,3.3)} and {(6, 3.3),
(6.23,2.76), (7.5,3), (8.5,4.5), (9,3), (10,6), (11,1)}, respectively (cf. [115, Example 2]). See
Figure [9a] Clearly, these curves connect in a smooth way. Now, we apply the algorithm of
Wozny and Lewanowicz [103] separately to each curve. As a result, we obtain two Bézier
curves R and S of degrees 3 (Ex = 7.06e—2) and 4 (Ex = 1.66e—1), respectively. Both
of them satisfy the endpoint interpolation constraints. Unfortunately, these restrictions are
insufficient, i.e., the connection is not smooth enough (see Figure . To avoid this defect,
we must additionally preserve the continuity of the derivatives at the endpoints,

P'(1)=R(1), Q) =S50). (1.15)
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The algorithm of Wozny and Lewanowicz [103] allows us to impose such conditions. Once
again, we obtain two Bézier curves of degrees 3 (EFoo = 8.29e—2) and 4 (Es = 2.30e—1). This
time, the connection is smooth (see Figure . However, one should realize that because of
the additional restrictions, the approximation errors must be inevitably larger than for the
previous results.
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Figure 7: Let t € [0.8, 1] for the left curve and t € [0, 0.2] for the right one. Figure (a) shows two original Bézier
curves of degrees 5 and 6. In Figure (b), we see two reduced Bézier curves of degrees 3 and 4 satisfying the endpoint
interpolation constraints. The curves in Figure (c) additionally fulfill the conditions (1.15)).

Example shows the importance of continuous derivative. In fact, one can go even
further and preserve the continuity of higher order derivatives. These requirements constitute
the so-called parametric continuity constraints (also known as C*! continuity constraints).
Now, we formulate the problem of C*!-constrained degree reduction of Bézier curves.

Problem 1.8. [C*!-constrained degree reduction of Bézier curves]
For a given Bézier curve P of degree n,

P(t):=> piB}(1),
i=0
find a Bézier curve R of lower degree m,
R(t):=> _nB(t),
i=0

so that the following conditions are satisfied:

(i) weighted Lo-error

1
1P~ R = \/ /0 (1—0)otP|P(t) — RE)[Pdt (o, B> —1)

is minimized in the space TI% ;
(ii) P and R are C*!'-continuous (k, 1> —1 and k+1 < m — 1) at the endpoints, i.e.,
RD0)=PD0)  (i=0,1,...,k),
(1.16)

RWD(1)=PUN1)  (j=0,1,...,10).
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Problems of the above type are discussed in many papers [2, 3], 18| 31, [73], [78, ©94], 95|, 03],
1TOHI12], usually under some simplifying assumptions, e.g., « = f = 0 or k = [. Paper of
Wozny and Lewanowicz [103] deals with Problem in its most general form. As we have
already mentioned, their approach has gained recognition because of the lowest computational
complexity and some good numerical properties. Consequently, it may seem that further
improvement in this area is impossible. However, in practice, C*! constraints tend to be too
restrictive. We shall see this in Chapter ] As a result, Problem is not as interesting as
it used to be (notice the publication dates of the above-mentioned articles). For a detailed
discussion on parametric continuity, see

Now, we formulate the problem of G**-constrained degree reduction of Bézier curves which
differs from Problem in considering, instead of the conditions , the geometric conti-
nuity constraints (also known as G*! continuity constraints) at the endpoints of the curves.

Problem 1.9. [G*!-constrained degree reduction of Bézier curves]
For a given Bézier curve P of degree n,

P(t) =) piB}(1), (1.17)
=0
find a Bézier curve R of lower degree m,
R(t):=> _rnB(t), (1.18)
i=0

so that the following conditions are satisfied:

(i) weighted La-error

1
IP— R = \/ /0 (1—6)2t?|P(t) — R@)|Pdt (a, B> —1) (1.19)

is minimized in the space TI% ;

(is) P and R are G*'-continuous (—1 <k, 1 <3 and k +1 < m — 1) at the endpoints, i.e.,

RO(t) = PO (p(t)) (t=0; i=0,1,...,k), }

| | (1.20)
RO(t) = PU(p(t))  (t=1; j=0,1,...,0),

where ¢ : [0, 1] — [0, 1] is a strictly increasing function with p(0) =0 and p(1) = 1.

Notice that, in general, curves which are G*!-continuous can be C*!-continuous after
a proper reparametrization. Clearly, C*! continuity implies G** continuity. However, the
converse, is not necessarily true. Therefore, geometric continuity is more general and there is
a certain flexibility which leaves some room for further optimization. Problem [I.9] has been
recently discussed in several papers (see [44] 68, [70, (74, 76, [77, OT), 92 113], 114]). The vast
majority of them simplify the problem by assuming that ¢'(0) = ¢’(1) = 1, which implies,
e.g., the hybrid C1'/G?2-constrained degree reduction, meaning that we impose constraints
of C1! continuity, followed by G%?2 continuity, at the endpoints. As it turns out, it is possible
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to apply an extended version of the method by Wozny and Lewanowicz [103] as an essential
part of the algorithm of solving Problem [I.9} Such an approach is proposed in the author’s
joint work with Lewanowicz and Wozny [44]. It is worth mentioning that this is the only
paper dealing with Problem [I.9] in its most general form. For details, see Chapter [ More
information on the G* continuity can be found in §2.2| In addition, we also discuss in detail
the hybrid continuity constraints (also known as CP4/G*! continuity constraints). See

As we have seen, conventional degree reduction of Bézier curves is to minimize a chosen
error function subject to some continuity constraints at the endpoints. As a result of this
common strategy, one may obtain control points which are located far away from the plot
of the curve. Consequently, it may happen that further editing of the resulting curve can
be difficult or even impossible. In Chapter |5, which is based on papers [43], [46], we give
appropriate examples to illustrate this issue. Then, we propose a new approach to the problem
of C*!-constrained degree reduction of planar Bézier curves by imposing the so-called box
constraints. Next, we present two methods of solving the new problem. They are completely
different than in the case of the conventional approach. Finally, we obtain curves which are
suitable for further modification and applications.

1.6.2 Merging of Bézier curves

Conventional merging of Bézier curves is to approximate a composite Bézier curve with a
single Bézier curve which minimizes a selected error function and satisfies certain continuity
constraints at the endpoints.

As already noted, degree reduction of Bézier curves has been extensively studied. In
contrast, the number of articles dealing with the problem of merging is rather limited (see [19}
201, 451, 50, (1), [69] [71], [72), [75, 96, 102, 115]). It is noteworthy that papers [19, Q6] deal with
merging of B-spline curves. A B-spline curve is a generalization of a Bézier curve (see, e.g., [85]
§3]). Nevertheless, further on in this thesis, we limit ourselves to Bézier curves.

Notice that in papers [20} 50, 511 69, [72], the so-called la-norm is used (see, e.g., [72, (7)]),
which is simpler than the Lo-norm. However, according to the comparison by Lu [72), §5], the
latter is a better option. Therefore, further on in this thesis, we focus on the minimization of
the Lo-error.

As it turns out, many observations concerning the degree reduction problem apply to the
merging problem as well. Taking into account some of the previous remarks, we formulate
the following problem of C*!-constrained merging of Bézier curves.

Problem 1.10. [C*!-constrained merging of Bézier curves]

Let 0 = tg < t1 < ... < ts = 1 be a partition of the interval [0, 1]. Let there be given a
composite Bézier curve P(t) (t € [0, 1]) which in the interval [t;—1, t;] (i = 1,2,...,s) is
exactly represented as a Bézier curve Pi(t) of degree n;, i.e.,

P(t) = Pi(t) == > pl B (t A}fﬂ‘j) (t e [ti, ti): (L.21)

J=0

Find a Bézier curve of degree m (> max;n;)
R(t):=> rBy'(t) (telo,1]) (1.22)
j=0

so that the following conditions are satisfied:
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(i) Lo-error

1
1P~ Rz, = \/ | 1P - Rejar (123)
is minimized in the space T1%;
(ii) P and R are C*'-continuous at the endpoints, i.e.,
ROD0)=PD0)  (i=0,1,...,k),
. (1.24)
PU)(1) (j=0,1,...,10),

=
[
<

—

-

N—
Il

where k <ny, L <ng, k, I >—-1andk+1<m-—1.

Problems of the above type are discussed in [51], [72, [102]. Hu et al. [51] deal with merging
of only two Bézier curves. Obviously, to merge more than two curves, one could use this algo-
rithm repeatedly. Unfortunately, such an approach increases the error of the approximation
as well as the computational cost. The other methods specialize in merging of more than
two Bézier curves at the same time. However, the approach of Lu [72] is based on solving a
system of normal equations. As in the case of degree reduction, this is a very straightforward
strategy which is computationally inefficient, i.e., the complexity is O(sm?). Moreover, it
suffers from poor numerical properties. In [102], which is the author’s joint work with Wozny
and Lewanowicz, a more sophisticated approach is proposed. It is based on the properties of
dual Bernstein basis polynomials. Consequently, the complexity of the algorithm is O(sm?),
the least among the existing algorithms. For details, see Chapter [6]

As already mentioned, the C*! constraints can be generalized, i.e., one can impose
the G¥! constraints instead. For that reason, we formulate the problem of G*!-constrained
merging of Bézier curves.

Problem 1.11. [G*!-constrained merging of Bézier curves]

Let 0 = tg < t1 < ... < ts = 1 be a partition of the interval [0, 1]. Let there be given a
composite Bézier curve P(t) (t € [0, 1]) which in the interval [t;—1, t;] (i = 1,2,...,5) is
ezactly represented as a Bézier curve Pi(t) of degree n;, i.e.,

Pl =P =30 B (5] (e it (1.25)
j=0 -

Find a Bézier curve of degree m (> max;n;)

m

R(t):=> _rBj(t)  (te[o,1]) (1.26)

j=0
so that the following conditions are satisfied:

(i) Lo-error

|P— Rllz, = \/ / |P(t) - R(t)|2dt

is minimized in the space H‘fn;
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(ii) P and R are G*!-continuous at the endpoints, i.e.,

RO () = PO (p(t)) (t=0; i=0,1,...,k), }

| . (1.27)
RO(t) = PD(p(t))  (t=1; j=0,1,...,1),

where ¢ : [0, 1] — [0, 1] is a strictly increasing function with ¢(0) = 0 and (1) = 1.
Additionally, we assume that —1 <k, 1 <3, k<ny, | <nsgandk+Il<m-—1.

There are only four articles which are relevant to this problem (see [71l [72] [75] 115]).
However, papers [71), [115] deal with merging of only two Bézier curves. Furthermore, Lu [71]
simplifies the problem by setting ¢’'(0) = ¢'(1) = 1, hence the loss of generality. In addition,
only the symmetric continuity cases are considered, i.e., k = [. Zhu and Wang [I15] limit
themselves to the cases of Kk =1 = 1 and k = [ = 2. In [72], Lu solves the problem of
GFl_constrained merging of multiple adjacent Bézier curves. However, the assumption that
k =1=1is made. As a result, the method has a very limited applicability in CAGD. Lu’s
approach [72] is generalized in [75], where one can find a method working for k = [ = 2.
Regardless of how many curves are merged, the strategy is to solve a system of normal
equations. In Chapter [7] we generalize the approach given in Chapter [6] and deal efficiently
with Problem in its most general form. The material is the author’s independent work
and it has not been published before.

In Chapter [8, which is based on the author’s joint work with Wozny [45], we propose a
novel approach to the problem of C*-constrained merging of planar Bézier curves. As in the
case of degree reduction, we notice that resulting control points can be located far away from
the plot of the curve. This time, the defect seems to be even more significant. Once again,
we impose the box constraints which appear for the first time in the context of the merging
problem. As a result, the merged curve is more useful in practical applications.

1.7 Outline of the thesis

To begin with, we relate the parametric and geometric continuity conditions with the control
points of curves P and R (see Chapter . This is the first step to solve the problems of degree
reduction and merging. In Chapter [3] we introduce the general concept of dual bases and
show how to construct and modify them efficiently. Those methods are useful in solving the
problem of degree reduction of Bézier curves with box constrains (see Chapter . Moreover,
we focus on some of the properties of dual Bernstein polynomials, which we use to solve the
conventional problems of degree reduction and merging (see Chapters |§| and .

In Chapter {4 we generalize the approach of Wozny and Lewanowicz [103] in order to deal
efficiently with Problem in its most general form. Additionally, the simplified version of
Problem namely the degree reduction with hybrid constraints (see §2.3)), is also solved.
Next, a new approach to the problem of C*-constrained degree reduction of planar Bézier
curves is proposed (see Chapter . We impose the box constraints and explain the purpose of
those restrictions. The new degree reduction problem requires completely different methods
than the conventional ones. We present two of them, and show that the best option is to use
the so-called BVLS algorithm combined with fast methods of construction and modification
of dual bases.

Chapter [6] brings a complete solution of Problem Using fast connections between
Bernstein and dual Bernstein polynomials, we obtain efficient merging method having the
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lowest computational complexity among all existing methods. In Chapter [7| we apply an
extended version of this method as an essential part of the algorithms of solving Problem [T.17]
with and without the simplifying assumptions (see . In Chapter the problem of merging
of planar Bézier curves with box constraints is formulated and solved. As in the case of the
box-constrained degree reduction, this new idea is justified by some illustrative examples.



Chapter 2

Continuity constraints

As it was stated in the previous chapter, a single Bézier curve is not flexible enough to fit
more complex shapes. To handle this issue properly, one should use a composite Bézier
curve which consists of many Bézier curves joined end-to-end. However, one must guarantee
smoothness at the places where the pieces connect. A composite Bézier curve is smooth if
its derivatives, up to some order, are properly defined. There are two main concepts, namely
parametric and geometric continuity. Parametric continuity implies continuous derivatives.
It guarantees smoothness of a curve and of its parametrization. For instance, C' continuity
means that, in addition to C° continuity, both tangent vectors must have the same direction
and magnitude. Geometric continuity is defined as agreement of derivatives after a suitable
reparametrization. In other words, it involves certain relaxation of the parametrization. Nev-
ertheless, the connection stays smooth. For instance, G' continuity means that, in addition
to GV continuity, both tangent vectors point in the same direction, however, their magnitudes
may be different. According to Farin [33 §11.1], “The concept of geometric continuity is
more appropriate when dealing with shape; parametric continuity is appropriate when speed
of traversal is an issue.” Therefore, in many cases, parametric continuity seems unnecessary
and too restrictive. Geometric continuity, on the other hand, might be a better option. For
a detailed explanation, see the pioneering works by Barsky and DeRose [0}, 27].

When dealing with a composite Bézier curve, even a minor modification of a single segment
may affect the continuity. For that reason, operations such as degree reduction and merging
are performed under certain continuity conditions (see Problems . In this chapter,
a primary objective is to relate the continuity constraints with the control points.

2.1 Parametric continuity constraints

First, we recall the parametric continuity constraints associated with C*!-constrained degree
reduction of Bézier curves (see Problem |1.8)),

RO(0) = PO(0) (i=0,1,...,k), }
(2.1)

RY(1) = PY(1) (j=0,1,...,1).

23
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Now, using the formulas (1.8) and the explicit definition of the forward difference operator

(see (L7), cf. (T8)), we get

RO©) = iy = ST,
h=
(2.2)

Next, we substitute the formulas (1.8) and ([2.2)) into the equations (2.1]). Finally, some simple

manipulations lead to the following well-known formulas for the control points rg,71,...,7%
and Ty, Tim—1, - - -, 'm—1 (see, e.g., [103], §4]):
n\ /m\ it . 7
rj = <>< ) A]po—Z(—l)J+h<h>rh (1=0,1,...,k), (2.3)
J/\J
h=0

roj = (—1)) <"> <m> g hzi:(—nh <2>rm_j+h G=0,1,....0),  (2.4)

VAV /

respectively.

Now, let us consider the problem of C*!-constrained merging of Bézier curves (see Prob-
lem . Here the C*! conditions have the following interpretation: R and P! are C*-
continuous at ¢t = 0, while R and P* are C'-continuous at ¢ = 1. Notice that only the
first and the last segments of the original composite Bézier curve are considered, hence the
additional assumptions that £ < n; and I < ngs. Proceeding analogously as before, we obtain

ry =t <n1> <",L>_1 Alpt — ji(—l)ﬂh <2> rmo (G=0,1,....k), (2.5)

J J he0

ey = (b =74 (") (’fj)_lwpzs_j—é(—nh(i)m_jﬁ (G=0.1....0) (26)

(cf. and (2.4)).

Remark 2.1. While deriving the formulas and (2.6)), the authors of [45, [102] forgot
that the parametrization of P! and P* is [0, t1] and [ts_1, 1], respectively. Instead, they used
[0, 1] for both curves. Consequently, the formulas given there are slightly different than ,
; and resulting curves must be slightly different as well. Note that during the derivation
of and , some researchers choose the interval [0, 1] for P! and P*® (see, e.g., [T1,
Remark 2.3]).

2.2 Geometric continuity constraints

In this subsection, we relate the geometric continuity constraints with the control points.
Limiting ourselves to the cases of —1 < k, I < 3, which are useful from a practical point of
view, we discuss the G*! conditions in detail.
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First, we focus on the problem of G*'-constrained degree reduction of Bézier curves (see
Problem [1.9)). Recall the geometric continuity constraints,

RO() = PO(p(t))  (t=0;i=0,1,....k), @)
. . 2.7
RO(t) = PD(p(t))  (t=1; j=0,1,...,0).
It can be easily shown that
d Lo
a0 = X Usral (2.8)

where the coefficients U;; = U;;(t) depend only on the derivatives §; = §;(t) := ¢\ (t) for
j=1,2,...,1. For instance,

Ui = d1;
Usy = 62, Uso = 6%
Us1 = 03, Usz = 30102, Uss = 635

Usy =04, Usp =363 + 40163, Usg = 66162, Uy = 67.
Now, applying the formulas (1.8), (2.2) and (2.8) to the equations (2.7)), we obtain the fol-

lowing recursive forms for the control points rg,r1, ..., r:
o = Po,
(D' §~_ Ny
- (P U O = S Jm =120k, (29)
(=m)i < — h
= h=0
and similarly for 7, "m—1, ..., T"m_i:
T'm = Pn,
RSy i i n( :
Pmi = ;(—1) (—n);Ui; (1) N pp; —;(—1) p Jrmeien (i=1,2,000),

where shifted factorial is defined by

(c)o:=1, ()p:=clc+1)...(c+h—-1) (h>1;ceC).

Observe that the control points 71, ro,..., 7 depend on the parameters
Aii=0;(0)=D0)  (i=1,2,...,k),
while the points r,,—1,7m—2,...,7m_; depend on
pi=0(1) =) (=1,2,...,0).

Remark 2.2. Note that GF! = C*! for —1 <k, | < 1.
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Remark 2.3. In contrast to the parametric case, the control points (2.9 and (2.10) are not
yet known since the parameters {);} and {z;} are not given in advance. Note that the C*+
constraints imply that A\; = py :=1and \; = p; :=0 (4, j > 1).

For k, 1 > 3, the constraints (2.7) are overly restrictive. Therefore, in practice, it is
sufficient to consider the cases of —1 < k, [ < 3. When k = 3, we have:

n
ro =po, T1=po+ —A1Apo, (2.11)
m
1 -1
9 = Po + E 21 + A Ap() + UA%AQP(), (2.12)
m m—1 (m—1)
3 1
r3 = po+ — |3\ + Ao + As | Apo
m m—1 (m —2)y
(n—1)2 [2 1 2 (n—2)3 3,3
— A M| A - X\’ A°pg. 2.1
vyl f R d ] el L e NG Sl (213)

In the case of k = 2, we use (2.11]) and (2.12). For k£ = 1, the formulas (2.11)) hold. Analo-

gously, when [ = 3, we have:

n
"m = Pny, Tm—1=DPn — EﬂlApn—la (214)
n 1 (n—=1)2 5,9
9 =Pn— — |21 — Ap,,_ ~ 2 5 A, 2.15
Tm—2 = Dn m [ 251 m—lm] Pn—1+ (m_1)2ﬂ1 Pn—2, ( )
n 1
=1, — — |3y — —_— Ap,_
Tm—3 = Pn m [ M1 m_1M2+ (m_2)2,u3] Prn—1
(n—1)2 [ 4 1 2 (n—=2)3 3.3
33— - ANp,_ o9 — —L2 13 A%p,,_3. 2.16
+ (m—1)s pL = o M Dn—2 (m72)3u1 Dn—3 (2.16)

In the case of [ = 2, we use (2.14)) and (2.15)). For | = 1, the formulas (2.14] hold.

Now, let us look at the problem of G*!-constrained merging of Bézier curves (see Prob-
lem . Here the G*! conditions have the following interpretation: R and P! are G*-
continuous at ¢t = 0, while R and P* are G'-continuous at ¢t = 1. Once again, observe that
only the first and the last segments of the original composite Bézier curve are considered.
Similarly as before, we limit ourselves to the cases of —1 < k, [ < 3. When k£ = 3, we have:

ny, _
ro=ps, TL=po+ Eltl "\ Apg, (2.17)
1, 1,1 1 1, (m—=1)2 5.9, 9
= —t 2 Ao A —— 2 TATA 2.18
T2 p0+m1 |: 1+m_1 2:| p0+(m_1)21 1 p(]v ( )
= —t 3\ A A3 A
rs=Po Tl [ L+ 2+(m72)2 3] 20

1
m — 2

_1
(m1 )2t1_2 [A% T
2

(1= 1)2 (n1—2)3
(m—1) =

n _
AIAQ] A?pl + ((ml 2)§t1 SA3A3D, (2.19)
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(cf. @.11)-([2.13)). In the case of k = 2, we use (2.17) and (2.18)). For k = 1, the formu-
las (2.17)) hold. Analogously, when | = 3, we have:

n —
rm =P rmer =, = (U ) Ay (2.20)
r 2 = ps - E(l —1 1)_1 -2M1 — Jip) Aps + M(l —t 1)—2u2A2ps
" " m ° L m—1 ns—1 (m — 1)2 S— 1 ns—21
(2.21)
S ns 1 3 ]_ s
_3 = - 1 — t _ 3 _ A
"m—3 pns m( s 1) i M1 m_lug—i— (m—2)2M3:| pn871
(nS 1)2 -2 2 1 9
3 1 —+t._ _ A2pS
+ (m _ 1)2 ( s 1) H1 m— 2“1“2 Pn,—2
(’I’Ls - 2)3 (1 ¢t 1)_3H3A3ps (2 22)
(m —2)3 ° 17 Fre—3 :

(cf. (2.14)—(2.16))). In the case of [ = 2, we use ([2.20]) and (2.21)). For [ = 1, the formulas ([2.20)
hold.

As in the case of G*!-constrained degree reduction, optimal values for the parameters
{\i} and {p;} are not known in advance.

2.3 Hybrid continuity constraints

Notice that the control points (2.12)), (2.13)), (2.15)), (2.16), (2.18), (2.19)), (2.21) and are
nonlinear polynomial functions of the continuity parameters {\;} and {x;}. As we shall see in
Chapters [4] and |7}, this is a serious issue which makes further computations more difficult and
expensive. However, if we set A\; = 1 := 1, which implies C! continuity (see Remark [2.3)),
then the previously mentioned functions become linear. This idea is widely used in degree
reduction (see, e.g., [92]) and merging (see, e.g., [T1]).

In general, we use CP4/G*! notation to describe the so-called hybrid constraints, where
p,q€{—,1} and (k> 2 or [ > 2). In the case of k > 2 and p = 1, we set A; := 1. Similarly,
for Il > 2 and ¢ = 1, we set pu; := 1. Setting p = ¢ := — means that we do not fix A1, u1,
respectively. Clearly, C—~/G*! denotes G*'.

We denote the above-described approach to the problems of degree reduction and merging
of Bézier curves as CP4/G*!-constrained degree reduction of Bézier curves and COP9/GF!.
constrained merging of Bézier curves, respectively. For further details, see Chapters ] and [7}




Chapter 3

Dual bases

Most of the algorithms given in this thesis are based on the properties of dual polynomial
bases. Therefore, in this chapter, we introduce the concept of dual bases (see . In
we give some methods of construction of dual bases in general. Finally, we discuss in detail
the properties of dual Bernstein polynomials (see .

3.1 Introduction

Let By, := {by,b1,...,b,} be a basis of the linear space B,, := span B,,. A dual basis D,, :=
{dén), dg") e d%n)} for the basis B, of the space B,, satisfies the following duality conditions:

span D, = B,,, (3.1)
<bi, d§")> =06,  (i,j=0,1,...,n), (3.2)
where (-,+) : B, x B, — C is an inner product, and dgn) (j =0,1,...,n) are called dual

functions.
Now, we present some well-known facts about dual bases.

Fact 3.1 ([100]). Every f, € B,, can be written in the following way:

n

fn = Z <fn7 dgn)> bi-

=0

Proof. First, we write
n
fn = Z a;b; ((Li S C)
i=0

since every f, € B, has a unique representation in the basis B,,. Now, let us consider

(fud) = S (b d)  (G=0.1,...,m).

7=

Obviously, the duality conditions (3.2)) imply that

(fod”)=a;  (G=0,1,....n).

28
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Fact 3.2 ([100]). Given a function g,

e N~y ™\ g _
fi=2 (g.d" )b (3.3)

1s the best least squares approzimation of g in the space By, i.e.,
— f¥l2 = min |lg —
lg = il = i g = follz

where || - ||2 := \/(, ") is the least squares norm.

Proof. According to Fact [ has the following representation in the basis B, of the space
B,

n
T= (d) b
i=0
On the other hand, a classical characterization of the best least squares approximation is that
(g — f¥,h) =0 holds for any h € B,,. In particular, for h = dgn) (t=0,1,...,n), we obtain

<9,d§”)>:<f;,d§n)> (i=0,1,...,n).
Hence, the formula follows. 0

Recently, dual bases with their applications in numerical analysis and CAGD have been
extensively studied. Dual Bernstein polynomials (see, e.g., [21], [52] (62} (63, 87, 88]) have found
their application in the algorithm of computing roots of polynomials (see [7]), degree reduction
of Bézier curves (see [44], [73], [I03]), merging of Bézier curves (see [102]) and polynomial
approximation of rational Bézier curves (see [65] [66]). Bivariate dual Bernstein polynomials
can be used in degree reduction of triangular Bézier surfaces (see [104]) and approximation
of rational triangular Bézier surfaces by polynomial triangular Bézier surfaces (see [61]). In
order to perform degree reduction of tensor product Bézier surfaces, one can use the properties
of dual tensor product Bernstein polynomials (see [64]). In [101], one can find some results on
dual B-spline functions. Paper [48] deals with the construction of dual B-spline functionals.
Dual Wang-Bézier and dual Bézier-Said-Wang type generalized Ball polynomials have also
attracted a lot of attention lately (see [4, [[I06HI08]). The theory and applications of dual
NS-power bases are given in [109]. Dual polynomial bases were studied in [4I]. Dual basis
functions in subspaces of inner product spaces were discussed in [53]. As for the properties
of dual bases in general, see [46, 100} [10T].

3.2 Construction of dual bases

In this subsection, we show how to construct a dual basis.

3.2.1 A straightforward method

To begin with, let us focus on the most obvious approach (see, e.g., [100 §2]). A goal is to

represent each dual function dén), dgn), cee d%n) in the basis B, i.e., we write

d" =3"al"b;  (i=0,1,...,n)
=0
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and look for the coefficients al(;-b) (1,7 =0,1,...,n). Such a representation exists since dz(»n) €

B, (cf. (3.1)). Now, for each i € {0,1,...,n}, the duality conditions (3.2)) yield the following
system of linear equations:

n
di, = <dl(‘n)abk:> :ZCLZ(;L) (bj, br) (k=0,1,...,n).
j=0
Finally, we solve each system for the coefficients agl) (j =0,1,...,n). Note that these systems

share the same Gramian matriz which must be inverted.

3.2.2 An orthonormal basis approach

Let qo,q1, - --,qn be an orthonormal basis of the space B,, with respect to the inner product
(-,-), i.e., the following conditions are satisfied:

span{qo, qi; - - - qn} = Bn,

<ql-,qj) :51']' (i,j:O,l,...,n).

As it turns out, orthonormal and dual bases are related.

Theorem 3.3 ([62]). Suppose that we know a representation of each qo,qi, . .., qn in the basis
bOvbla o 7bn’
n
q; = th‘jbj (Z = 0,1,...,7},). (3.4)
§=0
~ (n) 4(n) (n) : : : )
Then, the dual functions dy”,d; ", ... ,dy" can be written in the following way:

dgn):Zhijqi (1=0,1,...,n).
1=0

Unfortunately, the representation (3.4]), as well as the orthonormal basis itself, is in many
cases unknown.

3.2.3 A more sophisticated method (D,, = D, ;1)

Now, we describe a more sophisticated method of construction of dual bases.

Suppose that B, is the given basis of the space B, and the dual basis D,, with respect
to the inner product (-,-) is known as well. In [101], Wozny proposed an efficient method of
constructing the dual basis

n+1 n+1 n+1
Dy = {d(() ),dg )7--"d£z+1 )}

for Bp4+1 := Bp U {bpt1}. See also his previous method [I00]. Note that the results which
were first published in [I0I] contain some mistakes because the author forgot to use a complex
conjugate of certain coefficients (see [46, Remark 2.3]). However, in the case of a real-valued
inner product, the formulas given there are true. The corrected results were published in [46].
Further on in this subsection, we present the connection between D,, and D, as well as the
algorithm of constructing Dy, 41.
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Theorem 3.4 ([101]). The dual functions from D, and Dy41 are related in the following
way:

dmHD = g Mg = 0,1, ), (3.5)
where
W™ = (A" by ). (3.6)

As a result of Theorem each dual function dEnH) (¢t = 0,1,...,n) depends on

dl(n), which is known, and on dgfll) which must be computed. Note that span B,;1 =

span (D, U {bn+1}). Therefore, we can write

dg:_—i-ll) Z CgLn"!‘l)d;Ln) 4 Cgﬁ:_ll)bn-i-h (37)
h=0

and solve the following system of linear equations:

0= <d1({f11), bi> = c(nﬂ) + c,(ffll)vZ(HH) (1=0,1,...,n),

- () A

where
o = (g by) (=01, n+1), (3.8)
for the coefficients c(nﬂ),cgnﬂ), .. .,cgfll). According to [I01], §2], the solution is simple,
namely
n -1
n+1 n+1 n+1 n+1
651:1 = <U7(1+J; - Z”g ! )wl(v, " )> ; (3.9)
h=0
cgnﬂ) = —vf(LnJrl)c,(grll) (h=0,1,...,n). (3.10)

Corollary 3.5 ([101]). Let f; € B, be the best least squares approximation of a function g
in the space B,, i.e.,

lg = il = i lg = follz (311)

where .
fr=>"e"b; (3.12)

=0

with e( . <g, dl(n)> fori=0,1,...,n (see Fact . Suppose that we know the coefficients

egn) (¢ =0,1,...,n) and our goal is to compute the optimal element f ; € B,;1 for the

same function g. Observe that Fact along with the formulas (3.5) and (3.7]), yields the
following relations:

n

) = ST T b )
h=0
eg"H) = eg") - wgnﬂ)eg:fll) (i=0,1,...,n),

where Z is the complex conjugate of z € C.
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The above-described idea is summarized in the following algorithm.
Algorithm 3.6 ([I01]). /D, = Dy41]/
Input: Dy = {d(()n)7dgn), . ,d%n)}, Byy1 = {bo,b1,...,bpy1}

Output: Dypiq = {d(()n+1), dgnﬂ), e diffll)}

Step 1. Compute wl(nH) (i=0,1,...,n) by .
Step 2. Compute fuj(.nﬂ) (j=0,1,...,n+1) by .
Step 3. Compute cgfll) by .

Step 4. Compute c,(:H_l) (h=0,1,...,n) by .
Step 5. Compute df{fll) by .

Step 6. Compute dEnH) (i=0,1,...,n) by (3.5).

Step 7. Return the dual basis {d(()nﬂ),dgnﬂ), e ,dgfll)}.
The next algorithm computes a sequence of dual bases Dy, D1,..., Dy.

Algorithm 3.7 ([I01]). /[Construction of dual bases Dy, D1, ...,Dx]
Input: B, = {by,b1,...,bn} (n=0,1,...,N)
Output: D, = {dg">,d§n>, . ,d%”)} (n=0,1,...,N)

Step 1. Set Dy = {(bo,b0>_1 bo}.
Step 2. Compute D, (n=1,2,...,N) using Algorithm[3.6
Step 3. Return the dual bases Dy, D1,...,Dy.

3.2.4 A new method (D,;; = D,)

In this subsection, we prove that for the given dual basis D,1, it is possible to compute
efficiently the dual basis D,,. Such a method is a result of the author’s joint work with Wozny
(see [40]).

Let there be given the dual basis D,,t1. Clearly, to compute the dual basis D,, one can
try to rewrite the formula . However, note that each coefficient wz("ﬂ) depends on the
searched dual function dgn) (see (3.6))). To avoid this issue, we must find a different formula
for the coefficients wl(nﬂ) (i =0,1,...,n). In order to prove the main result, we will need
the following lemma.

Lemma 3.8. The following identity holds:

<d£n),d£:f11)> -0 (i=0,1,...,n). (3.13)
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Proof. We use Fact to represent each dual function dz(n) as a linear combination of the
elements by, by, ..., by,

dl(n) _ Z <d§n)7d§n)> b;.
j=0
Consequently, we have

n n+1 - n n n+1
(d2) = (32 () )
j=0
n n n+1
=3 (@ d) (b)) =0
7=0
since <bj,d£:f11)> =0forj=0,1,...,n. O
Theorem 3.9. The connection between the dual functions from Dy and Dyy1 is as follows:
d™ = gD Mg = 0,1, n), (3.14)
where (t) (i)
a;" ) ar
WD _< i el > (3.15)
¢ ’ (n+1) 4(n+1) ’
<dn+1 7dn+1 >

(cf. Theorem|3.4)).

Proof. Obviously, the relation (3.14]) follows from (3.5). Now, we substitute (3.14) into the
equation (3.13]) and obtain

0= <d(n+1) T wZ(nH)d(nH) d(n+1)>

7 n+1l > ¥ n+l
n+1 n+1 n+1 n+1 n+1
:<dz(' ),dg+1)>+w§ )<d£1+1)7d7(z+1)>'
Hence, the formula (3.15) follows. O

Corollary 3.10. Let f;.; € B, 41 be the best least squares approximation of a function g in
the space By, +1, i.e.,

- I = min -
Hg fn+1”2 Frs1€Bi Hg fn+l||27

where
n+1

* n+1
fav1 = Z e§ )bj
j=0

with "t .= <g,d(-n+1)> for j = 0,1,...,n+ 1 (see Fact . Suppose that we know

J J
the coefficients e§"+1) (j =0,1,...,n+ 1) and our goal is to compute the optimal element

fr € By, for the same function g (see (3.11)), (3.12)). Observe that Fact along with the
formula (3.14)), yields the following relation:

z('n) =€

(n+1) + w(n—l—l)e(n—i-l) (Z _ 07 1,

% n+1 "7n)

(cf. Corollary .
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Note that in contrast to (3.6), the formula (3.15]) is independent of dl(»n) (1t =0,1,...,n).
Therefore, it can be used to compute the dual basis D,,, under the assumption that the dual
basis D41 is given. See the following algorithm.

Algorithm 3.11. [D,,.1 = D,,J
Input: Dy = {dénﬂ), dgnJrl), R dgfll)}
Output: D, = {dén),d(ln), .. ,d&”)}
Step 1. Fort=0,1,...,n,
(i) compute wgnﬂ) by (3-15));
(ii) compute dgn) by (3-14).
Step 2. Return the dual basis {d(()n),dgn), .. .,dﬁln)}.

Remark 3.12. Suppose that a dual basis of a certain space is well-known or was computed
earlier. In numerical analysis and CAGD, we often look for an optimal element (in the least
squares sense) which is constrained, e.g., by some continuity conditions. As a result, we need
a dual basis of a specific subspace of the well-known space. Algorithm [3.1T]can be particularly
useful in those situations. For example, see Chapter

As we shall see in Chapter [5] the presented algorithms are useful in CAGD.

3.3 Dual Bernstein polynomials

In this subsection, we focus on dual Bernstein polynomials, which are crucial for most of the
algorithms presented in this thesis.
First, we define the inner product (-,-)s3 by

1
f, 9)as = /0 (L -t f(Bg(t)dt (o, f> ~1). (3.16)

Further on in the thesis, we assume that (-,-)r = (-, )oo.
According to [52, §2], there is a unique dual Bernstein polynomial basis of degree n

Dy (t;a, B), DY (v, B), ..., Dy (8, B) € i,
associated with the Bernstein basis (1.1]), so that
(DP(50,8), B} )y =03 (1, =0,1,....m).

For the sake of simplicity, we set D'(t) := D (¢;0,0).

Now, we consider the following restriction of the II,, space (cf. pt. . Given the
integers k, [ such that k, [ > —1land k+1 <n —1, let Hw) be the space of all polynomials
of degree at most n, whose derivatives of orders 0,1,...,k at t = 0, as well as derivatives of
orders 0,1,...,[ at t = 1, vanish,

n

kD .— {P ell, : PO0)=0 (0<i<k)and PD1)=0 (0<j< 1)} . (3.17)
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Here we use the convention that derivative of order 0 of a function is the function itself.
Clearly, dim H%k’l) =n—k —1—1, and the Bernstein polynomials By , B}’ ,,..., B} _;_;
form a basis of this space. According to [52], §3], there is a unique constrained dual Bernstein
polynomial basis of degree n

n,k,l n,k,l) n,k,l
D]i+1 )( Lo ﬁ) Dl(g+2 (mayﬁ),--'aDéflf)l(t; 0476) € ngkl)

satisfying the relation <D§n’k’l)(‘; a, B3), B}“> ; =0i; (1,7 = k+1,k+2,...,n—1—1). Obviously,
[0

we have Dgn’fl’fl)(t; a, ) = D} (t; «, 8), which corresponds to the unconstrained case. For
simplicity, we set Dgn’k’l)(t) = Dl(-n’k’l) (t;0,0).

Further on in this subsection, we give some useful properties of the constrained and
unconstrained dual Bernstein bases.

3.3.1 Connections between Bernstein and dual Bernstein bases

Now, we present some useful connections between Bernstein and dual Bernstein bases. In
the context of Problems and the following lemmas are of great importance (see
Chapters |§| and .

Lemma 3.13. Let n and m be positive integers such that n < m. The following formula
holds:

where

1 n\ /m nerf1
e L)) (e .
m+n+1\1¢ J 1+

Proof. Since II,, C II,,,, we make use of Fact and obtain

(Z(T-l’m) Bn Bm L _/ Bn

ij

The result follows by the well-known properties of Bernstein polynomials (see pts. [5|and
13). 0

Lemma 3.14 ([63]). The constrained dual Bernstein polynomials have the following repre-
sentation in the Bernstein basis:

m—I—1

D@y = N eii(m, k1) BR(1),

j=k+1
where the coefficients c¢;j = c;j(m, k, 1) satisfy the recurrence relation

L =T 20 =9)G+7—m)cij + W(j)cij—1 +U(J)cijrr — W(i) cim15}

(k+1<i<m-—-1-2, k+1<j<m-1-1)
(3.19)
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with
Uu) = (u —m)(u— k)(u+ k+2)/(u+ 1),

W) :=ulu—m—101—2)(u—m+1)/(u—m—1).

We adopt the convention that c;; := 0 ifi <k, ori >m —1, orj <k, orj>m—1. The
starting values are

—1 -1
; +k—14+1\/m
. —(—1)"F-1(9 m m
k1, =(—1) (k+*ﬂ<k+1 % + 3 j
" m—k—1-2\/m+k+1+3
j—k—1 k+j+2 )
where j =k+1,k+2,...,m—101—-1.

According to Lemma [3.14] the coefficients c;; can be put in the following table:

0 0 A 0
0 Cry1kt1 Ck+1,k+2 -+ Ck+lm—-i-1 0
0 Cki2k+1 Ck+2,k+2 -+ Ck+2m-1-1 0
0 Cm—i-1k+1 Cm—i-1k+2 -+ Cm—i-1m—i-1 0
0 0 - 0

Table 1: The c-table

which can be completed easily using Algorithm

Algorithm 3.15 ([63]). /[Computing the coefficients c;;(m, k,1)]

Input: m, k, 1

Output: table of the quantities c;; = cij(m, k1) (i,j=k+1,k+2,....m—1-1)

Step 1. Compute recursively Cr41 k41, Ch+1,k+2,-- - Chtl,m—Ii—1 by the formulas
m N om N (=D) 2 m — ke — 1 — 1)opgaiga

k+1 l+1 (2k +2)!(21 + 2)! ’

(j—m)(i—k)(+Ek+3)
G+D)G-m+Il+1)[G-—m—-1-1)

Ck+1,m—1—-1 ‘= <

Ck+1,j = Ck+1,5+1

J=m—-1-2,...,k+2,k+1).

Step 2. Fori=k+1,k+2,.... m—1—-2andj=k+1,k+2,...,m—1—1, compute ci41;
using the recurrence (3.19)).

Observe that the complexity of Algorithm is O(m?).

3.3.2 Computing the inner products <B?, Dl(m’k’l)(-;a,ﬂ)> ,
Now, we recall an efficient method of computing the inner products ¢;; := <B§L, ng’k’l)(g a,

Blap (i = k+1Lk+2,...om—1-1; j =0,1,...,n). As we shall see in Chapter
Algorithm [3.16] plays a significant role in solving Problem
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According to [64) 103], we have

(MRl 2) (m T\ (@14 2)n (B 4k +2);
¢7J _< 1—k—1 )(Z) (j)(a+l+2)l+1(ﬁ+k+2)k+l¢m (320)

(i=k+1,k+2,....m—1—1; j=0,1,...,n),

where the quantities 1;; can be written in terms of the so-called dual discrete Bernstein
polynomials. For details, see [103]. From [64], we know that the quantities 1;; can be put
in a rectangular table (see Table [2)) and the entries of this -table can be computed using

Algorithm (cf. [103]).

Y410 Yrr11 oo Vktin
Yry2,0 Yiy21 o0 Vrg2n
¢mfl71,0 ¢m7171,1 s ¢m7171,n

Table 2: The v-table

Algorithm 3.16 ([64]). [Computing the coefficients 1);;]

Input: n, m, k, |, o, B

Assumptions: n>m>0; k,I>—-1; k+l<m—1; a, > —1

Output: table of the quantities vy; (i=k+1,k+2,....m—-1-1; j=0,1,...,n)

Letc:=k+1+2, and a:= a+ .

Step 1. Compute the boundary values V41,0, Vr+1,1,--->Ukt1,n by the formula

m—c

(c—m)im+a+c+2);(j+1l—n+1)
Z illa+20+3)i(c—n+1); )

(c—=n+1)m—c
(m—c)l(m+a+c+2)p—c

Vry1,j =
=0

Step 2. For j = 0,n, compute recursively the auziliary quantities qo(7),q1(J);s-- -, Gm-c(7) by

¢i+1(7) = F(i)qi(j) + G(i)qi-1(j) (i=0,1,....m—c—1; qo(j) =1,¢-1(j) = 0),
where
F(Z,)_17(n—l—j—1)(m+i—|—a+c+2) in+i+a+c+1)
N (n—m+i)(a+20+i+3) (n—m+i)(a+20+i+3)’
Gli) = im+i+at+c+)(m—i—j—1)
" o (n—m4i—1ala+2+i+3) "
Step 3. Compute the boundary values V¥ry2.0, k430 -+, Ym—i—1,0 (the first column),
and Y42 ns Vi3, - - - s Ym—i—1n (the last column) by the formula

(c—=n+4+1)mclk—l—a—m)i_g1

Vi = (B+2k+3)ik1(m—c)l(m+a+c+2)n.
i—k— 1
k—i+1)p(-m—-—n—a-1), ;
X Z —l—a—m)p(c_n"‘l)p im—eplJ)

’U
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Step 4. Fori=k+1,k+2,.... m—101-2,andj=1,2,...,n—1, compute 1;1; by

wA o A(n7j)wi7j_1 + [D(m7 Z) - D(T%])Wu + C(nuj)wi,j-i-l - A(m7 Z.)wi—l,j
S C(m. )

with A(r,s) = (k—s+1)(r+l—s+a+2), C(r,s):=(s+l—r+1)(k+s+5+2),
and D(r,s) := A(r,s) + C(r,s).

Note that the complexity of Algorithm is O(mn).
Further properties of dual Bernstein polynomials can be found, e.g., in [21], 62 [103].



Chapter 4

GFl-constrained degree reduction of
Bézier curves

In [103], Wozny and Lewanowicz solved the problem of C*!l-constrained degree reduction
of Bézier curves (see Problem , using the properties of dual Bernstein polynomials (see
. Assuming that the input and output curves are of degree n and m, respectively, their
method has the least complexity, O(mn), among the existing algorithms. Furthermore, they
avoided matrix inversion and explicit basis transformation. Some other methods of dealing
with Problem are summarized in In this chapter, we apply an extended version of
the method from [103] as an essential part of the algorithms of solving Problem A goal
is to keep the positive features of the older method. In the thesis, we give a more detailed
version of the results published in [44].

The outline of the chapter is as follows. In we formulate and solve a certain model
problem of constrained degree reduction of Bézier curves. brings complete solutions of
Problem - with and without the simplifying assumptions, i.e., the G*? constrained and
Cp q/ G*'-constrained degree reduction of Bézier curves, respectlvely see - and
§2.3). In order to get explicit formulas for the continuity parameters {\;} and {,uj} we focus
on selected cases of Problem (see §4.3)). deals with the algorithmic implementation
of the proposed methods. Some illustrative examples are given in

4.1 Degree reduction of Bézier curves with prescribed bound-
ary control points

Recall that, in §2.2l we have related the G*! continuity conditions with the con-
trol points of the curves and . As a result, the control points rg,r1,...,7%
and 7y, "m—1, ..., m—; depend on the unknown parameters \; (i = 1,2,...,k) and p; (j =
1,2,...,1), respectively. Since the constraints , for k, [ > 3, are known to be overly re-
strictive, we have limited ourselves to the cases of —1 < k, I < 3. The continuity parameters
{A\i}, {i;} and the remaining control points ryi1,742,...,"m—1—1 are to be determined so
that the weighted Lo-distance is minimized.

To begin with, it is convenient to discuss the following model problem of constrained
degree reduction of Bézier curves (cf. Problem [1.9).

39
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Problem 4.1. [Degree reduction of Bézier curves with prescribed boundary control points/
Given a Bézier curve P € 1%,

n
= piBR(t)
=0
we look for a Bézier curve R € TIY, (m < n),
m
S0 (4.1)
=0
having the prescribed control points ro,r1,...,7k and T'm, Tm—1, - - -, "m—1, that gives minimum

value of the weighted Lo-error

(7= P - R = \/ / HetB|P(t) — R@E)|2dt (o, B> —1).  (4.2)

Given the points p; := (pi1, pios - - -, pia) € R? (i = 0,1,...,n) and r; := (131,740, . .., 75q) €

R? (i = 0,1,...,m), we use notation p”, r” for the vectors of hth coordinates of the points
POy P1y - - -y P and 19,71, ..., Tm, respectively,
Ph = [p0h>plh7"'>pnh]a rh = [r0h>rlh7"'a7amh] (h: 1127"'7d)'

As an extension of the result given in [103] (see also [64]), we obtain the following theorem.

Theorem 4.2. The inner control points r; = (ri1,752,...,75q) (k+1<i<m—1—1) of the
curve (4.1), being the solution of Problem are given by

ri=» gy  (i=k+1Lk+2,...,m—1-1), (4.3)

where

0 = (B}. D"V ()

(see (3.16) and §5.5.2),

v =p; — (?) - <§+h§:—l> (Z_;':) (7;)“ (G=0,1,...,n).  (4.4)

The weighted Lo-error (4.2) is given by

d
ES? = |3 Lun (D, P*) + Lyn (P, 1) — 2L (PP, 1], (4.5)
h=1
where for a := [ag,a1,...,an] and b := [bo,b1,...,by|, we define

N M

Inu(ab) = D@L+ ZZ( )( >a+1>N+M (B + 1)iyjaiby,

(a+ B4+ 2)Nym — =

where B(a, B) 1= W is called beta function.
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Proof. To begin with, we write

where
m—Il—1 k m
S(t):== Y rBMb), T@:(Z}Ezywﬂﬂ
i=k+1 =0 i=m—I

Using the degree elevation formula (see, e.g., [33, §6.10]; we adopt the usual convention that
(M) =0ifv<0orv>u)

o= (1) () () mo

h=0

we obtain

where

v () (5 ) () G

Now, we observe that

d 1
1P — R = (W — 5]\ = J > /0 (1 — t)et? [Wh(t) — Sh(t)]* dt,

where

i
o~
S~—
I
?
=
~—~
~+
~—
%lo
~
~+
~—
U
~—~
~+
SN—
[
I

P(t) = T(t) = Y uB),
i=0

with

v = pi — d;.
Thus, we are looking for the best weighted least squares approximation for W (h=1,2,...,d)
in the space k) (see (3.17)). Remembering that B]" and D(m’k’l)(ga,ﬁ) (k+1<i<

m — [ — 1) are the dual bases in the space Hg,]f’l), we use Fact and obtain

n

TP = Zvj <B;7,Dl(m,k,l)(-;a75)>aﬁ = Zn:vjqﬁij (i=k+1,k+2,....m—1-1),
Jj=0 j=0

which is the formula (4.3)).
It can be easily checked that for

P@z@@ﬁ@wf%ﬂ R@:@@#@mﬂ%,
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we have
« 2 a,
L0 = (IPED) . L) = (1RY7)
Lim (@™, t") = ( P" R") |
(", r") < >a5
Hence, the formula (4.5) follows. ]

4.2 Computing the continuity parameters

Coming back to the problem of G*!-constrained degree reduction of Bézier curves (see Prob-

lem [1.9), we notice that the formulas ([2.11)-(2.16) with fized parameters {\;} and {s;} (cf
§2.2) constitute constraints of the form demanded in Problem As a result, the control

points (4.3) depend on these parameters.
Now, optimum values of the parameters can be obtained by minimizing the squared er-

ror (@3),

2
E(a’ﬁ) = E(aﬁ) ()\1; )‘27 ceey Ak’ M1, 2y ... HUJZ) = (Eéaﬂ)) ’ (46)

depending on {\;} and {y;} via formulas (2.11)-(2.16) and (4.3). For a minimum of the
function (4.6)), it is necessary that its derivatives with respect to the parameters are zero,

which yields the system

d

)
(auB 9 h Lh — =
E Z[ ) 28)\ Lim(P", 1 )} 0 (w=1,2,...,k),
h=1
d 9
E(aﬂ [ Lo (", 21 —2Inmph,rh]20 v=1,2,...,1).
=2 |5 ) =25, T (P ") ( )
(4.7)
Using the notation
Bla+1,6+1)
_ , 4.8
(a+B+2)m (4.8)
1 t
Pl = g () 2 (6) @t Deemeis8 5 Digas 49)
where q = [qo, q1, - - -, q¢], we obtain
O (ph,x) = Hmil:_lF (phy 2L
aAu nm =~ nj 3/\u’

0 [y or;
g Lo (0K = H ST P (p) 5
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and
8 h _h H UL m m
7Imm ’ - . 1 —i 1 i
Oy () = (a+B8+m+2), ;;)<z><]>(a+ )2 i(B+ Vit
m—Il—1
8r1h 8Tjh h (‘3rjh
j =2H F,, ,
X |:8Aurjh+rzhaAu:| =~ ](I‘ )a)\u
8 8r ih
— Ly (2", 2" = 2H Z Fopj(rh) =22
Oty i 8/%
Hence, the system (4.7)) takes the form
d m—Il-1
87’ ih
Z Z [ij(rh)—Fn (p )} 8)‘\’ =0 (w=1,2,...,k),
o (4.10)
m—v Or
> [me(rh)—an(p )] a] =0 (v=1,2,...,1).
h=1 j=k+1 How

In the case of k =1 = 3, we compute the partial derivatives of hth coordinates of the control

points (2.11))—(2.16)). We obtain the following formulas:

7 Apon (i=1),
orin 275 Apon + 2X1 ((:L_ 1)2 A’pon (i =2),
BA N n n n .
! 3= Apon + [2)\1 + = 2/\2] 3((m 11))2 A%pon, + 3X\? <<m 22>)i A3pop, (i =3),
0 (i=0;m—3<i<m),
(4.11)
Tm=1); APon (i=2),
8T'h n .
6)?2 = 3mAp0h + 3\ é:i 12)>2 A?pop, (i =3), (4.12)
0 (1=0,1;, m—-3<i<m),
Irin _ { il Avon (i=3), w1
s 0 (i=0,1,2 m—3<i<m),
’mApn L,k (Z:m71)7
orin =22 Apn—1,n + 211 L e 11))22 APpr_ap (i=m-2),
8 N n n n .
H _3EAp”*1’h + [2M1 - muz] 3<(m 11>>22 AQP"*Q*’L - 3“% ((m 22))3 A3Pn—3,h (Z =m— 3)7
0 (0<i<3;i=m),
(4.14)
(m—1)g 1)2 Apn 1,h (’L =m — 2),
8T~;h n .
s | STz APn-Le =3 B Ao (i=m-3), (4.15)
0 (0<i<3;i=m—1,m),

orin T (m—2)3 2)3 Apn—1.n (l =m— 3)7
(9/J3 0

0<i<3m—-—2<i<m).

(4.16)
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Notice that the partial derivatives of hth coordinates of the control points (4.3) depend
on (4.11)—(4.16) in the following way:

Orin " <n>_1 b <n—m> <m> Orgn
S Pl Ly 417
o - 2 ) 2 )\g)%an, (4.17)
Jj=0 g=u
rip - <n>1 ~— <n—m> (m) orgn
- : , 9 4.18
Ot Jzz:o J g:zm:_l i-9)\g )% op, (4.18)

One can easily see that when k, [ < 3, we compute g&l’:, %}}ZL by (4.17), (4.18) if k£ < i <
m — [, and by (4.11)—(4.16)) otherwise. Finally, we put the expressions (4.11])—(4.18]) into the
equations of the system (4.10)).

Remark 4.3. Observe that for £ > 2 or [ > 2, the system is nonlinear, therefore,
quite difficult to solve. Moreover, from a practical point of view, we additionally require that
A1, n1 > 0, which results in the same directions of tangent vectors at the endpoints of the
curves and . Thus, to guarantee that these conditions will be satisfied, it is not
enough just to solve the system .

Now, we discuss two possible ways of computing {\;} and {su;}.

4.2.1 Computing G*' parameters using quadratic and nonlinear program-
ming approach

It is easy to check that if (k =1 and [ < k) or (Il = 1 and k < [), then the error is
a quadratic function of the continuity parameters.

In the case of (k =2 and [ < k) or (I =2 and k < 1), the error is a fourth-degree
polynomial function of the continuity parameters.

For (k=3 and ! < k) or (I =3 and k <), the error is a sixth-degree polynomial
function of the continuity parameters.

To find optimum values of the parameters \;, p1 in the case of G'''-constrained degree
reduction problem, assuming that «, § = 0, Lu and Wang [77] solved the quadratic program-
ming problem subject to the constraints

AL >z, 1> 2, (4.19)

where zp and z; are positive lower bounds prescribed to small values (they set 10~* for both
lower bounds in the examples section). Such an approach can be used in the cases which
result in a quadratic error function . One can solve the quadratic programming problem
using, e.g., an iterative active set method, which is implemented in many software libraries.
The active set mechanism used by standard quadratic solvers is described in [14, §6.5].

Analogously, one can observe that for k = 2,3 or [ = 2,3, the problem of minimizing the
error subject to the constraints is a nonlinear programming problem. To solve it,
one can use, for instance, a sequential quadratic programming (SQP) method (see, e.g., [14,
§15.1]), which is also widely available.
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4.2.2 Computing C??/G*! parameters by solving a system of linear equa-
tions

In the G?2-constrained case, Rababah and Mann [91] simplified the problem by considering
CU! continuity at the endpoints, i.e., they set A1, p1 := 1. Later, this approach was also used
by Lu [70]. In [92], the same idea was used to simplify the G33-constrained case and the
authors noted that such an approach leads to a system of linear equations.

Now, using the notation from §2.3] we generalize the above-described approach for any
k, 1 such that —1 < k, 1 < 3. If k > 2, we set \; := 1, which implies C' continuity at t = 0
and consequently, G®! constraints become C17/G*! constraints, where ¢ € {—, 1}. Similarly,
when [ > 2, we set pu1 := 1, which implies C! continuity at t = 1 and consequently, G*
constraints become CP! /G*! constraints, where p € {—,1}.

Note that in the cases of £k = 2,3 or [ = 2,3, the above-described method leads to the
linear system and the error is a quadratic function of the continuity parameters.
However, in the cases of k = 1 or [ = 1, there is no guarantee that the solution satisfies Ay > 0
or up > 0, respectively. In the case of the solution with nonpositive values of the parameters,
we must solve the quadratic programming problem subject to the constraints with prescribed
positive lower bounds for the parameters (see ) Observe that this approach uses no
simplifying assumptions for k, [ < 1.

Remark 4.4. Taking into account that the mentioned linear systems are rather small, one
can get explicit formulas for the continuity parameters. For example, in the cases of Gl
Cc—l/GY2 Y /G?Y and CL/G%2, the linear system ([4.10)) has the following form:

1121 + a12T2 = bl,} (4.20)

a2121 + agax2 = ba,

where x1, x2 are the continuity parameters and the coefficients a1, ai2, a91, a2, b1, by
depend on a considered case. Explicit formulas for these coefficients are given in Using
the notation of (4.20]), we obtain the following solution:

birags — ai2bs a11by — biag

x] = , x9 = . (4.21)
ai1G22 — a12021 ai1G22 — a12021

Most of the known algorithms solve a system of normal equations in order to get expres-
sions for the inner control points . Such an approach makes those expressions dependent
on the inverse of a certain matrix. As a result, formulas for the continuity parameters also
depend on the inverse (see, e.g., [70, [114]). Since the method given in this chapter is based
on Theorem the formulas are truly explicit.

Observe that in the above-mentioned cases, one can easily give the following form of the
quadratic error function (4.6|):

*

1 * *
E(a,ﬂ)($1’x2) _ = [1“17 a:Q] a1 Ay |21 i [3317 =T2] b 4t = Eia’ﬁ)(azl,xg) s
2 as  asy| |T2 >
(4.22)

where
= —2Hb; (i,j=1,2) (4.23)

7

a;‘j = QHCLU, b}
for (4.8). Obviously, a constant ¢* is meaningless in the minimization process, therefore,
P (z1,x2) denotes the significant terms of E(®#) (1, z). If the solution ([#.21]) does not
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fulfill the conditions A1, p1 > 0, then one can use E,Eo"ﬂ)(

the minimization problem with constraints.

x1,T2) as an objective function for

4.3 Explicit formulas for the continuity parameters

In Remark we describe the method of computing the parameters {\;} and {y;} in the
cases of GV, C—1/GY2, CL—/G?*! and CY1/G?2. These parameters depend on certain
coefficients (see (4.21])). Now, we give explicit formulas for the coefficients.

4.3.1 GY'-constrained case

In the case of G continuity conditions, we set 1 := A1, 29 := u1, and compute the required
coefficients by

ayy = A% (1,m —2,1,0,1,m — 2,1,0),
— (0,0)
aiz,az1 = —A; 7 (IL,m—2,1,0,2,m—1,m—1,n—1),
. 40,0
agp=A;""2m—-1,m—-1,n—-1,2,m—-1m-1n—1),
by = — ALY (1,m —2,1,0),

by = ALY (2 m —1,m—1,n—1),

where
d b g
AP a,boeve, fg,5,8) =S > Nu(,p" ee) Y L6, )N, (i, D", 5, 1), (4.24)
h=1 j=a i=f
A(uv) (a,b,c,e) ZZN 7, p" c e [ZL i, §) Ky (i, p") — Fnj(p™) (4.25)
h=1j=a
with (4.9),
. _1{m\ (m
29 i= G+ 8 mt 2 (") () 0 Daneics 5+ s (4.26)
n .
—Ag (7 =9),
m
N (]7 Qs t) n n -1 n (427)
- i oth
nAgqy ; <z> ( ; >¢>] otherwise
qo0 (Z - 07 1)7

n -1 1 m
Ko(i,q) := Z@j [q]~—<T.L> (Z+ > >M<j,h>Ko(h,q)] (2<i<m-—2),
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v a:=[a0, a1, ], M(i,j) = (@— m) (m) .

t=J J

4.3.2 CH'/G*2-constrained case

In the case of (]1’1/G2’2 continuity conditions, we set A, u1 := 1, x1 := Ao, 22 := ug, and
compute the required coefficients by

ayy =AY (2,m = 3,2,0,2,m — 3,2,0),

12, a1 = AV (2,m —3,2,0,3,m —2,m —2,n— 1),

asg = Agl’l)(B,m—Z,m—Q,n—1,3,m—2,m—2,n—1),
by = —ASD(2,m - 3,2,0),

by = —Aél’l)(3, m—2,m-—2n-—1),

using (4.24)) and (4.25) with (4.9), (4.26)),
1

w1 ol a,s. ) (=),
Nl(jv q,s,t) = 1 (429)
(m—1), <T:) No(j,q,s,t) otherwise,
( .
do (i = 0),
n .
qo + 7Aq0 (7, _ 1)7
m
n n—1 ‘
QO+2qu0+gA2qO (i=2)
m (m — 1)2

n —1 2 m
Kl a)=133 oy [qj—@ (Z+ > )M(yyh)Kl(h,q)] (3<i<m—3),

§=0 J h=0 h=m-—2

n —2—Agn-1 + ((:1__ 11)22 A%y (i=m—2),
Gn — —Agn 1 (i=m-—1),
an (i=m)

for (I27) and (L.25).
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4.3.3 C'7/G*'-constrained case

In the case of C1'~/G?! continuity conditions, we set A\; := 1, 21 := Ao, T2 := g1, and

compute the required coefficients by

ayy =AY (2,m —2,2,0,2,m — 2,2,0),

a1z, a1 := —Ago’l)(?),m —1,m—-1,n-1,2,m—2,2,0),

asg = AEO’O)(3,m—1,m—1,n—1,3,m—1,m—1,n—1),

by = —AL(2,m - 2,2,0),
by := AéO’Z)(B,m —1,m—-1,n-1),
using (4.24)) and (4.25) with (4.9), (4.26)), (4.27)), (4.29) and

K1(7’7q)
KZ(Zaq) =
Kl(maq)
for (4.28) and (4.30).

4.3.4 C—'/G"*-constrained case

In the case of C—!/G? continuity conditions, we set p; :=

compute the required coefficients by
ayy = A" (1,m —3,1,0,1,m — 3,1,0),

(0,1)

n —1 2 m
> ¢ [qg'— (n> <Z+ > )M(jah)KQ(h’aq)] B<i<m=2),
=0 J h=0 h—m—1

1, z1 := A1, x2 := o, and

aiz,az; :=A; 7 (1,m—3,1,0,2,m—2,m—2,n — 1),

asy 1= Agl’l)(Q,m—2,m—2,n—1,2,m—2,m—2,n—1)7

by = —ALY(1,m - 3,1,0),
by := —Agl’g)(Q, m—2,m-—2mn-—1),
using (4.24) and (4.25) with (4.9), (4.26]), (4.27), (4.29) and

Kl (07 q)

n —1 m
K3(i,q) == ¢ Y by [qj— <;‘> <Z+ > )M(j,h)K3<h,q>] (2<i<m-—3),
Jj=0 2

Kl (27 q)
for (1:28) and (L30).
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4.4 Algorithms

In this subsection, we show the details of implementation of the proposed methods of CP+4 /G*-
constrained and G*!-constrained degree reduction of Bézier curves.

4.4.1 Auxiliary computations

To begin with, recall that the quantities ¢;; (i =k+1,k+2,..., m—1—-1; j=0,1,...,n)
are related to the coefficients v;; (see (3.20))). The latter can be put in a rectangular table
(see Table [2) and computed using Algorithm

Next, we use Theorem to give the algorithm of computing expressions for the control
points of the curve (1.18)).

Algorithm 4.5. [Evaluation of the control points]
Input: «, B — parameters of the weighted Lo-norm ;
n, po,Pi,---,Pn — degree and control points of the original Bézier curve ;
m — degree of the reduced Bézier curve ;
k, 1 — orders of the geometric continuity (see (L.20));
¢-table precomputed using Algorithm and the formula
Optional input: values of the continuity parameters Ai, Ao, ..., A and p1, p2, - ., [
Assumptions: n>m>0; -1 <k 1<3;, k+l<m—-1; a, > —1

Output: expressions (or values) for the control points of the Bézier curve (|1.18)

Step 1. Compute

(i) ro,71,- .-,k by (2.11)(2.13);
(ll) TmyTm—1y---3Tm—1 by ""

Step 2. Compute vy, vy, ..., v, by (4.4).
Step 3. Compute rgi1,Tk+2,- -, Tm—1-1 by (4.3).

Step 4. Return ro,71,...,Tm-

Observe that Algorithm can be used in two ways. For given values of the continuity
parameters {\;} and {y;}, we obtain values of the control points 79,71, ..., ny. In the case of
unknown values for the parameters, the algorithm gives expressions which depend on these
parameters. Note that the complexity of Algorithm is O(mn).

4.4.2 (CP9/G%'-constrained degree reduction algorithms

Now, we give two algorithms of CP9/G*!-constrained degree reduction (see . The first
algorithm makes use of Remark therefore, it solves the cases of G11, C =1 /G2, OV /GL
and CH1 /G?2 | using explicit formulas for the continuity parameters {\;} and {4} (see .
However, in the case on nonpositive values for A\; or ui, the algorithm solves the quadratic
programming problem subject to the conditions . More than 40 different tests were
performed (the results of some of them are presented in §4.5). None of them caused such a
problem, therefore, we conclude that it happens very rarely. The second algorithm is much
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more general. It accepts any k£ and [ not exceeding 3. However, there are no explicit formulas
for the continuity parameters {\;} and {p;}.

Both algorithms consist of two phases. During Phase A, we minimize the error ,
which—by the results given in Theorem [4.2}—depends only on the parameters {\;} and {s;}.
As a result, we obtain optimum values for these parameters. During Phase B, we use the
obtained values of the continuity parameters to compute the control points rg, 71, ...,y using

Algorithm

Remark 4.6. According to Remark if -1 < k,1 < 1, then we are dealing with the
CFl_constrained case. Thus, there are no continuity parameters to determine, and Phase A
can be omitted (see Algorithm Step 2).

Algorithm 4.7. [CP/G*!-constrained degree reduction of Bézier curves — selected cases]
Input: «, B — parameters of the weighted Lo-norm ,'

n, po,P1,---,Pn — degree and control points of the original Bézier curve (1.17));

m — degree of the reduced Bézier curve ;

k, l — orders of the geometric continuity (see );

20, 21 — lower bounds for the parameters A1 and u1, respectively (see )

Assumptions: n>m > 0; 20,21 >0; a, 8> —-1; k+l<m—1; (k=1andl =2) or
(k=2andl=1)or (k=1l=1)or(k=1=2) or (-1<k,1<1)

Output: control points of the CP/GF!-constrained degree reduced Bézier curve

Phase A
Step 1. Compute ¢i5 (i =k+1,k+2,....m—1—1; j=0,1,...,n) using Algorithm [3.1¢
and the formula (3.20]).
Step 2. Check if the remaining steps of Phase A are necessary
If (k,1 < 1) then go to Step 6.
Step 3. Simplify the problem
(i) If (k> 1) then \; :=1;
(ii) If 1 > 1) then p; == 1.
Step 4. Use explicit formulas for the continuity parameters
(i) If (k=1=1) then
e compute A1 and py by (4.21)) using explicit formulas given in §4.5.1};
(ii) If (k=2 and I = 1) then
e compute Ao and py by (4.21) using explicit formulas given in '
(iii) If (k=1 and l = 2) then
e compute A\ and pz by (4.21)) using explicit formulas given in §4.3.4;
(iv) If (k =1=2) then

e compute Ao and pz by (4.21)) using explicit formulas given in '
e go to Step 6.
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Step 5. Check if the solution is feasible
If (\1 <0 orpu <0) then

(i) c:={ M1 > 20, 1 > 21},

(ii)) If (k#1) then c:=c\ {\1 > 20};
(iii) If 1 # 1) then c:=c\ {1 > z1};

(iv) compute ajy,a}, = aby, aky, b}, b5 by (4.23);
)

ming problem of minimizing the error Eﬁa’ﬁ) (x1,x2), given by (4.22), subject to the
constraints c.

compute values of the continuity parameters by solving the quadratic program-

Phase B

Step 6. Fxecute Algorithm with the computed values of the continuity parameters, and
return the solution, i.e., the control points ro,71,...,m.

Algorithm 4.8. [CP/G*!_constrained degree reduction of Bézier curves]
Input: «, B — parameters of the weighted Lo-norm ;
n, po,P1,---,Pn — degree and control points of the original Bézier curve ;
m — degree of the reduced Bézier curve (1.18));
k, 1 — orders of the geometric continuity (see );
20, 21 — lower bounds for the parameters A1 and pi, respectively (see )
Assumptions: n>m >0; 20,21 >0; a, B> —1; k+l<m—-1; 1<k, 1<3

Output: control points of the CP/GF!-constrained degree reduced Bézier curve

Phase A

Step 1. Check if the considered case can be solved using Algorithm [{.7]
If k=1andl=2)or(k=2andl=1)or (k=1=1)or (k=1=2)or (k,1<1)
then execute Algorithm[.7] and return its result.
Step 2. Simplify the problem
(i) a:=1;b:=1;
(ii) If (k > 1) then

o )\ :=1;
e a:=2;
(iii) If (1 > 1) then
o Ly :=1;
e h:=2.

Step 3. Forh=1,2,...,d, andi=1,2,...;k,m—I,m—1+1,...,m—1, compute

arih

() S (w=a.at1,...k) by @I -ED);
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a’l“ih

(i) G2 (=bb+ 1) by (D) (T0).

Step 4. Compute ¢i5 (i =k+1,k+2,....m—1—1; j=0,1,...,n) using Algorithm [3.1¢
and the formula (3.20]).

Step 6. Forh=1,2,...,d, andi=k+1,k+2,...,m—1—1, compute

(i) g;lh (u=a,a+1,....k) by [£.17);
.. 8rih
() 5 w=bb+1.0) by (19,

Step 6. Obtain Ag, Ag+1,- -5k, and Wy, hot1, - - -, 4 by solving the linear system

d m—I1—-1
87”‘h
Z [ij(rh)—Fnj(Ph)] a/\j =0 (u=a,a+1,...,k),
h=1 j=u U
d m—v
8r ih
> [ij(rh)—Fnj(Ph)} a” =0  (v=bb+1,...,1),
h=1 j=k+1 Hov

where Fy;(q) is computed by (4.9).
Step 7. Check if the solution is feasible
If A\ <0 orp <0) then

(i) c:={A 1 > 20, p1 > 21};
(ii)) If (k#1) then c:=c\ {\ > 20};
(iii) If 1 #1) then c:=c\ {p1 > z1};
(iv) compute BB (X1, Xy ..y Ny fi1, fh2s - - -, 1) by ;
)

(v) obtain Mg, Aat1,-.-s Ak, and wp, flpt1, - - -, py by solving the quadratic program-
ming problem of minimizing the error E\P) subject to the constraints c.

Phase B

Step 8. Ezecute Algorithm [{.5 with the computed values of the continuity parameters, and
return the solution, i.e., the control points ro, 71, ..., m.

4.4.3 G"™-constrained degree reduction algorithm

Finally, we present Algorithm which solves the most general version of the G*-constrained
degree reduction problem (see Problem , using Algorithms and the method
described in The algorithm works for any k and [ not exceeding 3. The computations
are organized in two phases which are analogical to the ones mentioned in

Since Algorithm [£.7] uses explicit formulas, it is executed by Algorithm whenever
possible (see Algorithm Step 1). Obviously, Algorithmis7 in general, computationally
more expensive than the previous algorithms. However, it produces the most accurate results
because no simplifying assumptions are made.
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Algorithm 4.9. [G*!-constrained degree reduction of Bézier curves]
Input: «, B — parameters of the weighted Lo-norm ;
n, Po,P1,---,Pn — degree and control points of the original Bézier curve ;
m — degree of the reduced Bézier curve ;
k, 1 — orders of the geometric continuity (see (L.20));
20, 21 — lower bounds for the parameters A1 and pi, respectively (see )
Assumptions: n>m >0; 20,21 >0; a, > —1; k+l<m—1;, -1<k 1<3

Output: control points of the G*!-constrained degree reduced Bézier curve

Phase A

Step 1. Check if the considered case can be solved using Algorithm [{.7]
If (k,1 <1 ork=1=1) then execute Algorithm[{.7 and return its result.

Step 2. Compute ¢i; (i =k+1,k+2,....m—1—1; j=0,1,...,n) using Algom'thm
and the formula (3.20]).

Step 3. Compute E(a’ﬂ)(/\l,)%--.,)\k,ﬂl,uz7---,Mz) by .
Step 4. Determine set ¢ of constraints
() c:={M =20, 1 = 21};
(ii) If (k <1) then c:=c\ {\ > 20};
(ii) If 1 < 1) then c:=c\ {1 > z1}.
Step b.
If (k>1o0rl>1) then

e obtain A1, A, ..., A, and p1, po, ..., by solving the nonlinear programming
problem of minimizing the error E(P) subject to the constraints c;

else
e obtain A1, A2, ..., g, and py, ke, ..., Hu by solving the quadratic programming

problem of minimizing the error E(®P) subject to the constraints c.

Phase B

Step 6. Fxecute Algorithm with the computed values of the continuity parameters, and
return the solution, i.e., the control points ro,71,...,Tm.

4.5 Examples

This subsection provides of the application of Algorithms [£.7H4.9] For each example, we give
weighted Ly-error Ega’ﬁ ) (see (4.5))) and maximum error E (see (1.11)).

In the experiments, we consider the natural choices of o and S, i.e.,

wnefon (32).(42)-(2) (3D}
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and set the lower bounds zg, 21 of A1, 1 to 107 (see (#.19))). Taking into account the different
types of continuity constraints, we compare the following cases:

(i) C*!-constrained case, solved using Algorithm
(ii) CP4/G*!-constrained case, solved using Algorithms [4.7| and
(iii) G*!-constrained case, solved using Algorithm

The results have been obtained on a computer with Intel Core i5-3337U 1.8GHz pro-
cessor and 8GB of RAM, using Maple™13 with 32-digit arithmetic. We use Maple™ fsolve
procedure, in the CP9/GPl-constrained case, to solve a system of linear equations, and
QPSolve, NLPSolve procedures, to solve quadratic and nonlinear programming problems,
respectively. QPSolve uses an iterative active set method, and for NLPSolve we select sqp
method (see . Initial points for both procedures correspond to the values of con-
tinuity parameters in the C*!-constrained case (see Remark . Obviously, for the se-
lected cases of continuity constraints (see Remark , explicit formulas are used, since
Algorithms [£.8] and [£.9] execute Algorithm [.7] whenever possible.

Example 4.10. First, let us revisit Examples and i.e., consider the Bézier curve
“alpha” of degree 11. The results of degree reduction are given in Table [3] Figures[Sal and
illustrate two of the considered cases. One can see that when it comes to minimizing F
error, usually a good choiceis a = = —%. As expected, the solutions of the G*-constrained
case are the most accurate, while the CP7/G*!-constrained approach gives less precise results.
The C* conditions tend to be too restrictive, especially for k or | exceeding 2.

100 -

Figure 8: Degree reduction of 11th degree Bézier curve (blue solid line) to 7th degree Bézier curve with C*:! (black
dotted line), CP9/G¥*! (green dash-dotted line) and G*! (red dashed line) continuity constraints; parameters: (a)
a:ﬁzfé’p:qzl,k:l:Q,and(b)a:ﬁZ*%,P:qufyk:&l:l-
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Parameters CF! solution CP4/G* solution G* solution
m k Il p ¢ a B EP) ol EP) o P jom
7221 1 0 0 3.73¢+0  5.97e+0 2.83e+0 5.27e+0 9.3le—1 2.26e+0
-1 -1 5.75e+0 5.83e+0 4.40e+0 5.14e+0 1.67e+0 1.91e40
-+ 1 3.83¢+0  7.53¢+0 2.62e+0 6.42¢+0 7.85e—1 2.91e+0
i -1 3.83¢+0  7.69¢+0 3.18¢+0 5.18¢+0 1.26e+0  2.19e+0
i1 2.43¢+0  6.10e+0 1.83e+0  5.40e+0 5.32e—1 2.54e+0
7T 3 1 1 — 0 0 9.13e+0 1.62e+1 2.51e+0 5.11e40 1.02e4+0 2.41e+40
-1 -1 1.40e+1  1.67e+1 4.07e+0  4.95¢+0 1.81e+0 2.07e+0
-1 3 9.41e+0 1.95e+1 2.18¢+0 6.38¢+0 7.45e—1 3.11e+0
;i -1 9.17e4+0 1.88e+1 2.98¢+0 4.91e+0 1.45¢+0 1.99e+0
i 4 6.00e+0 1.58¢+1 1.56e+0  5.25e+0 5.88¢—1  2.69¢+0

Table 3: Weighted La-errors and maximum errors of degree reduction of 11th degree Bézier curve “alpha’.

Example 4.11. Now, we apply the algorithms to the Bézier curve “heart” of degree 13 (for
the control points, see [92, Appendix B]), and consider the case of k =1 = 2. The results are
presented in Table 4] Notice that the case of @ = = 0 was also considered in [92] §5.2] and
[[14, Example 4]. As in [I14], we can clearly see that the solution of the G*2-constrained
case, in this thesis obtained using Algorithm is more accurate than the result given by
the approach proposed in [92], which leads to the C*!/G%2-constrained case (the same as for
Algorithms and . As we consider different weight functions, it can be seen that the
best choice to minimize F, is a = 8 = —%. Figure |§| presents the case of « = 5 = 0.

Next, we focus on the running times. For the comparison of the G*!-constrained algo-
rithms, see Table Notice that, in some cases, Algorithm is slightly faster than the
methods from [I14]. We use Maple™ fsolve procedure to solve the cubic equation [114]
(23)] associated with the G?!-constrained case. Implementation of the G22-constrained
method from [I14] requires an unconstrained nonlinear programming solver. According to
the experiments, the nonlinear simplex method (NLPSolve command with option method
= nonlinearsimplex and the initial point A = 1 = 1) is the fastest solver available in
Maple™13. Therefore, we use this solver for the purpose of the comparison. It is worth men-
tioning that the authors of [114] have omitted the constraints . Consequently, in some
rare cases, the resulting curve may not preserve original tangent directions at the endpoints
(see Remark . To avoid this issue, one should implement the improvements proposed by
Lu [74].
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Parameters C%? solution CH1/G*?2 solution G*? solution

m a ﬁ Eéaﬂ) Eoo Eéau@) Eoo Eéa’ﬁ) Eoo

8 0 0 1.52e4+0  2.52e+0 6.36e—1 1.12e+0 3.57e—1 7.14e—1
-3 -3 2.37e+0  2.39¢+0 1.05e+0  1.00e+0 6.16e—1 5.28e—1
-1 1 1.58¢+0  3.34e+0 6.42e—1 1.55¢+0 4.23e—1  9.40e—1
;-3 1.52e+0  3.48e+0 7.44e—1 1.31e+0 3.65e—1 8.90e—1
;i % 9.79e—1  2.64e+0 3.89e—1 1.24e+0 2.11e—1 9.03e—1

Table 4: Weighted Lg-errors and maximum errors of degree reduction of 13th degree Bézier curve “heart”.

Parameters Running times [ms]
m kI Algorithm Zhou et al. [114]
8 2 1 92 108
10 2 1 121 137
12 2 1 168 166
8 2 2 153 204
10 2 2 298 248
12 2 2 290 292

Table 5: Running times of the G¥!-constrained degree reduction of 13th degree Bézier curve “heart”; parameters:
a=p£=0.

Figure 9: Degree reduction of 13th degree Bézier curve (blue solid line) to 8th degree Bézier curve with C22 (black dotted
line), C11/G?%2 (green dash-dotted line) and G%2 (red dashed line) continuity constraints; parameters: a = 8 = 0.
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Example 4.12. Finally, we give the composite Bézier curve “dolphin” obtained by joining
nine Bézier curves (for the control points, see http://www.ii.uni.wroc.pl/ pgo/dolphin.
txt)). We apply the algorithms independently to each Bézier curve and compare the quality of
the results in Table @ For each curve, we set a = 3 := —%, which as we found out, is usually
the best choice to minimize FE, error. The results confirm the advantage of Algorithm
over the other ones. The degree reduced composite Bézier curves are shown in Figure [10]

Parameters C*t solution CPe/GR solution G* solution
Curves n m k | p ¢ E;a”g ) Es E;a’ﬁ ) E Eéa’ﬁ ) E
Forehead 8§ 4 2 0 1 - 8.75e4+0 8.71e+0 3.65e4+0  3.43e+0 3.51le+0  3.52e+0
Mouth 18 7 1 3 — 1 3.35e+1  4.09e+1 7.86e+0 1.04e+1 6.34e+0 8.08e+0
Flipper: part 1 12 5 1 2 — 1 6.23e+0 6.84e+0 5.45e+0  5.50e+0 3.60e+0  3.63e+0
E Flipper: part 2 14 5 2 1 1 - 9.94e4+0 1.00e+1 7.26e4+0 6.83e+0 5.34e4+0 5.49e+0
% Tail: part 1 0 5 3 0 1 - 2.66e+1  2.93e+1 2.28e+1  2.25e+1 5.08¢4+0 5.40e+0
A Tail: part 2 12 5 1 2 — 1 8.35e4+0  9.32e+0 4.04e+0  4.28e+0 3.82e4+0 3.91e+0
Back 5 2 1 1 - 3.35e4+0  4.03e+0 1.67e+0 2.03e+0 1.52e+0 1.56e+0
Dorsal fin: part1 6 5 2 0 1 — 4.77e—1 4.73e—1 2.27e—1 1.98e—1 2.25e—1 1.98e—1
Dorsal fin: part2 13 6 0 3 — 1 7.54e+0 8.18e+0 2.25e+0 2.47e+0 1.48e+0 1.73e+0

Table 6: Weighted La-errors and maximum errors of degree reduction of nine-segment composite Bézier curve “dolphin”.

400

300

200

100 \e#

Figure 10: Degree reduction of nine-segment composite Bézier curve (blue solid line) to degree reduced composite Bézier
curve with C*+! (black dotted line), CP»4/G*:! (green dash-dotted line) and G*+! (red dashed line) continuity constraints
imposed for each segment of the composite curve. The parameters are specified in Table @


http://www.ii.uni.wroc.pl/~pgo/dolphin.txt
http://www.ii.uni.wroc.pl/~pgo/dolphin.txt

Chapter 5

Degree reduction of planar Bézier
curves with box constraints

In this chapter, we propose a new approach to the problem of C*!-constrained degree reduc-
tion of planar Bézier curves with respect to the least squares norm. First, we give illustrative
example to show that the solution of the conventional degree reduction problem may not
be suitable for further modification and applications (see . In order to eliminate those
issues, we formulate a new problem of degree reduction (see and present two methods
of solving it. The first one is based on quadratic programming approach (see and the
other one on BVLS algorithm [93] (see §5.4). Additionally, we give two methods of solving
the so-called subproblem which is an essential part of BVLS algorithm (see §5.5)). In we
show more examples to justify the new idea. The results given in this chapter are based on
papers [43, [46].

5.1 Motivation

Let us recall that the conventional degree reduction of Bézier curves is to minimize a cho-
sen error function subject to some continuity constraints at the endpoints (see §1.6.1). For
example, let us consider the following degree reduction problem (cf. Problem [1.8).

Problem 5.1. [Traditional degree reduction of planar Bézier curves]
Given a Bézier curve P € 12,

n
P(t):=> pBP(t) (0<t<1),
i=0
find a Bézier curve R € TI2,,

m
R(t):=>Y mBt) (0<t<1; m<n),
i=0

satisfying the following conditions:

(i) least squares error

N
E=|P-Rly= Y IP(t) - Rt (5.1)
h=0

o8
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is minimized, where {tp}h_o (N € N) is a given strictly increasing sequence whose
elements are in the interval [0, 1];

(ii) P and R are C*'-continuous (k, 1> —1 and k+1 < m — 1) at the endpoints, i.e.,

PU(1) = RV (1) (j=0,1,...,10). 52

Remark 5.2. A designer that modifies control points uses the convex hull property (see
pt. , which gives an intuition on shape and location of a curve. It can be said that the size
of the convex hull is a measure of predictability of the curve. As we shall see, the traditional
approach can give precise results, however, there is no control over the location of the resulting
control points. Consequently, those points may lie far away from the plot of the curve. Such
a drawback can significantly disturb further modeling of the curve.

Remark 5.3. Notice that simple tests based on the convex hull property can give quick
solutions of problems which usually require more expensive calculation. For example, if
convex hulls of two curves do not intersect, which is fairly easy to determine, then the curves
do not intersect, which normally is more expensive to decide. Intersection problem has many
practical applications. Suppose that two Bézier curves represent paths of robotic arms. To
avoid collisions, one should solve the intersection problem (see [33] p. 49]). Analogously, one
can quickly check that a curve and a surface do not intersect, or decide that a point does not
lie on a curve. This strategy can be useful, but only if control points are not far away from a
curve and the corresponding convex hull is not too big.

In order to see the issue clearly, let us consider the following example.

Example 5.4. We give the Bézier curve “Ampersand” of degree 10, defined by the control
points (109, 3), (40, 121), (86, 37), (—28,200), (183,60), (196, 79), (38,109), (—3, —15), (49,0),
(115,-10), (108,22). Assuming that k =1=0, t, = h/14 (h=0,1,...,14) (cf. (5.1), (5.2));
we look for a Bézier curve of degree 8 being the solution of Problem [5.1}

Figure shows the plots of both curves. The approximation is quite precise (errors:
E = 1.26e+0 and E,, = 1.27e+40; see ), but this solution has the defect mentioned in
Remarks [5.2] and See Figure which presents the location of the control points of both
curves. Clearly, the resulting ones are located far away from the plot of the degree reduced
curve. Furthermore, the convex hull of the resulting curve is much bigger than the one of the
original curve, and useless in finding quick solutions of the problems mentioned earlier (see
Remark .

Now, let us impose some additional constraints on the searched control points. We enforce
their location inside the specified rectangular area (including edges of the rectangle). Further
on in this thesis, such restrictions are called box constraints. This time, we obtain the degree
reduced curve having more intuitive location of the control points (see Figure. As aresult,
it can be easily modified, which is desired from a practical point of view. In addition, this
approach leads to much smaller convex hull. Obviously, the errors must be inevitably larger
than for the traditional degree reduction because we have imposed the additional constraints
(errors: E = 4.18e+0 and E, = 4.16e+0). However, the result is still satisfying.
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Figure 11: The original Bézier curve (blue solid line with blue control points) and the degree reduced Bézier curve (red
dashed line with red control points) being the solution of Problem [5.1
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Figure 12: The original Bézier curve (blue solid line) and the degree reduced Bézier curve (red dashed line with red
control points) satisfying the conditions (i), (ii) and box constraints (blue dotted-dashed frame).
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5.2 Problem of degree reduction of planar Bézier curves with
box constraints

Taking into account the remarks presented in the previous subsection, we formulate the
following problem of degree reduction of planar Bézier curves (cf. Problem [5.1]).

Problem 5.5. [Degree reduction of planar Bézier curves with box constraints]
Let there be given a Bézier curve P = [Py, P, € 112,

P(t):=> pBit) (0<t<1),
=0
where p; := (p¥,p?) € R%. Find a Bézier curve R = [R;, R,] € 112,,
R(t):=> mBl'(t) (0<t<1; m<n)
=0

satisfying the following conditions:

(i) least squares error

N
E=||P—Rl2= | >_IIP(ts) — R(ts)|? (5.3)
h=0

s manimized, where {th}tho (N € N) is a given strictly increasing sequence whose
elements are in the interval [0, 1];

(ii) P and R are C*'-continuous (k, 1> —1 and k+1 < m — 1) at the endpoints, i.e.,
PD(0) = RY(0) (i=0,1,... k), }

PY(1) = RV (1) (j=0,1,...,0); (5:4)

(iii) control points r; :== (r¥,r?) (k < i < m —1) are located inside the specified rectangular

area, including edges of the rectangle, i.e., the following box constraints are fulfilled:
c. <r; <C, (i=k+1,k+2,....m—1-1; z=u,y), (5.5)
where ¢y, cy, Cr, Cy € R,

To begin with, recall that the continuity conditions (5.4)) imply the well-known formu-

las and for the control points rg,71,...,7% and Tm, "m—1,-- -, "m—i, respectively.
For details, see
Next, it is easy to check that
E*=E}+E],

where

N

L, = Z (Pz(th) - Rz(th))2 (Z = :E7y)'

h=0
Consequently, the solution can be obtained in a componentwise way. Therefore, it is sufficient
to explain how to compute 7y, ,,7¢ o,...,7y,_;_; in order to minimize FE, with the box

constraints for z = x (cf. (5.5)).
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5.3 Degree reduction using quadratic programming approach

In this subsection, we use the quadratic programming approach to solve Problem

Quadratic programming is an optimization problem of minimizing (or maximizing) a
quadratic objective function f of several variables x € R’ subject to linear constraints on
these variables. More precisely, we look for the extremum of function

f(x)=clx+ XTQX (5.6)

where Q € R, ¢ € R?, subject to the following constraints:

Gx<h, x>0, (5.7)
where G € R7*? and h € R/. Here the notation v < w means that v; < w; (i = 1,2,...,q),
where v := [v1,vg, ... ,vq]T € R? and w := [wy, wy, . .. ,wq]T € RY. The definition of v > w is
similar.

Before we proceed further, we provide some other useful definitions and notation. We
define vectors of coordinates of the original and searched control points,

T T
Pz ‘= [P&wawpﬁ] ) ry = [T(ggvrglcv"-’rﬁm] )
respectively; vectors of lower and upper bounds (cf. (5.5))),
L, := [cs, Cay. .., o) T € RTMTITRTL w, = [Cy, Cy, ..., Cp]t € RMIZRAL

respectively; and a vector of Bernstein polynomials of degree n evaluated at a point ¢,
b, = [By(t), B (t),..., B, (t)].

In order to obtain selected submatrices and subvectors, we will use the following notation.
Let M € R™™ be a matrix, and let A := {i1,i2,...,ia} C [0,n —1], B:= {j1,J2,...,J8} C
[0, m — 1] be sets of natural numbers sorted in ascending order. The notation

MAB (5.8)

defines a matrix formed by rows i1 +1,i24+1,...,i4 +1 and columns j; +1,j2+1,...,j3+1
of the matrix M. Similarly, we use v, where v is a vector in R".

Now, a goal is to represent the significant terms of E2 = E2(r,) in the form (5.6]). First,
notice that

N N
Eo%(r&?) - Z (b’mthp17 - mthr&? Z nthpz - mth xD bgz T 5)2
h=0 h=0
N 5 N
= Z (bg th a?) - 22 ((bnythpx) (bz th ?) (bg’b th Z‘) (bg th J?))
h=0 h=0
N 2
+ 37 (D) + (65,16 = 2 (b, pa) (5., 15)) (5.9)

h=0

N
+ Z ( ”thpx (bgl tp T x)Q -2 (bn,thpx) (b'(rzn,thrg)> )
h=0
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where C :={0,1,...,k,m—I,m—I+1,....om}and D:={k+ 1,k+2,...,m—1—1}. Ob-
serve that the term ([5.9)) is constant, therefore, it is sufficient to minimize g. It is easy to
check that

g () ="+ () el

where Q := [Q; ;] € RUm—I=h=Dx(m=l=k=1) and d := [d;] € R+~ with

N
Qij =2 Bl (tn)Biip(tn)  (h5=1,2,...,m—=1—k—1), (5.10)
h=0

N
di =2 (05,15 —bpy,pe) Bili(tn)  (i=1,2,...,m—1—k-1).
h=0

Note that the constraints , for z = x, are not written in the form (5.7). However,
they can be easily adjusted. Assume that sy :=r2 —1, and h := u, — 1,. Then, the problem
is to minimize

1 1
g(sy +1;) =cl's, + iszsx +d"1, + ngle
with respect to s,, where ¢ :=d + Ql, subject to the constraints

Gs,; < h, sy > 0, (5.11)

where G is the identity matriz of size m — 1 — k — 1.
Finally, taking into account that the term d”1, + %nglx is constant, a goal is to find the
minimum of

1
f(se) :=cls, + is;{Qsz (5.12)
subject to the constraints ((5.11]).

Obviously, if f has a minimum point at s, subject to the constraints ([5.11]), then we can
minimize E2? subject to the constraints (5.4) and ([5.5]) by setting

T
I T T T T T
r, = |:T07T17"‘7Tk7,rk+17'"7Tm—l—17rm—l7“'7rm:| N

ry

where r2 = [T£+17Ti+27 .. ,rfn_l_ﬂT :=s8; + 1, (see (2.3) and .
It is well known that if matrix Q is positive semi- deﬁmte and the feasible set is
nonempty, closed and bounded, then the quadratic programming problem has a solution (see,

5. 29 §2.3))
Theorem 5.6. Matriz Q given by (5.10) is positive semi-definite.

Proof. Let X := [xg,21,...,2Zm_i—k_2]" be any non-zero vector in R™ =%~ Notice that

m—Il—1m—Il—1

xX'Qx=2 ) Z%kl%klZB (tn)Bj" (tn)

i=k+1 j=k+1

N /m—I-1 2
—zz< 5 anumm) -
h=0 i=k+1

which completes the proof. O
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The problem of minimizing subject to can be solved using, e.g., Wolfe’s
method [99] which is a simplez-type method for the quadratic programming. A disadvantage
of this method is that it has exponential worst-case complexity. However, it works relatively
fast, particularly for small-sized problems. In addition, there are some algorithms solving
quadratic programming problems in polynomial time (see [50, [105]), but in the context of the
degree reduction problem, their significance is only theoretical. Furthermore, there are some
papers dealing with the quadratic programming problem with box constraints,

1

T LT
Vén)ggwc X+ 2x Qx,
where x,v,w,c € R" and Q € R (cf. (5.6), (5.7)). To solve such a problem, one can
use a variety of strategies, including active set methods (see, e.g., [39]) and interior point
algorithms (see, e.g., [49]). Some of the approaches combine the active set strategy with
gradient projection method (see, e.g., [80]). For extensive lists of references, see the mentioned
papers.

5.4 Degree reduction using BVLS algorithm

In this subsection, we solve Problem [5.5| using BVLS algorithm [93].

BVLS algorithm, which is a generalization of iterative NNLS algorithm (non-negative
least-squares) [59], solves the so-called buvls problem (bounded-variable least-squares) written
in the following form:

min ||[Ax — b||, (5.13)
v<x<w
where A € R x,v,w € R, b € R7. Here | - || is the Euclidean vector norm in R7. The

strategy of the algorithm is to find the so-called active set for an optimal solution. We call
a constraint active if it forces a boundary value of a variable. A solution improves in each
iteration of the algorithm, until the optimal one is found, which happens in finite number of
steps (see [93] §2]).

In our case, the adjustment of Problem to the form is simple. We assume that
vi=l, wi=u,, x:=r2 and A := [4; ;] € RWVHDx(m=I=k=1) "} .— [p;] € RNVF1 where

Ai,j Z:Bﬁk(ti_l) (i:1,2,...,N+1; j:1,2,...,m—l—k—1),
bi:=bus pr—bS, &  (i=1,2,...,N+1).

myti_1-x

Here we use the notation of .

We will now describe, step by step, how to solve Problem using BVLS algorithm. Note
that a more detailed description of the original algorithm, including all necessary formulas,
is given in [93].

Step 1. Let us assume that in each iteration of the algorithm, vector x contains current
values of all variables, set F contains indices of variables satisfying strict version of inequal-
ities , whereas sets £ and U contain indices of variables which have reached minimum
and maximum permissible value, respectively (cf. ) At the beginning, we set

L tu,
=5

LUU =10, F={k+1,k+2,....om—1—1}, X :
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and with such assumptions, in the first iteration, we omit the next step of the original algo-
rithm and go to Step 3.
Step 2. We omit this step in the first iteration of the algorithm. Let

g= [gk+17g/€+27 s )gm—l—l]T = —Vh(X) =AT (b — AX) ,

where h(x) := % |Ax — b||2. The algorithm selects a variable from set £UI. The chosen vari-
able is the one that violates the following Karush-Kuhn-Tucker (KKT) optimality conditions
for the buls problem:

9i <0 (Z S ﬁ), 9; 20 (] € Z/{), (5'14)

the most in terms of the absolute value (for details, see [93] §2, pt. 4]). Next, an index of the
selected variable is transferred to set F. If none of the variables violate the above conditions,
then x is the optimal solution of the bvls problem, and the algorithm stops.

Step 3. Next, we solve the subproblem, i.e., we look for the optimal values of variables
whose indices are in set F subject to the fixed values of variables whose indices are in set LUU.
More precisely, the subproblem is to minimize the function E? subject to the constraints
and the conditions

i =cy (i€L), ri=Cy (j€U) (5.15)

(cf. ) Notice that we ignore the constraints . Taking into account the arrange-
ments from Step 1, we observe that in the first iteration of the algorithm, the subproblem
is equivalent to the traditional degree reduction problem (see Problem in the case of
z = x. In the next iterations, we are dealing with degree reduction problem subject to the
constraints and for z = z. See where we describe in detail the methods of
solving the subproblem.

Step 4. If the obtained values of all variables, whose indices are in set JF, satisfy strict
version of inequalities , then one should assign them to x, and go to Step 2 to check the
optimality of such a result. Otherwise, we have to repair the solution (see Step 5).

Step 5. Now, we repair the solution, i.e., we modify values of variables whose indices
are in set F (for details, see [93, §2, pts. 8-10]). The repair guarantees that (i) a variable
which was the farthest from fulfilling the constraints now has the boundary value; (i) other
variables, whose indices are in set JF, satisfy the constraints . As a result of the repair,
an index of at least one variable is transferred from set F to set £ or U. After determining
elements of sets F, £ and U, one should assign new values to x, and go back to Step 3, where
the subproblem is solved again.

Remark 5.7. It is worth noting that an approximate solution, sufficiently accurate or received
after a specified number of iterations, often only slightly differs in quality from the optimal
one. Therefore, a reasonable stopping criterion, alternative to the optimality conditions ,
may allow for earlier termination of the algorithm and result in a solution close enough to
the optimum.

Since BVLS algorithm is more adjusted to the considered problem, it seems to be a better
choice than the previously mentioned approach (see . The main computational cost of
a single iteration of the algorithm is associated with solving the subproblem (see Step 3). In
the next subsection, we will focus on finding efficient methods of solving the subproblem.

Finally, we give a block diagram of BVLS algorithm, including the use of alternative
stopping criterion (see Figure .
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[ Step 1. Variables initialization ]

!

No Step 2. KKT conditions or Yes
£ reasonable stopping criterion

Select variable violating KKT ( End )
conditions the most

:{ Step 3. Solve the subproblem ]

No Step 4. Check if solution to the Yes
subproblem is feasible

[ Step 5. Repair the solution ]

No . L Yes
Reasonable stopping criterion

Figure 13: Block diagram of BVLS algorithm.

5.5 Solving the subproblem

In the previous subsection, we describe how to solve Problem using BVLS algorithm. An
essential part of this algorithm is the subproblem, which is solved in each iteration (see
Step 3). Let us recall that the subproblem is to minimize E2 subject to the constraints (5.4
and for z = z. Now, we give two methods of dealing with the subproblem. The first
one, proposed in [43 Appendix|, solves a system of normal equations, while the other one,
presented in [46] §4], is based on the properties of dual bases (see §3.2.3| and §3.2.4)).

5.5.1 A straightforward method

Here we give formulas for the solution of the subproblem. The method is based on solving a

system of normal equations.
First, we define H := {0,1,...,n}, K:= LUUUC, and Q. , := [Qf]m} e R(vt)x(m+1)
where

N
QY= B (tn)Bl(t)  (i=1,2,....n+1 j=1,2,...,m+1).
h=0

Further on in this subsection, we use the notation of (5.8) to denote matrices formed by
specified rows and columns. Analogous notation is used to define vectors.
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Now, we write

N N
E:%(rx) = Z(bn,thpﬂc - bm,thrx)Q = Z (bn,thpﬂﬂ b7]1:z th f bﬁ T 5)2
h=0 h=0
N 5 N
- Z(bith w) _22((bn,thpw) (bfmth z) (b’nith ry) (bf@th f))

h=0 h=0
N 2
Z( nanPa)” + (B, 78" = 2 (b, pa) (b5, 15) ) (5.16)

Next, we omit the constant term (5.16)), and solve the subproblem by minimizing
FY . FF o F _ HTWF | K.F  F
In order to find the minimum of e, it is sufficient to solve the following system of linear
equations:
0— e (r7)

F
ory,

After calculating the partial derivatives, we obtain the system

QLT = (@) p. — (QNT)" £k, (5.17)

and the solution is given by
7= (@) (@) pe - (Qﬁ;ﬁ)Trf) . (5.18)

Notice that the computation of 7, by the formula (5 , requires matrix inversion. How-
ever, this can be avoided by solving the system ([5.17] - ) using, e.g., LUP decomposition, which
has better numerical properties. In addition, before the first iteration of BVLS algorithm, it
is recommended to determine the following matrix and vector:

Qs (QD) by,

from which — by selecting the appropriate rows or columns — it is possible to obtain matrices
and vectors

QL%, QbT. (Q%) p.,

required for the next iterations, without repeating some redundant calculations.

5.5.2 A method based on the properties of dual bases

In we did not use the fact that consecutive subproblems are quite similar. Now, we

describe the connection between the subproblems and solve them more efficiently than before.
Let F;, £; and U; denote sets F, L and U, respectively, before solving the subproblem in

ith iteration (cf. Step 1). The ith subproblem can be formulated in the following way.



CHAPTER 5. DEGREE REDUCTION WITH BOX CONSTRAINTS 68

Problem 5.8. [ith subproblem]

Find the optimal values of variables (i.e., coordinates of the control points) whose indices are
in set F; subject to the fized values of variables whose indices are in set C U L; UU;. More
precisely, we look for ] € 17 such that:

i = illa = min_ [loi — ill2, (5.19)

d)i el

where

ITA := span {B" : je A},

pii=> DiBi =Y riBj' =Y cBJ' =Y C.Bj.
h=0

jec JEL; JEU;

Obviously, the above formulation is equivalent to the one given in Step 3.
Recall that
Elzz/ﬁ::@, .7-_1::{/€—|—1,k—|—2,...,m—l—1}

(see Step 1). Therefore, in the first iteration, we have

n
1= BB =Y 1y B
h=0 jec

To solve the first subproblem, we start with the construction of the dual basis for the basis

m m m
{Bi'1,Bi'a -, B4}

of the space II7!, using Algorithm Then, we use Fact to obtain the best least squares
approximation 1§ € TI1 of .

Now, let us consider the ith subproblem (i > 1) and its relation with the previous one.
There are two possibilities.

Case 1. One element ¢ was transferred from £; 1 or U;—1 to F;—1 (see Step 2).
Therefore, we set F; := F;_1U{q} and ((£; := Li—1 \{q} AU :=U;—1) or (Ui :=Ui—1\ {q} A
L; == L;i_1)). According to (5.19), for the given ¢; := ¢;—1 + sBy' (s = ¢z or s = Cy), we
look for the optimal element ¥} € II7:. Obviously, we have

{B* : je Fi} ={B}' : he Fii}U{B'}.

Taking into account that in the previous iteration the dual basis for the basis {B}" : h € F;j_1}
of the space Hf{‘l was computed, we use Algorithm to obtain the dual basis for the basis
{Bj" : j € Fi} of the space II7:. Then, we compute the optimal element using Fact

Case 2. At least one element was transferred from F;_; to £;_1 or U;_1 (see Step 5).
Apart from very rare cases, exactly one element ¢ was transferred. If the rare case occurred,
then the procedure given below should be applied repeatedly. We set F; := F;—1 \ {¢q} and
(L == Lim1 U{q} AN U; :=Ui—1) or (Ui :=Ui—1 U{q} N L;:= L;_1)). This time, we have
@i = pi—1—8By" (s = ¢, or s = C;) and, according to (5.19), we look for the optimal element
(S II7:. One can see clearly that

{B" : je Fi} ={B}' : he Fila}\{B"}.
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Now, since the dual basis for the basis {B}" : h € F;_1} of the space Hff‘l was computed
in the previous iteration, we obtain the new dual basis using Algorithm (cf. Case 1).
Finally, we use Fact to compute the optimal element.

Remark 5.9. Notice that ¢; (i > 1) only slightly differs from ¢;_; (see Cases 1 and 2).
Similarly as in Corollaries [3.5] and [3.10} one can obtain formulas connecting the coefficients
of the new optimal element 1 and the previous one v]_;.

5.6 Examples

This subsection provides several examples of application of the discussed methods. The results
have been obtained on a computer with Intel Core i15-3337U 1.8GHz processor and 8GB
of RAM, using Maple™13 with 16-digit arithmetic. An optimal solution of Problem is
computed by solving a system of normal equations, using Maple™ fsolve procedure. An
optimal solution of Problem is obtained using BVLS algorithm.

For each example, we give least squares error E (see ) and maximum error F
(see ) In each case, we use the sequence {t,}Y_, of equally spaced points for the least
squares distance , ie, t, := h/N (h = 0,1,...,N). According to the experiments,
different choices of {tx}_, do not improve the results.

Example 5.10. First, let us apply the algorithms to the Bézier curve “Double loop” of degree
13. The control points are given in [92, Appendix B|. We set k:=0,1:=1, m:=9, N := 18
and

¢ = min pj — 13 = —13, Cy = max p; + 30 = 101,

0<i<n Y 0<i<n iy (5.20)
Cy = Orél%lnpi — 20 = —-20, Cy = Orglag)%pi + 20 = 74.

Figures illustrate the results of degree reduction, i.e., the obtained Bézier curves of
degree 9. Observe that the solution of Problem is very precise (see Figure €rrors:
E = 4.19¢e—1 and E, = 3.46e—1). However, it has the drawback described in §5.1] (see
Figure @, whereas the solution of Problem is much more satisfying in this regard (see
Figure [14c} errors: F = 3.28¢+0 and E, = 1.43e+0). Obviously, because of the additional
restrictions, the errors for the box-constrained approach must be inevitably larger than in the
case of the traditional degree reduction.
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Figure 14: The original Bézier curve of degree 13 (blue solid line with blue control points) reduced to the Bézier curve
of degree 9 (red dashed line with red and green control points). Figure (a) shows the original curve and the curve being
the optimal solution of Problem Figure (b) illustrates the same curves as (a) but with the resulting control points.
Figure (c) presents the curve being the optimal solution of Problem with the resulting control points. The control
points which are constrained by the continuity conditions are green, while the other ones are red and in the case of (c)
bounded by the blue dotted-dashed frame (see and )

Example 5.11. Let there be given the composite Bézier curve “The Ugly Duckling sketch”
(see Figures and obtained by joining three Bézier curves of degrees 11, 5 and 11,
respectively. For the control points, see [103], Example 6.2]. We look for Bézier curves of lower
degrees 7, 4 and 7, respectively. Let us set N := 14,9, 14, respectively; and k = [ := 0 for each
Bézier curve. The algorithms are applied independently to every segment of the composite
curve.

Figure shows the plots of the original curves and the corresponding results of the tra-
ditional degree reduction (see Problem . Once again, we obtain good approximations (er-
rors: E = 7.38¢+40, 3.01e+0, 1.99¢+0, respectively; and F., = 5.28¢40, 1.76e+0, 2.27e+0,
respectively), however, the computed control points are located far away from the plots of
the curves (see Figure . To avoid this issue, we solve Problem three times and ob-
tain the curves shown in Figure (errors: E = 2.82e+1, 2.20e+1, 4.76e+1, respectively;
and Fo, = 2.46e+1, 1.39e+1, 2.83e+1, respectively). The rectangular areas can be seen in
Figures



CHAPTER 5. DEGREE REDUCTION WITH BOX CONSTRAINTS 71

[ ]
°
300
300
250
[
200 200
°
150
100
100+
-'! T
50 -100 0
[ )
50 100 150 ~1007 °
[

(a) (b)

3007 1500+
250

2004

1504

1004

50

T T
50 100 150

()

Figure 15: Figure (a) shows the original composite Bézier curve. Figure (b) presents the same composite Bézier curve
as Figure (a) but with its control points. Figure (c) illustrates the original composite Bézier curve (blue solid line) and
the degree reduced composite Bézier curve (red dashed line), where each segment is the optimal solution of Problem
Figure (d) shows the original control points which are blue, and the resulting ones which are red.
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Figure 16: The original composite Bézier curve (blue solid line with blue control points) and the degree reduced composite
Bézier curve (red dashed line with red control points), where each segment is the optimal solution of Problem See
the rectangular areas (blue dotted-dashed frames).

Example 5.12. Now, we consider the problem of degree reduction of sixteen-segment com-
posite Bézier curve “Octopus” (see Figures and . The control points can be found at
http://www.ii.uni.wroc.pl/ pgo/octopus.txt. We apply the algorithms independently
to every segment of the composite curve. In Table[7] we give the parameters and errors.

As a result of the traditional degree reduction (see Problem , we obtain the composite
curve with the control points shown in Figure Clearly, some of the control points are
located far away from the plot of the curve (cf. Figure . Next, let us focus on the
box-constrained degree reduction (see Problem [5.5)). For each resulting Bézier curve, the box
constraints were chosen so that the searched control points are placed inside the rectangular
area, bounded by the outermost control points of the original corresponding Bézier curve.
More precisely, we set

= 1 Z = Z =
Cy = Orgnilélnp“ C,: o%ag}%p’ (z =xz,9). (5.21)


http://www.ii.uni.wroc.pl/~pgo/octopus.txt
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The resulting composite curve with its control points is illustrated in Figure This time,
the location of the control points is much more satisfying (cf. Figure . However, because
of the additional restrictions (5.5)), the larger errors are unavoidable (see Table 7).

In Table[8] we give the comparison of total running times between the traditional degree
reduction and the box-constrained degree reduction using BVLS algorithm with and without
the use of dual bases. The experiments show that BVLS algorithm combined with the method
of solving the subproblem given in is approximately two times faster than the one with
the method from However, the box-constrained degree reduction is still inevitably
slower than the traditional degree reduction, which is much more simple.

Remark 5.13. Note that in [43], Wolfe’s method [99] was also tested. However, according
to [43], Table 1], it is less effective than BVLS algorithm combined with the straightforward
method of solving the subproblem (see §5.5.1)). Therefore, it is not worthy of consideration.

Remark 5.14. According to Remark BVLS algorithm can be used to obtain an approx-
imate solution of Problem (see |43 Example 6.2]). However, thanks to the method given
in the cost of a single iteration of BVLS algorithm is now lower and such a strategy is
no longer worthwhile.

Input data Problem Problem

Curves n m N k 1 FE Fs E Fs
Head: left side 9 7 20 2 1 5.07e—4  2.30e—4 5.72e—3 2.32¢—3
Head: right side 9 7 20 1 0 9.05e—5 5.12e—5 2.29e—3 8.86e—4
1st arm: part 1 15 9 23 0 0 2.65e—4 1.58e—4 3.53e—3 1.40e—-3
1st arm: part 2 17 9 28 0 1 1.59e—3 7.86e—4 1.87e—3 8.92¢—4
2nd arm: part 1 14 10 26 1 0O 1.62e—4 9.51le—5 1.32e—2 4.41e—-3
2nd arm: part 2 14 10 26 0 1 7.35e—5 3.54e—H 4.44e—3 2.44e-3
3rd arm: part 1 13 7 25 1 1 2.50e—3 9.56e—4 2.62e—2  9.03e—3
é; 3rd arm: part 2 11 7 23 1 0 8.73e—4 5.13e—4 4.05e—3 1.62e—3
g 4th arm 1 7 23 0 0 2.78¢—3 1.47e¢—3 2.6le—2 1.0le—2
5th arm 18 11 23 0 0 1.51le—4 2.9le—4 6.14e—3 2.41e—3
6th arm: part 1 12 7 28 0 0 1.44e—3 6.37e—4 6.97e—3 2.71le—-3
6th arm: part 2 17 9 29 0 2 8.48e—4 5.16e—4 1.39e—2 4.26e—3
7th arm: part 1 15 9 209 2 0 9.86e—4  3.60e—4 4.39e—3 1.8le—3
7th arm: part 2 1 7 25 0 2 8.95e—4 3.54e—4 8.95e—4 3.54e—4
8th arm: part 1 6 9 29 2 0 1.21e—3 4.44e—4 1.38¢—2 4.66e—3
8th arm: part 2 9 6 18 0 2 2.29e—3 1.05e—3 2.29e—3 1.05e—3

Table 7: The results of degree reduction of the composite Bézier curve “Octopus”.
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Problem [5. Problem [5.5
System of normal equations Without the use of dual bases With the use of dual bases
Running times ] 0.516 2.436 1.249

Table 8: Total running times of degree reduction of the composite Bézier curve “Octopus”. For the parameters, see

Table m

0,59

0,31
0,29

0,14

0,2

Figure 17: Figure (a) shows the original composite Bézier curve. Figure (b) presents the same composite Bézier curve
as Figure (a) but with its control points. Figures (c) and (d) illustrate degree reduction of the original composite Bézier
curve (blue solid line) to degree reduced composite Bézier curve (red dashed line with red and green control points),
where each segment is (c¢) optimal solution of Problem (d) optimal solution of Problem The control points
which are constrained by the continuity conditions are green, while the other ones are red and restricted by .
Parameters are specified in Table m
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Remark 5.15. Now, let us discuss the issue of setting the rectangular area ([5.5). A good
way to start is to choose ([5.21)). Usually, this simple idea works quite well (see Example|5.12]).
In some cases we can even reduce the size of the rectangle, as in Example where we set

. T p
¢y := min = —28 C, := max =196
v ogkgnpk ' v 0<k§npk ’

Cy = Og}cignpz = —15, Cy = o?;?%inpz — 65 = 135,
and the result is still good enough. However, Example [5.10] shows that sometimes we should
expand the area to get satisfying results (see ) Clearly, the choice of the restrictions
depends on the considered example. In general, this is a difficult problem to solve. See
Remark where one can find more detailed discussion on setting the rectangular area in
the case of merging of planar Bézier curves with box constraints. Both issues are analogous.



Chapter 6

Ckl-constrained merging of Bézier
curves

In this chapter, we solve efficiently the problem of C*!-constrained merging of multiple seg-
ments of Bézier curves (see Problem [I.10)). The novel method is based on the idea of using
fast schemes of evaluation of certain connections involving Bernstein and dual Bernstein poly-
nomials (see . The complexity of the algorithm is O(sm?), which is significantly less
than complexity of other merging algorithms. For example, the one given in [72), §3.1] has
the complexity O(sm3). In contrast to some other methods, we avoid matrix inversion. For
a short description of available methods, see This chapter is based on paper [102].

The outline of the chapter is as follows. In §6.1] which has preliminary character, we
give efficient method of subdivision of Bézier curves. brings a complete solution of
Problem In addition, it deals with algorithmic implementation of the proposed method.
Some illustrative examples can be found in

6.1 Efficient subdivision of Bézier curves

First of all, we have to establish the correspondence between P and R . Taking
into account that P is a composite Bézier curve, we have to subdivide the searched Bézier
curve R as well. Thus, we will need the following restriction of the representation of B to
a subinterval of the interval [0, 1] (cf. §1.4] pt. [9).

Lemma 6.1. Let 0 = t) < t; < ... <ts =1 be a partition of the interval [0, 1]. The following
formula holds:

min N S0 g (T tim
B =Yy (). (6.)

h=0

where
h h
djj = Z B (ti-1) By ().
Proof. The result is obtained in two steps. First, we subdivide the polynomial

HOEDIL =40
h=0

76
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at the point ¢; to get two forms for the subintervals [0, ;] and [¢;, 1]. Next, we subdivide the

form corresponding to [0, ;] at t;—1/t;. We obtain the formula (6.1)) with the coefficients dgl,z
given by

&) = 3 BB )

w=0
(we ignore the fact that the initial terms of the sum vanish as Bw+h( t;) =0for 0 <w < j—h).
Using the identity

B™(z) = )  Bi(2)Bj (),

which can be easily proved using some basic properties of Bernstein polynomials (see, e.g.,
[33, §6.10]), and pt. it can be seen that

49 = 3 Brhr ) th (t)
w=0
h m—h
:ZBz};L(ti)ZBm h(z 1/ti) (t:)
v=0 w=0
h
= Bi(t:) B (tin).
v=0
O
Remark 6.2. Using Fact we note that the formula (6.1]) is equivalent to
m
BIMultioy +tioy) = Y ) By (u (u € [0, 1]), (6.2)
h=0
where .
= /0 Bjm(uAti,1 + tz;l)Dzn(u) du (6.3)

with Dy (u) = D}*(u;0,0) being defined in

Lemma 6.3. Fori=1,2,...s, the coefficients d;lfz satisfy the following recurrence equation:

Aticy [(m =+ Dd o+ (25 = m)dly) = G+ 1), |

= (m — h)d) | + 2h —m)dSy) — hdl)_,

(1<j<m-—-1; 0<h<m).
Proof. We differentiate both sides of the equation (6.2]) with respect to u, and make use of
the identity

d

3 B (@) = (m =+ B (u) + (2 = m) B (u) = (j + 1) B} ().

Equating the Bézier coefficients gives the result. O
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Lemma yields the following algorithm of computing the coefficients dgl,z (1=1,2,...,s;
joh=0,T,....,m).

Algorithm 6.4. [Computing the coefficients d;z,z /
Input: m,s, 0=t <t1 <...<tg=1
Output: table of the coefficients dy}z (t=1,2,...,8; ,h=0,1,...,m)

Step 1. Fori=1,2,...,s, compute

(h=1,2,...,m).

Step 2. Fori=1,2,...,5;7=0,1,...,m—1; h=0,1,...,m, compute

d, =G+ )7 @) hdl) - @h—m)dl) - (m - wd)

m =G+ 1)+ (25— myd )
Observe that the complexity of Algorithm is O(sm?).

6.2 Solution and algorithm

Recall that, in §2.1, we have related the C*! continuity conditions with the control
points of the curves P!, P* and R. Consequently, 79,71, ...,7% and Tm, Tm—1,- - ., Fm—_; Can
be computed using the formulas and , respectively. The remaining control points
Tktl,Thkt2,---5Tm—I—1 are to be determined so that the Ls-error is minimized. Taking
into account that Problem can be solved in a componentwise way, we can limit our-
selves to the case of d = 1. Hence, it is sufficient to deal with the following problem (cf.

Problem [1.10J).
Problem 6.5. [Merging of Bézier curves with prescribed boundary control points]
Let 0 = tg < t1 < ... < ts = 1 be a partition of the interval [0, 1]. Given a piecewise
polynomial function P with segments P', P2, ..., P* such that
2 t—t
_ pi - i png —ti—l ) 15—
P(t) = P'(t) := jz_:opj B} < AL ) (t€ftii1, ti]; i =1,2,...,5), (6.4)

we look for a polynomial R of degree m,

m

R(t)=> rBl'(t)  (te[o,1]), (6.5)
§=0
having the prescribed coefficients ro,71,...,7% and Tm, Fm—1, .-, m—i, Which gives the mini-
mum value of the Lo-error
|P— R, :=+(P—-R,P—-R)pL (6.6)

(cf. GTT)).
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The following theorem deals with Problem

Theorem 6.6. Let there be given the coefficients p§- (i=1,2....,8 7 =0,1,...,n;) of
the polynomials , and the coefficients r; (j = 0,1,...,k,m —I,m —1+1,...,m) of
the polynomial . The inner coefficients r; (j = k+ 1,k+2,...,m — 1 — 1) of the
polynomial minimizing the Lo-error are given by
m—Il—1
ri= Y frepi(mk D) (G=k+LEk+2,...,m—1-1), (6.7)
h=k+1

where

P = ZAtz 12 ) - 2m+1 (TZ) (f:Jr i ) (;Tv)_l(?:)rw (6.8)
=—W<T>f4;<”;i:">‘l<2i>pz 6

with cp;(m, k,1) and dgliz being introduced in §3.3.1| and & respectively.

Proof. First, using Lemma we represent each segment P? of the original piecewise poly-
nomial P in the dual Bernstein basis of degree m,

Zm:o ( Atzzll)

with p being defined in .
Next, we note that
1P~ R[Z, =W -S|,

where
k m m—Il—1
W:=P- (Z+ > )th,§”, S:= Y rB
- j=k+1

Now, the goal is to obtain the coefficients 7; of the searched polynomial in the constrained

dual Bernstein form,
m—I[—1

Z 'Fj D](m,k,l)

Jj=k+1
(cf. §3.3). Then, the Bézier coefficients r; of S can be easily computed using (6.7) (cf.
Lemma |3.14). Using Fact and (6.3), we obtain

ity =(W,B}J"), = i W(t)B'(t) dt
Y t—t;
=3 [ or () o
i=1 h=0 “ti-1 -1
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_;hz%phAtz 1/ D7 (u) BT (ult;_1 + ;1) du
(52 rwm )
_ZAt’ IZ Phly — 2m—|—1< ><Z+ :i:;l < ><h2—Tj>_1

h=0

h
(J=k+1,k+2,....m—1-1).

O

This completes the proof.

Now, let the composite curve P and the merged curve R be the curves in R? (d > 1).
Let pi = (pj1:Pjos---»Pjq) (i =1,2,...,8 j=0,1,...,n;), and r; = (7“]1,7”]2,.. \Tid) (j =
0,1,...,m) be the control points of P and R, respectively. For i =1,2,...,s; h =1,2,...,d,
we define vectors

h = [P Pins - - - Pl p) € RMH, (6.10)
0h = [Ghs Oips - - » O] € R, (6.11)
where
. m :
o= mpdl)  (2=0,1,...,m). (6.12)

It is easy to see that the Ls-distance between P and R can be written in the following way:

Ey =[P — Rl|L,

s d
Z Ati_q Z [Jnl,m (7";’17 77;11) - 2Jni,m<77}ila QZ) + Jmm(@%p QZ)L (6~13)
where
N M
JIn v (u, v) ZUJZCLJZVM) (6.14)
7=0 z=0

with u = [ug, u1,...,un] and v = [vg,v1,...,vp|. Here we use the notation of (3.18]).

Remark 6.7. Note that in contrast to Problem we are dealing with the Lg-error (6.13))
instead of the weighted Lo-error (|1.13). The weight function would significantly complicate
the problem of merging and the possible improvement of results would be negligible.

Now, we present the algorithm of solving Problem [I.10}

Algorithm 6.8. [C*!-constrained merging of Bézier curves]
Input: n; (i=1,2,...,s) — degrees of the curves (1.21);
pé (j=0,1,...,n5; i =1,2,...,8) — control points of the curves (1.21);

m — degree of the curve (1.22));
k, | — orders of the parametric continuity (see (1.24)));



CHAPTER 6. CKXL-.CONSTRAINED MERGING OF BEZIER CURVES 81

0=ty <t1<...<ts=1 — partition of the interval [0, 1]
Assumptions: m > max;n;; k<mny; [ <ng k1>-1; k+l<m-—1

Output: control points of the C*!-constrained merged Bézier curve, and error Fy

Step 1. Compute ro,r1,...,7% by (2.5)).
Step 2. Compute Ty, Tm—1,---Tm—1 by (2.6).

Step 3. C’ompute;ﬁ;- (1=1,2,...,8 7=0,1,...,m) by .

Step 4. Compute dﬁz (1=1,2,...,8 j,h=0,1,...,m) using Algorithm.

Step 5. Compute #; (j=k+1,k+2,...,m—1—1) by (6.8).

Step 6. Compute cij(m,k,l) (i,j =k+1,k+2,...,m—1—1) using Algorithm .
Step 7. Computer; (j=k+1,k+2,...,m—1—1) by .

Step 8. Compute Qih (i=1,2,...,8 2=0,1,...,m; h=1,2,...,d) by .
Step 9. Compute Fo by .

Step 10. Return ro,71,...,7m, and Fs.

Notice that the complexity of Algorithm is O(sm?).

6.3 Examples

In this subsection, we give several examples of application of Algorithm[6.8] For each example,
we give Lo-error Eo as well as maximum error E, (1.11)). The results have been
obtained on a computer with Intel Core i5-3337U 1.8GHz processor and 8GB of RAM, using
Maple™13 with 32-digit arithmetic.

Generalizing the approach of [71l (6.1)], partition of the interval [to, ts] = [0, 1] is deter-
mined according to the lengths of segments P?,

tj:=Lj/Le (j=1,2,...,5—1), (6.15)

where

dt.

q 1 n;
d R
L=% /0 > B
i=1 h=0

Integrals are evaluated using the MapleT™13 function int with the option numeric.

Example 6.9. First, we recall the composite Bézier curve “D”. For the control points, see
Example The formula implies the following partition: tg = 0, t; = 0.32, ty =
0.56, t3 = 1. The results of C*!-constrained merging are presented in Table @ The original
composite Bézier curve and two of the merged curves are plotted in Figures and
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Figure 18: C*:l-constrained merging of three segments of the composite Bézier curve. The original composite curve
(blue solid line) and the merged curve (red dashed line) with parameters: (a) m =11, k=1=1; (b) m =13, k=1=1.

Parameters Errors

m k‘ l E2 Eoo

11 0 0 1.45¢—2 3.09¢—2
1 1 1.67e—2 3.35e—2
2 2 2.12e—2 4.22e—2

12 0 0 7.93e—3 2.00e—2
1 1 9.10e—3 2.27e—2
2 2 1.18¢—2 2.92¢—2

13 0 0 7.78e—3 2.06e—2
1 1 9.05¢—3 2.30e—2
2 2 1.17e—2 2.75e¢—2

Table 9: La-errors and maximum errors of the C*+!-constrained merging of three segments of the composite Bézier curve
LLD” .

Example 6.10. Now, we use Algorithm to merge the composite Bézier curve “Amper-
sand”, with three 5th degree Bézier segments, defined by the control points {(1.09,0.03),
(1.02,0.21), (0.6,0.75), (0.5,1.11), (0.85,1.12), (0.93,1.03)}, {(0.93,1.03), (1.01,0.96), (1.02,
0.76), (0.8, 0.65), (0.62, 0.38), (0.61,0.23)}, and {(0.61,0.23), (0.59,0.1), (0.67,0.02), (0.91,
—0.05), (1.12, 0.05), (1.08, 0.22)}, respectively (cf. Example [5.4). According to (6.15)), we
have tg = 0, t; = 0.45, to = 0.76, t3 = 1. The results are given in Table Moreover, we
give the running times required to compute the resulting control points in the case of Algo-

rithm and the one from [72, §3.1]. Clearly, Algorithm is faster. Figures and
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illustrate the results for two representative cases. This example shows that merging may
result in data compression.

1,04
0,H
0,84
0,71
0,61
0,57

0,41

0,29

0,19

0.6 07 08 09 1,0

(a) (b)

Figure 19: C*-constrained merging of three segments of the composite Bézier curve. The original composite curve
(blue solid line) and the merged curve (red dashed line) with parameters: (a) m =8, k=2,1=1; (b) m =12, k = 2,
=1

Parameters Errors Running times [ms]
m k1 By Eo Algorithm [6.8] Lu [72] §3.1]
8 1 0 4.82e—3 8.8le—3 10 59
1 1 5.9le—3 1.13e-2 11 60
2 1 1.06e—2 1.81e—2 10 95
10 1 0 1.71e—3 5.47e—-3 16 91
1 1 1.74e—3 5.35e—3 15 84
2 1 1.83e—3 5.35e—3 15 76
12 1 0 1.66e—3 5.55e—3 22 127
1 1 1.66e—3 5.5be—3 22 125
2 1 1.69e—3 5.59e—3 19 111

Table 10: Lg-errors, maximum errors and running times of the C*:!-constrained merging of three segments of the
composite Bézier curve “Ampersand”.
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Example 6.11. The curve “Penguin” is formed by two composite Bézier curves. The left
curve has four cubic segments with the control points {(0.31,0.23), (0.35,0.19), (0.39,0.23),
(0.37,0.26)}, {(0.37,0.26), (0.21,0.54), (0.53,0.77), (0.21,0.76) }, {(0.21,0.76), (0.1,0.76), (0.5,
0.88), (0.42,0.79)}, and {(0.42,0.79), (0.26,0.76), (0.23,0.92), (0.34,0.94)}, respectively. The
right one is composed of three cubic segments having the control points {(0.34,0.94), (0.74,
0.99), (0.67,0.19), (0.56,0.21)}, {(0.56,0.21), (0.19,0.32), (0.62, 1.05), (0.56,0.61)}, and {(0.56,
0.61), (0.5,0.24), (0.41,0.41), (0.5,0.64) }, respectively. The formula (6.15)) gives to =0, t; =
0.08, t9 = 0.55, t3 = 0.78, t4 = 1 for the left curve, and ty = 0, t1 = 0.42, to = 0.78, t3 =1
for the right one. The results of separate merging of segments of both curves can be seen in
Table Two selected cases are shown in Figures and

Figure 20: Separate C*!-constrained merging of segments of two composite Bézier curves. The original composite curves
(blue solid line) and the merged curves (red dashed line). (a) Left curve: m = 12, k = 0, | = 1; right curve: m = 10,
k=1,1=0. (b) Left curve: m = 14, k =1 = 1; right curve: m =13, k=1=1.
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Left curve Right curve
m k l E, Es m k l Es Ey
12 0 0 7.45e—3 1.90e—2 10 0 0 1.28e—2 3.5le—2
0 1 9.33e—3 2.08e—2 1 0 1.33e—2 3.67e—2
1 0 7.51e—3 1.84e—2 0 1 1.37e—2 3.49¢—2
1 1 9.36e—3 2.12e—2 1 1 1.45e—2 3.69e—2
13 0 0 6.68e—3 1.45e—2 12 0 0 9.01e—3 3.00e—2
0 1 7.15e—3 1.57e—2 1 0 9.46e—3 3.15e—2
1 0 7.16e—3 1.50e—2 0 1 9.49¢—3 2.99¢—2
1 1 7.83e—3 1.66e—2 1 1 9.78e—3 3.13e—2
14 0 0 4.39e—3 1.19e—2 13 0 0 8.65e—3 2.83e—2
0 1 4.52e—3 1.21e—2 1 0 8.7le—3 2.82e—2
1 0 4.49¢—3 1.19e—2 0 1 9.47e—3 2.95e—2
1 1 4.58e¢—3 1.21e—2 1 1 9.62e—3 2.95e—2

Table 11: Lo-errors and maximum errors of separate C'*:!-constrained merging of segments of two composite Bézier
curves “Penguin”.



Chapter 7

GFl-constrained merging of Bézier
curves

In this chapter, we generalize the result from Chapter@to solve efficiently the problem of G*t-
constrained merging of multiple segments of Bézier curves (see Problem . As in the case
of the G*!-constrained degree reduction (see Problem , we are dealing with the problem
in two-phases. The first phase is to compute optimal values of the continuity parameters {\; }
and {/;} (see . Two different approaches, with and without the simplifying assumptions
(see , are presented in §7.1f The second phase, where we compute the searched control
points, is based on Theorem The algorithms are given in According to some
numerical experiments, the approximation is much more accurate than that of Algorithm
(see . The material presented in this chapter is the author’s independent work and it
has not been published before.

First of all, notice that the formulas (2.17)-(2.22)) with fixed parameters {\;} and {u;}
constitute constraints of the form demanded in Theorem Consequently, the inner con-
trol points 7441, 7k+2,...,"m—i—1 of the curve depend on these parameters. Because
of this dependency, the result cannot be obtained in a componentwise way. Therefore, a
generalization of Theorem for any natural d should be used. This modification is very
straightforward, thus it is omitted in this thesis. In the next subsection, we focus on comput-
ing the continuity parameters {\;} and {y;}.

7.1 Computing the continuity parameters

Analogously as in optimum values of the parameters {\;} and {y;} can be obtained by
minimizing the error function

1
B = B Aavee s N fits iz oo 1t) = / IP(t) — R(t)|*dt
0

s d
=S A S o (5 78) = 2 (5 0h) + T (s 01)] (7.1)
i=1 h=1

where Jyr, 7k, 0 are given by (6.14)), (6.10), (6.11), respectively. The function depends on
these parameters via formulas (2.17)—(2.22)) and (6.7). For a minimum of the function, it is
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necessary that its derivatives with respect to the parameters are zero. As a result, we obtain

the system
23 - . i (iu) i _(iu)
W:ZAti—lz |:Jmm (thgh ) = Jn;m (7Th70'h )] =0 (u=1,2,...,k),
=1 h=1
23 - : i (iw) i _(iw)
2 % 5 o (k) ()] 20 o=
- : (7.2)
where
a;f’u) = [U&u), gzﬁu), e ,O'(Z u)} e R™H,
T}(Li u) [Tézv), 1(21])7 ey Tg:)} c Rmt!
for i
(zu . Z (0 g’i\]h Z djz g:i}; —0.1, ,m)

j=k+1

with d( ) being introduced in §

Proceedmg as in 4.2 we compute the partial derivatives of hth coordinates of the control
points (2.17)—(2.22]). In the case of K =1 = 3, we obtain

2Lt Apg, (i=1),
Orin 20017 Apgy, + 20 (Zi 11))2 ty 2 A%pgy, (i=12),
O 3Lt AL, + [2)\1 + —Az] 32y AL, 4 aa2 M Rs Ayl (1= 3),
0 (i=0;m—3<i<m),
(7.3)
—1
(mn s 1 Apgy, (i=2),
8Tih 7 ( 1) 2 .
g ) STimatn Apg, 3N Gt A%, (i=3), (7.4)
0 (i=0,1; m—3<i<m),
1 .
Orin (m 2)3 Apoh (1=23), )
O3 0 (1=0,1,2; m—3<i<m),
7%(17t571)_1Ap23,17h (i:mfl),
) —22e (1= tym1)TTAPS Ly, +2m TR (- )AL, (i=m—2),
Tih
= , _ a1
Op1 35 (l—tem) AP, [2“1_ﬁﬂ2]3((7n 1))22 (1—ts1)2A%5 5,
s—2 .
G ) (i=m=5)
0 (0<i<3;i=m),
(7.6)
ﬁ(l_tS*l)ilAPZrl,h (i=m—2),
8T,‘h . _ (ng—1) .
o 3o, (1 —ts1) YAPS Ly —3m (77;_2)32 (1 —ts—1)2A%5 (i =m —3),
0 (0<i<3;i=m—1,m),

(7.7)
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Irin ={ “Gmy (I tem) AP, gy = d), (7.8)
0

Ous (0<i<3;m—2<i<m).

(cf. (1D (L10)).

Notice that the partial derivatives of hth coordinates of the inner control points depend
on ([7.3)—(7.8) in the following way:

8rih__ 1 mzl:l Zk: T (m\ Org, (7.9)
e 2m+1 D Li\jrg) \g)or '

j=k+1 g=u
—1-1 m—uv —1
orin 1 mz <m> < 2m > (m> orgn
=— e >0 (7.10)
Oty 2m+1 4= \J g T 9/ Opy

with ¢j; being introduced in Lemma/|3.14, When k, [ < 3, we compute g&h, %L’h by (7.9)), @
if k<i<m-—1I,and by f(]LD otherwise. Finally, we put the expressions ([7.3)—(7.10
into the equations of the system .

As in the case of the analogical degree reduction problem, the obtained system in nonlinear
for k > 2 or [ > 2. Moreover, we must guarantee that A, /rl > 0, which results in the same
directions of tangent vectors at the endpoints of the curves ((1.25)) and - cf. Remark.
Thus, to solve Problem [1.11]in its most general form, we must solve the quadratic or nonlinear

programming problem of minimizing (7.1]) subject to

A1 2> 20, 12> 21, (7.11)

where zy and z; are prescribed positive lower bounds. The idea behind this approach is
basically the same as in Hence, we omit further explanation. For the algorithm,
see

Another approach, which works relatively well for both degree reduction and merging, is
the CP7/G*! simplification (see . In the cases of k =1 =2 and k = [ = 3, this idea was
first presented in [69, [71]. As in it can be generalized for any k£ and [ not exceeding
3. Since the rules of simplification are the same, we assume that no further explanation is
required. An outline of the algorithm is given in §7.2.2]

7.2 Algorithms

In this subsection, we provide some details of algorithmic implementation of the result given
in Theorem combined with the methods of computing the continuity parameters {\;} and

{17} (see 7).

7.2.1 G"'-constrained merging algorithm

Now, we give two-phase algorithm of solving Problem in its most general form. See
Algorithm (cf. Algorithm [4.9).

During Phase A, the task is to minimize the error function subject to the con-
straints . After we build the error function, we solve the constrained quadratic or non-
linear programming problem and obtain optimal values for the continuity parameters {\i}
and {y;}. Phase B of the algorithm is to compute the control points of the curve . Using
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Theorem we determine them with the complexity O(sm?), which should be compared to
the complexity O(sm?) of other known methods (see, e.g., [69, 71} [72, [75]). Moreover, in con-
trast to those methods, Algorithm works for any k, [ such that —1 < k, I < 3. According
to the author’s knowledge, this is the fastest and the most general algorithm available.

Notice that when k, [ < 1, Problem[I.11]is the same as Problem [I.10] Therefore, to obtain
a proper result, one can just execute Algorithm [6.8]

Algorithm 7.1. [G*!-constrained merging of Bézier curves]

Input: n; (i=1,2,...,s) — degrees of the curves ;
pé- (j=0,1,...,n5; 1 =1,2,...,8) — control points of the curves ;
m — degree of the curve ;
k, l — orders of the geometric continuity (see ),'

0=ty <ty <...<ts=1 — partition of the interval [0, 1];
20, 21 — lower bounds for the parameters A1 and u1, respectively (see (7.11)))
Assumptions: m > max;n;; 20,21 >0; k<ni; [ <ng; —1<k1<3;, k+l<m-—1

Output: control points of the GF!-constrained merged Bézier curve

Phase A

Step 1. Check if the considered case can be solved using Algorithm[6.§
If (k, 1 < 1) then execute Algorithm|6.8, and return ro,r1,...,Tm.

Step 2. Compute cij(m, k1) (i,j =k+1,k+2,...,m —1— 1) using Algorithm[3.15,

Step 3. Compute dgl}z (1=1,2,...,8; 5,h=0,1,...,m) using Algorithm .

Step 4. Compute E(A\1, A2, ..., Agy fh1, 2, -« 1) by (7.1).

Step 5. Determine set ¢ of constraints
(1) c:={ M1 > 20, 1 > 21},
(ii) If (k <1) then c:=c\ {\1 > 20};
(i) If (1 < 1) then c:=c\ {p1 > z1}.
Step 6.
If (k>1o0rl>1)then

e obtain A1, A, ..., A, and 1, o, ..., 4 by solving the nonlinear programming
problem of minimizing the error (7.1)) subject to the constraints c;
else

e obtain A, o, ..., A, and pi, e, ..., 1 by solving the quadratic programming
problem of minimizing the error (7.1)) subject to the constraints c.

Phase B
Step 7. Compute ro,71,...,7% by (2.17)—(2.19).
Step 8. Compute TmsTm—1y-++3Tm—1 by " " .
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Step 9. Computeﬁ;- (1=1,2,...,8; 7=0,1,...,m) by .
Step 10. Compute7; (j=k+1,k+2,....,m—1—1) by .
Step 11. Computer; (j=k+1,k+2,....m—1—1) by (6.7).

Step 12. Return ro,71,...,"m.

7.2.2 Outline of the C?/G*!-constrained merging algorithm

Now, we give the outline of two-phase algorithm of CP7/G*!-constrained merging of Bézier
curves. The method is analogical to that of CP4/G*!-constrained degree reduction of Bézier
curves (see Algorithm . Because of this similarity, we omit a detailed description of the
full algorithm. Moreover, it is also possible to derive explicit formulas for the continuity
parameters {\;} and {x;} in some of the selected cases (cf. Remark .4 and §4.3). Therefore,
one could give an algorithm which would be similar to Algorithm However, due to
extensive mathematical details associated with this approach, it is omitted in the thesis.

The simplifying assumptions that A\; := 1 when k& > 1, and p; := 1 when [ > 1, make
the system linear. Consequently, in Phase A, the algorithm solves this linear system to
compute the continuity parameters {\;} and {y;}. Note that when & =1 or [ = 1, a solution
of the system may not satisfy Ay > 0 or pu; > 0, respectively. In such cases, we must deal
with the quadratic programming problem subject to the conditions . Phase B is the
same as for Algorithm [7.1]

Apart from very rare cases which force the algorithm to solve the quadratic programming
problem, the computational cost is lower than that of Algorithm [7.I] On the other hand,
because of the simplification, the results are less accurate (see .

7.3 Examples

In this subsection, we show the effectiveness of the methods. Taking into account the different
types of continuity constraints, we compare the following cases:

(i) C*l-constrained case, solved using Algorithm
(ii) CP4/G*!-constrained case, solved using the algorithm described in §7.2.2)
(iii) G*!-constrained case, solved using Algorithm

In each case, we give Lo-error Ey := E (see (7.1)) and maximum error Es (L.11)).

The results have been obtained in Maple™13 using 32-digit arithmetic. Asin we use
Maple™ fsolve procedure, in the CP7/G*!-constrained case, to solve the system of linear
equations, and QPSolve, NLPSolve procedures, to deal with the quadratic and nonlinear
programming problems, respectively. Initial points for both procedures correspond to the
values of continuity parameters in the C*!-constrained case (see Remark .

Example 7.2. First, we recall the composite Bézier curve “Ampersand”. For the control
points and the partition of the unit interval, see Example [6.10] We look for Bézier curves
of degrees 7 and 8 satisfying the different types of continuity constraints. For the results,
see Table and Figure Clearly, the C*! constraints lead to by far the worst results,
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which are unacceptable from a practical point of view. The difference between the CP+4/G*:-
constrained and G*!-constrained cases is noticeable and becomes significant for larger values
of k and [.

1,0-
0.9
0.8
0,74
0,61
0,5
0,4
03
0,2+

0,1

~N

T T T

T T
0,6 07 08 09 1,0

(a) (b)

Figure 21: Merging of three segments of the composite Bézier curve. The original composite curve (blue solid line)
and the merged curves with C*! (black dotted line), CP»9/G¥*! (green dash-dotted line) and G*! (red dashed line)
continuity constraints; parameters: (a) m=8,k=3,1=2; (b)) m=8, k=1=3.

Parameters C* solution CP1/GF! solution G* solution
m k l E2 EOO E2 Eoo E2 EOO
2 2 6.30e—2 1.18e—1 5.29¢—2 9.92e—2 1.83e—2 3.83e—2
3 2.08e—1 3.54e—1 5.36e—2 1.0le—1 3.02e—2 4.87e—2
7T 3 2 9.10e—2 1.85e—1 5.62e—2 1.04e—1 1.90e—2 4.12e-2
8§ 2 2 1.59e—2 2.88e—2 1.39e—2 2.48e-2 7.69e—3 1.34e—2
8 2 3 2.0le—2 4.02e—2 1.40e—2 2.44e-2 1.05e—2 2.17e—2
8§ 3 2 3.86e—2 6.42e—2 1.70e—2 2.98e—2 8.48¢—3 1.32e—2
8§ 3 3 7.2le—2 1.33e—-1 1.87e—2 3.23e—-2 1.35e—2 2.55e—2

Table 12: Las-errors and maximum errors of constrained merging of three segments of the composite Bézier curve
“Ampersand” with the different types of continuity constraints.
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Example 7.3. Secondly, we present the composite Bézier curve “H”, formed by four cu-
bic segments which are defined by the control points {(0.39,1.24), (0.52,1.08), (0.57,1.52),
(0.6,1.02)}, {(0.6,1.02), (0.63,0.7), (0.49,0.24), (0.38,0.6) }, {(0.38,0.6), (0.33,0.84), (1.38,1),
(1.13,1.25)} and {(1.13,1.25), (0.8,1.5), (1.01,0.15), (1.12,0.55)}, respectively. According to
, we have tg = 0, t; = 0.14, ¢ = 0.36, t3 = 0.69, t4 = 1. As we consider the
different types of continuity constraints, it can be seen that, once again, the result of the
CF!-constrained case is unsatisfactory. See Figure

Figure 22: Merging of four segments of the composite Bézier curve. The original composite curve (blue solid line) and
the merged curves of degree 11 with C%:3 (black dotted line; errors: Ez = 2.94e—2 and Eoo = 7.90e—2), C1:1/G?3
(green dash-dotted line; errors: Eo = 1.97e—2 and Foo = 5.54e—2) and G2 (red dashed line; errors: E2 = 1.75e—2
and Eo = 5.80e—2) continuity constraints.



Chapter 8

Merging of planar Bézier curves
with box constraints

In this chapter, we propose a new approach to the problem of C*!-constrained merging of
planar Bézier curves with respect to the Lo-norm. Recall that in Chapter [5 we observe
that as a result of the traditional degree reduction of planar Bézier curves (see Problem ,
computed control points can be located far away from the plot of the curve. We also explain
why this is a serious defect (see . Next, to eliminate that issue, we solve the problem of
degree reduction with box constraints (see Problem . In this chapter, we show that the
same observations may apply to control points of the merged curve. An illustrative example
of such a situation is presented in The problem of merging of planar Bézier curves with
box constraints is formulated in and its solution is given in Some other examples
are shown in §8.4l This chapter is based on paper [45].

8.1 Motivation

As it turns out, the observations on the degree reduction problem (see §5.1)) also apply to the
problem of merging. In order to see the issue clearly, let us consider the following example.

Example 8.1. Once again, recall the composite Bézier curve “Ampersand” which consists
of three 5th degree Bézier segments. Here the control points are translated and scaled;
we have {(0.49,0.07), (0.43,0.22), (0.08,0.67), (0,0.97), (0.29,0.98), (0.36,0.9)}, {(0.36,0.9),
(0.43,0.84), (0.43,0.68), (0.25,0.58), (0.1,0.36), (0.09,0.23)}, and {(0.09,0.23), (0.08,0.13),
(0.14,0.06), (0.34,0), (0.52,0.08), (0.48, 0.23)}. For the partition of the unit interval, see Ex-
ample[6.10] Now, consider a single Bézier curve of degree 16 being the solution of Problem [I.10]
for k =2 and | = 0. Figure shows both curves. Clearly, the result of the approximation
is very accurate; errors: E = 8.0le—4 (see (1.23)) and Eo = 3.03¢—3 (see (1.11))). Observe
also that the original control points are quite close to the plot of the curve (see Figure .
In contrast, the resulting control points are located far away from the plot of the curve (see
Figure . Note that we are unable to see the curve and its control points in one figure. Be-
cause of the non-intuitive location of the control points, further modeling of the merged curve
is hard to imagine. Notice also that the resulting convex hull is huge, therefore, completely
useless. See Remarks and Comparing this result with the ones from Chapter 5, we

see that the defect seems to be even more significant (cf. Figures and [17¢]).

93
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Figure 23: Figure (a) shows the original composite Bézier curve with its control points. Figure (b) illustrates the
original composite Bézier curve (blue solid line) and the C2:%-constrained merged Bézier curve (red dashed line) being
the solution of Problem Figure (c) presents the control points of the merged curve (red color).

0,1

i
¢
|
|
i
i
i
i
i
i
i
°
|
I
i
i

02 03 04 05 06 07

Figure 24: The original composite Bézier curve (blue solid line with blue control points) and the C2-9-constrained merged
Bézier curve (red dashed line with red and green control points) satisfying certain box constraints (blue dotted-dashed
frame). The control points which are constrained by the continuity conditions are green, while the other ones are red

and restricted by the box constraints.
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Now, let us impose some box constraints. We want to place the searched control points
inside the specified rectangular area (including edges of the rectangle). The resulting curve
is illustrated in Figure parameters: m = 16, k = 2, [ = 0. Notice that the approximation
is quite accurate; errors: E = 1.41e—3 and E, = 3.72¢—03. Moreover, in this case, the
computed control points are located much closer to the merged curve. What is more, we have
obtained much smaller convex hull, which can be used to solve efficiently some important
problems (see Remark . The resulting curve is a solution of the new problem of merging
which we formulate in the next subsection. More examples can be found in

8.2 Problem of merging of planar Bézier curves with box con-
straints

In this subsection, we formulate the following new problem of merging of planar Bézier curves

(cf. Problems and [5.5).

Problem 8.2. [Merging of planar Bézier curves with box constraints]

Let 0 = tg < t1 < ... < ts = 1 be a partition of the interval [0, 1]. Let there be given
a composite Bézier curve P(t) = [Py(t), Py(t)] (t € [0, 1]) which in the interval [t;—1, t;]
(i=1,2,...,5) is exactly represented as a Bézier curve P'(t) = [PL(t), Pi(t)] € 112, i.e.,

e

P(t) = P'(t) := ZPE B (ui(t)) = by, u,P’ (¢ € [tic1, ),
=0

where u;(t) = tA_f’:ll, bn: = [By(t), B}(t),...,Bt)], and p' := [p%),p’i,...,pﬁu]T with
p§- = (pj.’gc,pj-’y) € R%. Find a Bézier curve
m
R(t):=Y rBl(t)=bpyr (€0, 1]),
=0
where R(t) = [Ry(t), Ry(t)] € 12, and v := [ro, 71, ..., rm]" with i == (r¥,r¥) € R?, satisfy-

ing the following conditions:

(i) Lo-error

1
E:=|P—R|r, = \//0 1P(t) — R()[? dt (8.1)
is minimized in the space T12,;

(ii) P and R are C*'-continuous at the endpoints, i.e.,

PU(1) = RV (1) (j=0,1,...,1),

where k <ny, L <ng, k, 1 >—-1andk+1<m-—1;
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(#ii) control points r; (k < i < m — 1) are located inside the specified rectangular area,
including edges of the rectangle, i.e., the following box constraints are fulfilled:

c: <r; <C, (i=k+1,k+2,....om—1—1; z=u,y), (8.3)
where ¢z, ¢y, Cr, Cy € R,

Remark 8.3. In Chapter[6] we are dealing with the traditional merging, i.e., the minimization
of (8.1]), with the conditions (8.2)), but without the box constraints (8.3|) (see Problem [1.10)).

In addition, a reasonable assumption that m > max; n; is made.

8.3 Solution

Now, we give the method of solving Problem [8.2]

First, we notice that some of the observations concerning Problem are also true in the
case of Problem As in a planar Bézier curve being the solution of Problem [8.2] can
be obtained in a componentwise way. Therefore, it is sufficient to deal with the case of z = =
coordinate (cf. ) Moreover, observe that this property can be generalized. As a result,
the method given in this thesis can be easily applied to three dimensional Bézier curves.

Next, we recall that the conditions yield the well-known formulas and for
the control points rg,r1,...,7r and 7y, Tm—1, .., "m_i, respectively.

What remains is to minimize

() \// L (1))2dt,
where ry = [r§,r{, ..., rF

m] , subject to the conditions | . ) for z = . One can easily see
that E2(r;) is a quadratic function. Therefore, in the following subsection, we are dealing
with the box-constrained quadratic programming problem.

8.3.1 Quadratic programming with box constraints

In this subsection, we use the quadratic programming approach to solve Problem [8:2]
Recall that in §5.3] we mention the following quadratic programming problem with box
constraints:

1
: T 17
Vglxlélwc X + 5% Qx, (8.4)
where x,v,w,c € R" and Q € R**".
NOW we set v = [cg, Ca, - - C:r] Rm_k_l_l w = [Cy,Cy, ... ,C'x]T e Rmk=1=1 and

x := r}, where we define F := {k+ 1,k + 2 —1—1} and use the notation of (5.8).
Next, we should adjust E2(r,) to the form .

Taking into account that P, is a piecewise polynomial, we have to subdivide the searched
polynomial R, as well. Note that this can be done by applying de Casteljau algorithm

(see pt. @ According to Lemmas and we have

Ro(t) = R() i= S BI(wi(t) = by oDits (EE€ [tir, til; i = 1,2,...,5),

where D; = [dyg] e RmADx(m+1) = Recall that the entries dgzg (it =1,2,...,8 j,h =
0,1,...,m) can be computed with the complexity O(sm?) using Algorithm
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Remark 8.4. The efficient approach presented in should be compared with the approach
of Lu [72] §2], where

Di = Ai(ti1/t)As(t)  (i=1,2,....5) (8.5)
with
BROY BRO) e BRIV L0 0
A U R O R O R
0 0 1 BP() BP(O) - BRI

Observe that the direct use of (8.5 results in the complexity O(sm3).

Next, assuming that £ := {0,1,...,m}, C := K\ F and using the notation of (5.8)), we
write (cf. [72] (11)])

1 S, [t . .
B2 = [ (2o~ Ra0P =Y [ (Pi) -~ RL(0) e
0 i=17ti-1
5 1 , 2
=3 Aty / (bm,vplvx — by D¢ — b, DM ) dv
i=1 0
rF L AT AF F
=c rx—i—i(rx) Qr; +a = g(r;) +a,
where

o T i T
, . . _ K.F K.F
p"t = {péx,piﬁ, e a%ﬂ ) Q:= 22At1*1 (Di ) Gomm D
i=1

S
T .
C = 2 Z Ati_l (D;CJ:> (Gm,mD;C’C g - Gm,nipw&) ’
=1

and a € R is a certain constant term. Here Gy n := [gi]y’N} e RIMADX(N+1) g the well-

known Gramian matriz of the Bernstein basis with the elements

MN 1 M\ (N\ /M+N\"' .
T s —— =0,1,...,.M; =0,1,...,N).
gw M+N+1<Z ] Z+j (7' )Ly ) 5 J ) Ly ’ )

Obviously, a is meaningless in the minimization process, therefore, the significant terms of
E2(r,) are given by g(r}), which is written in the form (8.4).

Remark 8.5. Matrix Q is positive definite (see [72], §3.1]), therefore, the objective function g
is strictly convex. Furthermore, the feasible set is nonempty, closed and convex. We conclude
that the quadratic programming problem has a unique solution (see, e.g., [29, Proposition 2.5])
and so does Problem [8:2] In contrast, a solution of the analogical degree reduction problem
may not be unique (cf. Theorem [5.6]). The difference is that, in this chapter, we consider the
continuous inner product (see (8.1) instead of the discrete inner product (see (5.3)).

Recall that there are many papers dealing with the box-constrained quadratic program-
ming problem. Some of them are mentioned in
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8.4 Examples

In this subsection, we show several examples of application of the discussed method. A solu-
tion of Problem [I.10]is computed using Algorithm To solve the quadratic programming
problem with box constraints , we use the matrix version of Maple™ QPSolve command.
It is worth noting that this procedure implements an iterative active set method and it is
suited for the box constraints, i.e., the vectors of lower and upper bounds can be passed using
the optional parameter bd. According to the documentation provided by Maplesoft™ in
the case of the convex optimization, a global minimum is returned (cf. Remark . For the
initial point, we choose the lower bounds, i.e., ¢, and ¢,. The results have been obtained on
a computer with Intel Core i5-3337U 1.8GHz processor and 8GB of RAM, using Maple™ 13
with 24-digit arithmetic.

Example 8.6. We recall the composite Bézier curve “D” (see Figure formed by three
cubic segments. Here the control points are translated and scaled; we have {(0.32,0.81),
(0.26,0.59), (0.18,0), (0.06,0.27)}, {(0.06,0.27), (0,0.42), (0.42,0.08), (0.57,0.25)} and {(0.57,
0.25), (0.76,0.46), (0.8, 1), (0.22,0.85)}. For the partition of the unit interval, see Example[L.3]
Figure shows the result of the traditional C*!-constrained merging for m = 18, k = 0,
Il = 1. The merged curve looks like a perfect approximation (errors: E = 3.25e—3 and
E. = 9.67e—3), unfortunately, it suffers from the defect described in §8.1] (see Figure [25d).
To avoid this, we solve Problem for m = 18, k = 0, [ = 1, with the following box

constraints:

¢y = min min p’* —0.2 = —0.2, C, := max max p?* = 0.8,
1<i<s0<j<n; 7 1<i<s0<j<n; 7 (8.6)
¢y:= min min p7Y —0.3 =-0.3, Cy := max max p?Y =1
1<i<s0<j<n; 7 1<i<s0<j<n; 7

(cf. (8.3)), and obtain the curve shown in Figure (errors: E = 1.28¢—2 and Eo =
3.0le—2). Compare Figure with Figure to see a big difference in the location of the
resulting control points. Obviously, the curve in Figure is much more satisfying in this
regard.

Example 8.7. Now, we consider the composite Bézier curve with four 5th degree Bézier
segments (see Figure . For the original control points, see [72, Example 3]. Here each
coordinate of the control points is divided by 5.1. According to , we get t9 =0, t; =
0.24, to = 0.49, t3 = 0.76, t4 = 1. As a result of the traditional C*!-constrained merging
(m =19, k =1 = 0), we obtain the Bézier curve which is illustrated in Figure Once
again, we get a good approximation (errors: E = 2.08¢—3 and Fo = 5.65e—3), however,
the resulting control points are located far away from the plot of the curve (see Figure .
Taking into account the axis scale in Figure we conclude that this example seems to be
extremely difficult. Nonetheless, the solution of Problem for m =19, k =1 =0, with the
box constraints

¢y = min min p?* — 0.2 =-0.2, C, = max max p7" + 0.2 = 0.65,
1<i<s0<j<n; 7 1<i<s0<j<n; 7

¢y:= min min p7¥ —0.2=-0.2, Cy = max max p7Y+0.2=1.2
1<i<s0<j<n; 7 1<i<s0<j<n; 7

is quite decent (errors: E = 9.7le—3 and E, = 1.90e—2). See Figure
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Figure 25: Merging of three segments of the composite Bézier curve. The original composite curve (blue solid line with
blue control points) and the merged curve (red dashed line with red and green control points); parameters: m = 18,
k = 0,1 = 1. Figure (a) shows the original composite curve with its control points. Figure (b) illustrates the curve
being the solution of Problem Figure (c) presents the control points of the merged curve shown in Figure (b). The
curve being the solution of Problem with its control points is shown in Figure (d). The control points which are
constrained by the continuity conditions are green, while the other ones are red and in the case of (d) bounded by the
blue dotted-dashed frame.
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Figure 26: Merging of four segments of the composite Bézier curve. The original composite curve (blue solid line with
blue control points) and the merged curve (red dashed line with red control points); parameters: m = 19, k =1 = 0.
Figure (a) shows the original composite curve with its control points. Figure (b) illustrates the curve being the solution
of Problem m Figure (c) presents the control points of the merged curve shown in Figure (b). The curve being
the solution of Problem with its control points and the rectangular area (blue dotted-dashed frame) are shown in
Figure (d).

Remark 8.8. As stated in Remark selection of the rectangular area is a difficult issue.
The choice always depends on the considered example and on the precision level that we
accept as satisfactory. However, there is a strategy that seems to work quite well for the
given examples. To explain this procedure, let us revisit Example 8.6 At the beginning, we
set

¢ := min min p%"* =0, CM = max max pi* = 0.8,

1<i<s 0<j<n; 7 1<i<s0<j<n; J ®7)
C:gl) ;= min min p%Y =0, C'g(/l) ;= max max p°’ = 1.

1<i<s 0<j<n; 7 1<i<s 0<j<n;

Consequently, the resulting control points will be bounded by the outermost control points
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of the original curves. Unfortunately, the obtained curve is unsatisfactory (see Figure [27al).
Next, to improve this result, we must expand the rectangular area. Intuition tells us that we
should try to move the borders with the highest numbers of the control points. We consider

2 =M —0.04w; = —0.05, CP? =W,

2) ._ (1 - 2) ._ ~(1
cé) = cé ) — 0.04w; = —0.05, Cz(/ ) = C’Z(, ),

where

w; = \/(Cg(;i) — cg;i)>2 + (Cl(/i) — Cz(/i)>2

is the diagonal length of ith rectangular area. Notice that the error is now lower (see Fig-
ure and Table . Therefore, we should try to make another step in the same direction.
This time, the expansion is greater, i.e., we set

=@ —0.08wy = —0.16, CP®) =P,
) =P — 0.08wy = —0.16,  C¥ :=CP.

(8.9)

The resulting curve can be seen in Figure[27d See also Table[I3] Observe that, in Example[8.6]
the rectangular area is even larger. See Figure Taking into account that QPSolve
is an iterative method which we apply separately for each coordinate, pairs of numbers of
iterations are also given in Table [T3]

According to the experiments, if control points of a curve being the solution of Prob-
lem are located very far away from the plot of the curve (see Figures and ,
then it is difficult to find a satisfying solution of Problem For that reason, the examples
given in this chapter are much more demanding than the ones presented in Chapter 5| More-
over, note that in the case of the box-constrained merging, majority of the resulting control
points are located on borders (see Figures and .

Regardless of choice of the rectangular area, one should realize that because of the addi-
tional constraints , approximation error must be inevitably larger than for the traditional
approach.

Box constraints ) F Iterations
(18.7) 2.21e—2 5.56e—2 (18, 20)
(18.8)) 1.80e—2 4.21e—2 (21,18)
1.42e—2 3.28e—2 (19, 26)
(18.6)) 1.28e—2 3.0le—2 (20,29)

Table 13: La-errors, maximum errors and numbers of iterations for merging of three segments of the composite Bézier
curve “D” with box constraints. Parameters: m =18, k =0,1=1.
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Figure 27: Merging of three segments of the composite Bézier curve. The original composite curve (blue solid line with
blue control points) and the merged curve (red dashed line with red and green control points) satisfying the following
box constraints (blue dotted-dashed frames): (8.7) (see Figure (a)), (see Figure (b)) and (see Figure (c)). The
control points which are constrained by the continuity conditions are green, while the other ones are red and bounded
by the blue dotted-dashed frames. Parameters: m =18, k=0, [ = 1.

Remark 8.9. To solve the box-constrained quadratic programming problem , one can
choose a method provided by software library of selected programming language or implement
one of the algorithms given in [39] 49, 80]. For that reason, the running times strongly depend
on the implementation of the selected method. However, regardless of the choice, the box
constraints make Problem 8.2 more difficult to solve. Therefore, the running times of methods
dealing with the new problem must be longer than in the case of the traditional merging. See
the comparison given in Table

Problem |1.10 Problem
Running times [ms] Running times [ms] Iterations
Example 30 227 (16,18)
Example 3.6 48 427 (20,29)
Example 8.7 71 699 (18,27)

Table 14: Running times of the traditional (see Algorithm and box-constrained merging of Bézier curves.
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